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Abstract

A brand-new viewpoint on decision research is presented on the basis of the Bayesian decision
theory. The Bayesian theory can be made more realistic and more usable whether for prescriptive
or descriptive only by doing the following: (1) Eliminate the formal fundamental asymmetry
between the quantification of the qualitative preference order on options and the one of the
qualitative belief order on events, (2} Introduce the factors on human psychology other than the
preference and the belief, and the factors other than the events and the consequences on situations
in which decisions are made, and (3) Unify the prescriptive and the descriptive theories on the
basis of the spirit of the *Relationism.” This is now my realization. The core in this paper
is that people's safety preference disposition and risk preference disposition play indispensable
roles in actual decision making. The substantial content of the uncertainty is clarfied and
the following three basic concepts are introduced within the framework of the Bayesian decision
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(3) Risk Preference disposition. By using these concepts, a hypothesis on actual decision maling
under uncertainty is formulated, which is called Self-Conflicting Decision (SCD). It cannot be
emphasized too strongly that SCD differs absolutely from the Bayesian decision maximizing
the expected utility. It is shown in an insightful way that SCD can produce naturally the
decisions to the Ellsberg 3-color-ball decision problem which are in conformity with both the
experimental results and the Bayesian decisions. The implications of SCD are examined by
using the Continucus Ellsberg problem. My perspective on the unified theory is presented, and
the problem of the formal fundamental asymmetey in the Bayesian dedision theory is posed. This

paper is concluded with challenging remarks.
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1. INTRODUCTION

Chatles Sanders Peirce wrote in 1877 “There must be a real and living doubt, and
without this all discussion is idle,” quoted from [1].
It is not a wise decision to start in tabula rasa toward the unification of prescriptive and

descriptive decision theories under uncertainty'. We need to choose a firm starting basis.

“This paper is concerned with individual decisions. The viewpoint in this paper can also be useful for the

inguircies inta gronp decigions.
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I take my departure toward the unification on the basis of the Bayesian decision theory

21 that ie nescrmntive hacrswes it hae tha Reve and rlasy svinmatie cvetarm and e nvatad
[=] viidv 35 PICSUCIIpWuvY e UCCRUST v 1dd vilC I GiQ C3Cal faiDIiauit 5ysveill alld las provea
useful in many fields; among others, Bayesian statistics [3], pattern recognition [4], [5],

image processing [6], medicine [7], flexible information processing [8], vision [9], cognitive
science [10]2. This paper is based on the axiomatic system of the Bayesian decision theory
in [2] that is an excellent description of the Bayesian axiomatic system in my judgment.
Its compact summary with additional explanations and corrections written in English is
furnished on my Web site {Memos/) so that anybody can enjoy making oneself familiar
with it.

However, the Bayesian decision theory has the following basic problems to be solved.

{1) Thereis formal fundamental asymmetry between the quantification of the qualitative
preference order on options and the one of the qualitative belief order on events.

{2} There are also fundamental differences not to be negligible between actual decision
making and the Bayesian decision theory. The Bayesian theory assumes that the
essential elements of decision making are your preference order on options, your belief
order on events, and the consequences to be yours. This i1s too simplified abstraction
of actual decision making.

The Bayesian theory can be made more realistic and more usable whether for prescrip-
tive or descriptive by ehiminating the asymmetry and by introducing the factors on human
psychology other than the preference and the belief, and the factors other than the events
and the consequences on situations in which decisions are made. The factors should be
muiti-dimensional, quantitative and specific concepis. For the purpose, we need to do the
unified research of the prescriptive and the descriptive theories. Qur target, the unified
theory on decision making under uncertainty that includes the prescriptive and the de-
scriptive theories, will be attained in the inquiries based on the spirit of the “Relationism”
in the philosophy of Hiromatsu [11], [12]. This is now my realization.

The view presented ten years ago by Pitz and Sachs [13] has become newly important
from the viewpoint in this paper: “[A] broader formulation of prescni ptive theory is needed

in which the distinction betwee

een description and prescription is |

2This is on my Web site {Papers/)

My memas, written in Japanese, an the philasaphy of Hiromatsu are on my Wab site (Mamaz /).
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The recent attempt of Tversky and Fox [14] tries to explain people’s decisions under

probability scale} and the principle of bounded subadditivity. Their attempt is technically
interesting. However, it is impossible for me to expect that such technical devices can
contribute toward the unification. We should shoot a look at the heart of the Bayesian
theory.

On the other hand, Shigemasu and Yokoyama [15] try to make the Bayesian axiomatic
system flexible to describe the psychological decision making process. Their approach,
Flexible or Gentle Bayesian Approach, is very interesting because it looks straight at
the heart of the Bayesian theory. However, their approach is still technical because it
is confined
goal.

Ellsberg [16] has proposed the objection, in the counterexamples which are now well
known as the Ellsbherg problems, to the sure-thing principle as an axiom for the prescriptive
decision, which is necessary to make the degrees of belief the additive probability measure.
This principle or axiom asserts that if two options have a common consequence under a
particular event, then the preference order of the options should be independent of the
value of that common consequence. The Ellsberg 3-color-ball decision problem under
uncertainty is insightful so as to identify some missing psychological factors in decision
making.

Schmeidler [17] asserts that his extension of the expected utility based on the non-
additive probability measure can explain the people’s preferences to the Ellsberg 3-color-
ball problem that are inconsistent with the additive expected utility. His explanation,
however, is not cognitive but mathematical. This paper will show in a cognitive way that
the non-additive probability is actually unnecessary to explain the people’s preferences.
Shigemasu [15], [18] asserts that the higher order probability can explain the Ellsherg’s

Paradox* better than the non-additive measure explanation [17], [19], [20], and that he has

Note that there is no paradox anywhere, and the fact is that people’s decisions are out of accordance with
the decisions based on the sure-thing principle. Schmeidler also uses this word in [17]. It should be called the

Ellsherg’s phenomenon.
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the original one-time decision problem to a repeated decision problem, although the later
is interesting in its own right. This indicates that he has failed to explain the original
discordance. Akaike [21] provides a statistical explanation of the people's decision to the
Ellsberg 2-color-ball-2-urn problem on the basis of his own theory of statistics, not as a
cognitive scientist but a statistician. All of these is not a genuine cognitive explanation
but superficial, and is not promising. This will have been your own realization when you

have read this paper.

With the hope that the viewpoint in this paper can prove to be useful for the inquiries of
tha vacaasrcrhsve wha ava atrmine and il sivn ot tha envna taveat T unll vannet tha nencace ~f
LIIC ITSTAICIICTS Wil QI alliig Gl Will ciill @b i€ SRilT valgTh, 1 Wit IRpHHIY vili€ piiadass Ol

my thought in a clear and easy style and refer to facts that have led me to the viewpoint.

11. PrROBLEMS TCO BE SOLVED
A. Elisberg Problem

It would be very helpful for you to consider this insightful Ellsberg 3-color-ball deasion

problem for yourself to your comprehension of the issues to be discussed in this paper.

the problem.

here 53

=1
=4

o

LEER Lt 1820 A Aeb b : . ¢ b= 221

rn knoum to contain 90 balls, Thirty of the balls are red, the remaining 60
are black and yellow in unknown proportion. One ball is to be drawn at random from the

urn.

Situation S,: There are the following two options, A, and As. Which of these do you
prefer to bet on?

{Ay ) If the ball is red, you will receive $100. Otherwise nothing.

{Ay ) If the ball is black, you will receive $100. Otherwise nothing.

AFET T

™ M Pt Pk ml
T OUR CROICE:
Situation Sy There are the follounng two options, Ay and A, Which of these do you
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prefer to bet on?

A FRhosnivan erndhos o
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{Ay) If the ball is black or yellow, you will receive $100. Otherwise nothing.
YOUR CHOICE:

B. Ellsberg Problem and Bayesion Decision

Let us identify, making use of the Ellsberg 3-color-ball problem, the problems to be

solved.

B.1 Issues Posed by Preference Combinations Based on the Sure-Thing Principle

First, let us represent the Ellshberg problem transparently.
Symbols:

R, B, Y :Events of Red, Black and Yellow, respectively

P{-}: Probabilities

c{>> 0) : Gains, say $100

N, Ny, N,: Numbers of red, black and yellow balls, respectively
Conditions: N, =30, Ny + N, = 60

The situations S, and S; can be represented as follows
Sy
Option 4,
Event R B Y
Gain ¢ Q ]
Option Ay
Event R B ¥
Gain Q ¢ 0
Sa:
Option As
Event R B ¥
Gain ¢ 0 c
Option 44

DRAFT MNovember 13, 1995
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Assume that A4, is strictly preferred to A;, 4, > Ay, in 5,. This preference should have
nathine ta dn wit thae arrmvranra nf V' haranes nndar V thae anin pamine feorm iec tha
O vaiRiiE vl G Wikl e GUCUNISNHTS 1 F  JElHWsT WdlGel 0 v Sl COUUE T3l A 15wl

same as that of A;. The same thing holds in S5;. So, the preferences in S, and S; should
be based on the possibilities of R and B. Since the gain structure under R and B is the
same between S; and 53, Az should be strictly preferred to 4, {4; > A,) in S; because
we have assumed that A, > Az in 3. As with this, if 4; > A,, then 4, > A;.

These patterns or combinations of the preferences do not contain {4, > A,, A, > A3}
and {A4; > A, As > A,} that are the dominant ones in the experiments [22], [23], [19].
That is to say, people’s decision behavior is out of accordance with the sure-thing principle.
This implies that people’s probabilities, psychological probabilities, are not additive {Bear
it in mind till Section IV.RB.} [19] i i

{1) Are people’s decisions wrong?

{2} Should the validity of the sure-thing principle as an axiomatic basis for prescriptive

decision be seriously reconsidered?

B.2 Bayesian Decision: Maximizing Expected Utility

The Bayesian prescription for quantitative and coherent decision making is: Choose the
option with the greatest expected utility [2]. This means that the Bayesian decision theory
assumes that you can determine your subjective probabilities without ambiguity. Under
uncertainty, however, by definition, you do not have enough information to specify them
without ambiguity. Therefore, this prescription does not work under uncertainty. Let us
see it.

Assume the following:

P{R|N,) 1/3

P{B|N,) = N,/90

P{Y|N,) = {60 — N,)/90.
N, distributes uniformly in {0,1,...,60}, i.e., P{N,) = 1/61 for all N,. These assumptions
are so natural in this problem that nobody can make any persuadable objections to them.

We can assume without loss of generality that 4{0) = 0 and u{c) = 1. u{-) is your utility

of the gains.
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The expected utilities of 4,, A3, Az, and A, are as follows.

ANy = w(c)P(R|N) + u(0)P(B|Ny) + w{0) P(Y|Ny)
= 1/3

ANy = Ny/90

ANy = 1/3+ (60 — N,)/90

TAJNy) = 2/3

Unconditional Expected Utilities:
80
T B LY Y N —f A IRT AT BTN . 1 A
wWA;) = ) WAUNP(Ny), i=1,... 4.
Ny=0

w(A) = u(dy)=1/3
u(ds) = u(A)=2/3

Therefore, you cannot rely on the maximization of your expected utility to choose one
between A, and Ay, and one between Az and A,. But you would like to choose one of
them in each of the situations because you cannot lose at all but have the possibilities to
gain some money. This implies that the Bayesian decision theory fails to abstract some
indispensable factors in decision making.

Thus, the problems to be solved have been identified.

Problem I: What are prescriptive decisions under uncertainty?

Problem 2: How do people make decisions under uncertainty?

(7 Issues to be Discussed

First, to attack Problem 2, the substantial content of the uncertainty will be clarified and
the following three basic concepts will be introduced within the framework of the Bayesian
theory in Section III: {1} Uncertainty-Probability Fquivalence Principle, {2} Safety Pref-
erence Disposition, and {3) Risk Preference Disposition. By using these concepts, a hy-
pothesis concerning actual decision making under uncertainty will be formulated, which
will be called Self-Conflicting Decision {SCD). It will be clarified how SCD differs from

the Bayesian decision. It will be shown in Section TV that SCD can produce naturally the
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decisions to the Ellsherg 3-color-ball decision problem which are in accordance with both
the svnsvimsntal seenlte and the Pavseian decicinne Than ths imnheatinne nf SOTY wil
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be examined by using the Continuous Ellsherg problem. My petspective on the unified
theory will be presented. In Section V, the problem of the formal fundamental asymmetry
in the Bayesian decision theory will be posed. Finally, the concluding remarks will be

made in Section V1.

ITI. SELF-CONFLICTING DECISION

Let us begin with the clarification of the substantial content of the uncertainty.

A Qubetantial (Tantent af Hnrortaintu
A, Ssubstantiial Lronltent of Uncertaint Y

In this paper, the options with the probability of 1 will be called sure options, the options
with certain probabilities in {0,1) probabilistic options, and the options with uncertain
probabilities uncertain options.

Let w{A,) denote the unconditional expected utility of a probabilistic option, A,. Let
w{ A,|z), given x, denote the conditional expected utility of an uncertain option, A,,. Here,

x denotes a generic random quantity. When the following relation holds,
min % A,|z) < W{4p) < maxu{A,|z) {1)

that is, the uncertain option is risky, the uncertainty is significant with respect to choice
between the probabilistic option and the uncertain option. In this case, the probahilistic
option is called a safe option and the uncertain option a risky option.

For the case of choice between two uncertain options, A; and Ay, let WA, |z) and {4z |x)
denote the conditional expected utilities of A, and A4, respectively. When the following
relations hold,

min T Az|z) < minT{A|z) < max T A |z) < maxT{Az|z) {(2)

Aj is risky and the uncertainty is significant with respect to choice between the uncertain

options. In this case, A, is called a safe option and A4, a risky option.
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10 ETL-TR-95-24
B. Uncertainty- Probability Equivalence Principle

First, let us review the essence of the principle or axiom of precise measurement concern-
ing options in the Bayesian theory [2]. This principle asserts that there exists a probabilis-
tic option, {c|p, ¢1|1 — p}, being equivalent to a sure option, ¢. Its formal representation

is as follows. There exists a probability p such that

c~{alp,all —p} for g € ¢ < g,

“w” denotes an equivalence relation in preference,

where ¢, ¢; and ¢; are consequences,
and “ ¢ < ¢” signifies that ¢; is not preferred to ¢. The p is a subjective probability of
the occurrence of ¢;. This principle can be called the Principle of Sureness-Probability
Equivalence.

Let us extend the principle of sureness-probability equivalence between a sure option and
a probabilistic option to the one between an uncertsin option and a probabilistic option.
This new principle, Uncertainty-Probability Equivalence Principle (UPEP), asserts that
there exists a probabilistic option, {¢]p*,¢|1 — p*}, where ¢y occurs with a subjective
probability p*, being equivalent to an uncertain option, {¢s|[pr,p:2), a|[l — p2,1 — pu]},
where ¢; occurs with a probability, say p, in [p,p:] and ¢ occurs with a probability, say
1-p,in [l —p;,1 — p]. It is defined formally as follows.

Definition 1: {Uncertainty-Probability Equivalence Principle) There exists a sub-

jective probability p* such that

{cﬁl[pl:pilzcll[l - p2,1- 'Pl]} -~ {c2|p*:clll _P*}: {3)

where ¢y < eg, ;1 < P2, 1 < p° < pe, and if py = pq, then p* = py = py. The p* s called

the subjective equivalent probability of the uncertain option.

C. Safety Preference Disposition

People like safety. They buy insurance. Fund managers hedge for stock portfolio pro-
tection. Politicians often use ambiguous words so that they cannot commit themselves to
any sort of pledge. Or, animals have the natural disposition to aveid danger. You can also

enumerate a lot of facts showing that people and animals have the natural disposition to
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Equivalent Probability
P*
| || g | |
I I I I I
0 | |4 1
SPDM=1 SPDM=0

Fig. 1. Safety Preference Disposition Measure (SPDM )

like safety. I believe that this safety preference dispesition has been created in the process

of evolution.

The Bayesian decision theory does not realize the importance of this safety preference
disposition in decision making. It is my naturai feeling that their safety preference dis-
position plays an indispensable role in their decision making. This natural feeling is also
grounded on my own actual senous stock investment decision experiences. To describe
their decision behavior, it 1s essential to take the concept of the safety preference disposi-
tion into consideration in addition to the one of the preference between options.

Since the safety preference disposition is essentially personal and the decision under
uncertainty is considered, the safety preference disposition measure is defined as follows.

Definition 2: {Safety Preference Disposition Measure) The Safety Preference Dis-
position Measure (SPDM), «, is defined by using the suljective equivalent probability p*

a5

-
i
o

"'Si
_.l_

o~
b

|
o

g

o

Ll

o
.

L—

where 0 < o < 1.

The safety preference disposition measure should not be considered a simple numeral
but a function of the other psychological and situational factors to be discovered. Note
that the more you want to play for safety, the larger your « i1s. Fig.1 illustrates the safety
preference disposition measure. The probabilistic options {ez|pg, ¢1]1 — po}, where py’s ave

greater than p*, is preferred to the uncertain option {eallpy, p2l. 11 = 2, 1 — p 1}
12l Pl alll — o 1 —pjy

[Tl ]
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12 ETL-TR-95-24
D. Risk Preference Disposition

People also like to take risks, although they have the safety preference disposition. They
invest their own savings in stocks. Statesmen take risky political policies if necessary. See
the late John Fitzgerald Kennedy, the 35th President of the United States, for the 13
Days of the Cuba Missile Crisis in Qctober, 1962. Or, young animals challenge new food
in risky situations. 1 believe that this risk preference disposition has also been created in
the process

Let us consider preference to find how to define the measure of the risk preference dis-
position. It is well known that preference is a mental disposition which plays an important
role in decision making. When you prefer an option A; to an option 4,, there must be
strength in your preference. In some cases, you prefer A; to A, diffidently, in other cases,
moderately, confidently, etc. The strength of your preference is another mental factor that
plays an indispensable role without all doubt in your decision making. The Bayesian de-
cision theory fails to abstract this mental factor. Therefore, it is necessary to introduce
a measure of the preference strength to describe actual decision making behavior. The
preference strength is essentially personal. Hence, the measure of the preference strength
is to be defined by using the subjective probability that A; is preferred to A,. The defi-
nition of the measure of the preference strength is now straightforward. By using it, the
measure of the risk preference dispesition is defined as follows.

Definition 3: {Risk Preference Disposition Measure) The measure of the Preference
Strength on which Ay is preferred to Ay, I|A; > A,), is defined by the subjective probability
that w{As|x) > w{A,|z) as

I[A; > A] = Prob{w(As|z) > w{A)z)}, (5)

where u{A;|x) and w{A;|x) are the conditional expected utilities, give x, of A; and A,,
respectively, and x denotes o generic rondom gquantity. The Risk Preference Disposition
Measure (RPDM) is defined as I[Ay > A;| under the condition that Ay is o risky option
with respect to Ay. This is written Ig[A; > A].

Note that if @{Az|z) and %{A4,|z) are not random quantities, then {4, > 4] =1 or 0,

which mean that A, > A,, 4; < Ay, or Ay ~ A, for sure.
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E. Hypothesis

The safety preference disposition and the risk preference disposition are not one-dimensional
concept but two-dimensional one. These are conflicting in your mind while you are strug-
gling to make a decision. When a compromise between them has been made in your mind,

you have a decision. Let us formalize it as a hypothesis concerning actual decision making.

Hypothesis: People tend to choose one option between twe options by maoking com-
promise between their Safety Preference Disposition and Risk Preference Disposition with
themselves. If their Safety Preference Disposition is stronger {weaker) than their Risk Pref-
erence Disposition, then they tend to choose the safe option (risky option). This decision

is named Self-Conflicting Decision {SCD).

It cannot be emphasized too strongly that SCD differs absolutely from the Bayesian

Aot ol ncn s el dode @y
UCLISULL LTHQATLIITLILE, kL

[
o
=]
o
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=%
=
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Let us make this hypothesis operational with the following simple decision function:

If In[A; » A\] > a, then A;is chosen.
If IglAs > Ay] = «, then the choice is indecisive.
If Ig[A: > A\] < a«, then A, is chosen. {6)

Here, A, is a risky option and A, is a safe one.

The decision function in the coming unified theory would not be complicated but com-

plex. Some solutions of the decision function are to be prescriptive decisions, and other

It should be emphasized here that the insightful view proposed more than ten years
ago by Einhorn and Hogarth [24] has been actually realized in a promising way in the
theory of SCD, although partially at present: “Conceptualizing decision ... as the clash
between multiple selves is a potentially rich area of investigation and could provide useful
conceptual links between phenomena of individual and group behavior. For example,

individual irrationality might be seen as similar to the various voting paradoxes found in

group decision making.”
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14 ETL-TR-95-24
1V. EVALUATION OF SELF-CONFLICTING DECISION

The validity of the Self-Conflicting Decision Theory {SCDT) as a descriptive theory
and its implications will be evaluated by using the following Continuous Ellsberg Problem
{CEP). After that, my perspective on the unified theory will be presented.

A. Continuous Ellsberg Problem

Let us slightly extend the Ellsberg 3-color-ball problem to gain a deeper insight into
decision under uncertainty. In CEP, the probability of R, #, is a known continuous non-
random vaniable, and the probability of B, x, is a continuous random quantity. The others
are the same as the Ellsherg 3-color-bhall problem. Imagine a rotating “dartboard” of which

th

ay PR ey e
17 bRIT lJl.U

Event R B Y
Probability roox Yy

S
Option
A, ¢ 0 0
A, 0 c 0
Sy
Option
Ag ¢ 0 ¢
A, 0 e e
Conditions:

{1) v is given, 0 < 7 < 1.
2)r+z+y=1

{8) There is no information to specify a particular value of z.

m LIW Lt
1

he conditional expecied utilities of A, Ay, A3 and A4, given x, are
gl Az = »
A rs
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IHAR 4: SELF-CONFLICTING DECISION 15

where 0 < 2 < 1-7, u{0) = 0, and u{c) = 1. We assume here that z distributes uniformly
in [0,1 — #]. The density function of z is p{x) = 1/{1 —#) for z in [0,1 — 7], p{z) = 0
otherwise. 1 believe that nobody can make any decisive objections to this assumption in
this problem. Note that the uncertainty in the situations Sy and 53 i1s significant for » in

{0,1/2).

{a) Bayesian Decision
The unconditional expected utilities are:
a{d,) = r
a{dy) = {1 -r)/2
a{ds) = 1-{1-+)/2
T{Ay) = 1-r.
We obtain the following decisions.

If r<1/3, then A; > A, and A, > Aj;.
If r=1/3, then A, ~ A; and Az ~ A,.

If r>1/3, then A > Ajzond A; > A,. 7)

1g ALl 18

Note that these combinations do not contain {Az > A, As > As} and {A > Az, A¢ > As)
which are obtained in the experiments, and the Bayesian theory is indecisive where
P{R) = r = 1/3. Let us call it Bayesian Indecisiveness {Keep it in mind till Section
IV.B)).

{b) Self-Conflicting Decision
The risk preference disposition measures between these options are:
Ig[As > Ay] = Prob{z > r}

November 13, 1945 DRAFT
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_ ! 1-¢rf{1-7) forr<1/2

L9

Jorr >1/2

Ir[As > Ay] = Prob{z < r}

1

We obtain the following decisions.

S, 1 Ay vs. Az (A; is risky.)

For v < 1/2,
If 1-¢/{1-7)
If 1-+/{1-7)
If 1—-#/{1-17)

Forr > 1/2, A, > A,.

Syt Ay vs. Ay {Ay is risky.)
Forr < 1/2,

If #/(1-17)

If ¢ /{1 — 2}
iy vyl r)

If /{1 -17)

Forr > 1/2, A; > A,.

Fig.2 sumimarnizes the results.

A.1 Validation

_ { /(1= 7)

Jorr < 1/2
forr >1/2.

o, then A > Aj.
«, then A, ~ Aj.
o, then Ay > A,.

w, then Ay > Aj.

o, then Az > A,

Let us test the validity of SCDT as a descriptive theory in the special case where P{R) =
r = 1/3, which is the Ellsberg 3-color-ball problem. The decisions with SCDT are as

follows.

DRAFT

MNovember 13, 1995



IHAR 4: SELF-CONFLICTING DECISION 17

’t L]

£/
I [A >A
R[_

{ SA] e
0.8 / IR[A3 A4‘! 4
0 p
= A>A
O o 12
% A >A
0 3 4 i

= >
1[A1>A2] IR[AS A4]

A >A =
1A, A )= 10 >4

0 0.2 04 06 0.8 1
Probability of Red (r)

Fig. 2. Decision Space of Self-Conflicting Decision for CEP

Sy 1 Ay vs. Ay (A is risky.)

If 1/2 = «, then A, > As.
If 1/2 = «, then A, ~ A;.
If 1/2 > «, then A; > A,.

Sy 1 Az vs. Ay (A; is risky.)

I1f 1/2 < «, then A > Aj.
I¥ 1/72 = o then
If 172 w«, then

I1f 1/2 > «, then Az > A,

See Fig.2. If o # 1/2 and is kept constant in effect between the two situations S, and 5,
which are natural assumptions, then the possible combinations are {4, > A4,, 4, > A3}

and {A; > Ay, Ay > Ay}. These are in accordance with the experimental results.

A2 Implications

{a) Choice Based on the Equivalent Probability p*

A

November 13, 1945 DRAFT



18 ETL-TR-95-24

[ 51 2 W
SCILIIT GO

The equivalent probabilities in S, and 5; concerning the events B and Y are:

P = ap + {1 - a)p,
where py = 0 and p; = 1 — r. The unconditional expected utilities of A,, 4;, Ay and Aj
are:
Syt Ay vs. Ay (Ag is risky.)

a{d,) = r

T(4y) = p={1-a){l-7)
Sy 1 Aj vs. Ay {Aj is risky.)

wWAs) = r+p

= r+{1-a)l-+)
wWAy) = 1-r.

The decisions are as follows.
Syt Ay vs. Ay {Ag is risky.)
Forr < 1/2,
wA) > uw{d)) = l-r/{l-7) <«
wA) = wWA)=1-r/{l-r)=a
a{Ady) > wA) = 1-r/{l-7)>
For r > 1/2, w{4,) > u({A,)
Sy Az vs. Aq {A; is risky.)
Forr = 1/2,
w{A) > w(dy)=r/{l-r)<a
u{dy) = w(d) =r/{l-r)=«
a(Ay) > wA)=+r/{1-1r)>a
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For r > 1/2, w{A;) > u{A,).

We have obtained the same decisions as those with SCDT. It is worth while to examine
the implications of this equivalence in detail to gain a deeper insight into the viewpoint

in this paper. This is attractive future research.
{b) Case of & = I[A, > A;] and I[A, > A4

A, and A, are safe options with respect to A, and Aj, respectively. I[4, > A;] and
I[A4 > Ag] arein {0, 1) for the significant uncertainty. Therefore, 1[4, > A;] and I[A, >
Ag] can be interpreted as a representation of the safety preference disposition. Then,
whose safety preference disposition are these? Interestingly, these are Bayesian decision
maker’s, who is the rational, or consistent decision maker in the Bayesian theory. It's easy

to see it.

Sy Ay vs. Ay {Ag is risky.)

o = I[Al = Az] = IR[A:; = A4]
RPDM = Ip[4; > Ay

o = I[A,; = A;;] = IR[Az = Al]
RPDM = Ig[d; > Al

The Bayesian decisions {7) can be derived easily from these relations by using the decision
function {6).

Fig.2 summarizes all the results we have obtained.

B. Discussion

Fitst, let us consider the issue “Are people’s deasions wrong?” in Section II.LB.1. Rec-
ognize here that SCDT has two foces, that is, the descriptive and the prescriptive. The
difference between people’s decision and the Bayesian one to the Ellsberg 3-color-ball deci-

sion problem is, in SCDT, due to the difference in the safety preference disposition between

people and the Bayesian decision maker. This poses the following problems:
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{1) What is the prescriptive safety preference disposition?
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provided that the latter exists?

It is quite possible that no prescriptive safety preference disposition will be found and
the prescription itself will be personal, i.e., come to depend on your safety preference
disposition.

The Bayesian indecisiveness {See Section IV.A.{a).} is caused by SPDM being exactly
equal to RPDM. This exact equality seems a consequence of the mathematical idealization
of actual decisions that the Bayesian axiomatic system involves because the Ellsberg 3-

color-ball decision problem must not be prescriptively indecisive, and people and SCDT

On the other hand, when we view the phenomenon of the Bayesian indecisiveness in
CEP, r = 1/3 looks like a singular point in terms of mathematics. This view suggests
that the Bayesian axiomatic system should be a map of a “higher dimensional” system
to a lower one. What is the higher dimensional system? What axioms exist there? Is
there the sure-thing principle in the higher system? Qr, what is the form of the sure-thing
principle there? Murofushi asserts from the viewpoint of the non-additive measure theory
that the sure-thing principle is too strong to accept it as an axiom whether prescriptive
or descriptive®. The non-additive measure theory attracts me to examine in detail if
it can contribute to the settlement of this difficulty, the Bayesian indecisiveness, at the
fundamental level {See Section I1.B.1.) [17], [19], [20].

To solve all of these problems, we need to do the unified research of the prescriptive
and the descriptive decision theones. Note that, in the unified research, it is essentially
necessary for you to discriminate exactly hetween your prescriptive position and your
descriptive one. If not so, confusion is inevitable.

Cohen and Jaffray [25] try to explain the preference combinations in the experiments on
the Ellsberg 3-color-ball problem by introducing the concept of pessimism and optimism.

Their definition of a pessimist {optimist) is: A subject is a pessimist {optimist) if his /her

®This is a private communication. Dr. Toshiaki Murofushi is an expert of the theory of fuzzy measure and is

with the University af Elactra-Communicatians in Japan. Email: cgstdm@atl go in
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greater {less) in French franc than the one to an uncertain option [23]. Their explanation
the belief. Compare, however, their definition with the definitions of the safety preference
disposition measure and of the risk preference disposition measure in this paper. The
difference is clear. Such one-dimensional concept as pessimism and optimism are too
general and too simple to abstract the substantial contents of people’s actual decision
behavior.

Multi-dimensional, quantitative and specific concepts concerning human psychology and
situations in which decisions are made are now needed to improve the Bayesian decsion

theory toward the more realistic and more usable unified theory. Let us call the measures

e
[ ad

situational gquantities, and the ones of the both cognitive quantities. My current image of
the unified theory is as follows. A whoie of the dynamic relations among the cognitive
quantities and the input information to the unified theory determines the characteristics of
the cognitive quantities and of the input information. The whole of the dynamic relations
produces both the prescriptive and people’s decisions, as SCDT has done actually, that
are the outputs from the unified theory. The situational measures appear as boundary
conditions that are similar to the ones in physics. The psychological measures appear as
personal constraint conditions such that there would not exist the corresponding things in
physics. If you ask me to characterize the descriptive theory in the unified theory, 1 will
answer that a flying stone is simply fying without solving the differential equation. Our
target will be attained in the inquiries on the basis of the spirit of the “Relationism®” in
the philosophy of Hiromatsu. The late Wataru Hiromatsu, Great Japanese Philosopher,
learned much from the scientific works of Albert Einstein [26]. We have much to learn

from their works. Science and Philosophy are the head and the tail, the tail and the head

of a coin of the name of Inquiry.

-r — e e

V. FORMAL FUNDAMENTAL ASYMMETRY IN {(JUANTIFICATION

According to the Bayesian decision theory, you must be willing to express your sure
preference order between options in Yes/No way. Then, when you prefer an option to an-

SCansult Wabster. Tt says that this is a dacteine halding that relations axist as real antities.
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the Bayesian decision theory cannot satisfy you in such usual and important cases. This
indicates that the qualitative preference order should be quantified so that it can represent

the strength of your preference.

The following relations hold in CEP: I[4, > A;] = I[As > A, and I[4; > A|] =
I[A,y > Aj]. These relations suggest that the quantification could be made by the replace-
ment of the qualitative preference order with the preference strength measure keeping the
sure-thing principle by extending it over the preference strength measure. However, the
Bayesian indecisiveness shown by the Ellsberg 3-color-ball problem must be eliminated at
the fundamental level. See the discussion in Section IV.B.

Let us shoot a look at the heart of the Bayesian theory. In this paper, the preference
strength measure has been defined by using the utility. In the Bayesian theory, however,
first of all, the qualitative preference relation {<) is introduced as one of the primitive
elements, and then the utility is introduced to represent it quantitatively for mathematical
convenience, i.e., the compatibility of the expected utility with the qualitative preference
relation. The canonical utility of a consequence ¢ is defined as the probability u(S) of
any standard event S such that ¢ ~ {¢*|5,¢.[5°}, where ¢ is the complement of 3, ¢,
and ¢* are the extreme consequences, and ¢, < ¢* [2]. Note that this quantification has
no intention of representing the preference strength quantitatively. Therefore, it might be
necessary to reconstruct the axiomatic system radically in order to quantify the preference

strength.

from the qualitative belief relation between events making use of the principle on events
that is similar to the precise measurement prinaple on options [2]. The concept of
introduced in this paper seems to play a similar role in the quantification of the preference
strength to that of the above principle in the quantification of the qualitative belief. This

suggests that the reconstruction should be easier than in appearance.

There does not exist the concept of updating of the preference on options in the Bayesian

theory, although there exists the one of the helief on events in the form of the subjective
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decisions. Your preferable amount of investment capital, say $1000 or $10000, can be
updated depending on your changing assets and liabilities even if your degrees of belief on
the events do not change which affect the prices of the stock names you have chosen.

It should now be clear what is the formal fundamental asyminetry, suggested in Section
I, between the quantification of the qualitative preference order on options and the one of
the qualitative belief order on events. Let us call it the problem of Formal Fundamental
Asymmetry in Quantification (FFAQ).

Pitz and Sachs [13] evaluate that “[t]he theoretical distinction between beliefs and pref-

erences has been one of the most significant decision theory
of behavior.” This suggests an origin of FFAQ. This theoretical distinction should not be
a useful guiding principie in the inquiries toward the unified theory, rather shouid check
the development of the unified theory.

I emphasize that the concepts of the safety preference disposition and of the risk pref-
erence disposition originated in this paper should be included in the coming axiomatic
system and the problem of FFAQ should be solved in the inquiries toward the unification
of the prescriptive and the descriptive decision theories.

Finally, let me pose a problem: Base the Self-Conflicting Decision theory on the coming

axiomatic system.

VI. CONCLUDING REMARKS

This paper is my theoretical attack to make the Bayesian decision theory more realistic
and more usable toward the coming unified decision theory under uncertainty that includes
the prescriptive and the descriptive theories. The coming unified theory should be what is
worth being called Dynamic, Bayesian, Cognitive, and Relational Decision Theory, where
“Bayesian” means to be prescriptive, “Cognitive” means to use the cognitive quantities
and to be descriptive, “relational” means to produce both the prescriptive and people’s
decisions by means of a whole of the relations that determines the characteristics of the
cognitive quantities and of the input information, and “Dynamic” means that the relations

are changeable or can he updated.
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erence Disposition, and {4) Formal Fundamental Asymmetry in Quantification, is worth
exarmining its possibilities in detail toward our target.

The empirical investigation of the Self-Conflicting Decision theory as a descriptive theory,
in particular, to discover the other psychological and the situational factors that affect or
provide the safety preference disposition measure, 15 also attractive and important future

research work.
There is also another possibility that the viewpoint in this paper is applicable to animals

because the safety preference disposition and the nisk preference disposition must have been

I thank the members of the Cognitive and Statistical Decision-Making Theories Research
Group {cgstdm@etl.go jp) in Japan, which is headed by Professor Kazuo Shigemasu, for
their stimulating discussions. I would like to thank InTechTra, Inc. {slee@infinet.com} for

the Hong Kong Stocks Reports that are enabling me to experience actual serious decisions.

REFERENCES

[1] C. 5. Peirce, “The fixation of belief,” in Collecied Papers of Charles Sanders Peirce, C. Hartson and P. Weiss,
Eds., vol. &, pp. 223-247. The Belknap Press of Harvard University Press, Cambridge, fourth printing edition,
1978.

[2] J. M. Bernardo and A. F. M. Smith, Bayesian Theory, Wiley, New York, 1994,

[3] J. Q. Berger, Statistical Decision Making and Bayesian Analysis, Springer-Verlag, Mew York, 2nd edition,
1935,

[4] N. Otsu, “Mathematical Studies on Feature Extraction in Pattern Recognition {with English synopsis),”
1981, Researches of the Electrotechnical Laboratory, No. 8§18, 210 pages.

5] N. Otsu, “Toward fAexible recognition: Theory and practice,” in COGNITIVE PROCESSING FOR VISION
& VOICE, Proceedings of the Fourth NEQ Research Sypmposiem, T. Ishiguro, Ed., Philadelphia, 1994, pp.
47-61, Society for Indusiriai and A pplied Mathematics (S1AM).

6] 3. Geman and D. Geman, “Stochastic relaxation, Gibbs distribution and the Bayesian restoration of images,”
IEEE Trans. Patiern Anal. and Mach. Intell., vol. PAMLES, pp. T21-741, 1984,

"This point was sugpested by discussion with Tatsuya Kameda, Ph. D., Japanese social psychologist, of Hokkaido

Univarsity in Japan. Email: cgstdm@etl.go jn

DRAFT MNovember 13, 1995



IHAR 4: SELF-CONFLICTING DECISION 25

[7] D. Clayton and L. Bernardrinelli, “Bayesian methods for mapping disease risk,” in Geographical and enwi-
renmental epidemiology: Methods for Swmall-avea Studies, et al P. Elliot, Ed., pp. 205-220. OXFORD UINI-
VERSITY PRESS, Oxford, 1992.

(8] N.Otsu, “Toward flexible information processing in the real world,” in RWC Technical Report: Spectal fisue,
Tsukuba Research Center, Japan, 1994, pp. 1-6, Real World Computing Partnership, TR-94001.

91 T. Inui, “Integration and compstition of visual information {with English abstract)”, COGNITIVE STUDIES:
Bulletin of the Japanese Cognitive Science Society, vol. 2, no. 2, pp. 5-20, May 1995.

{10] J. Thara and Y. Tamura, “A Bayesian analysiz of effects of task structures on problem zolving: Effects
of ‘undermining hypotheses by data’ in probability updating tasks (with English abstract),” COGNITIVE
STUDIES: Bulletin of the Japanese Cognitive Scienice Society, vol. 2, no. 3, August 1995 (in press).

(11] W. Hiromatsu, SONZAT TO IM! (i Japanese), vol. 1, Iwanami Shoten, Tokyo, 1932.

s SONZAI TO IMI (in Japanese), vol. 2, Iwanami Shoten, Tokyo, 1993.

{13] G. F. Pitz and N. J. Sachs, “Judgment and decision: Theory and application,” Ann. Rev. Psyehol, vol. 35,
pp. 139-163, 1984,

(12 —

[14] A. Tversky and C. R. Fox, “Weighing risk and uncertainty,” Psychological Review, vol. 102, no. 2, pp.
269-283, 1995.

[15] K. Shigemasu and A. Yokoyama, “Flexible Bayesian approach for psyclogical modeling of decision making,”
Japanese Psychological Reseavch, vol. 36, no. 1, pp. 20-28, 1994,

[16] D. Ellsberg, “Risk, ambiguity, and the Savage axioms,” Quartery Journal of Economics, vol. 75, pp. 643-669,
1961.

[17] D. Schueidler, “Subjective probability and expected utility without additivity,” Econometrica, vol. 57, no.
3, pp. 571-5387, May 1989.

(18] K. Shigemasu, “Rationality in probability judgement (with English abstract),” Japanese Journal of Behav-
tormeirics, vol. 16, no. 1, pp. 39-48, 1938.

(19] €. Camerer and M. Weber, “Recent developments in modeling preference: uncertainty and ambiguity,”
Journal of Risk and Uncertainty, vol. 5, pp. 325-370, 1992,

[20] M. Sugeno and T. Murofushi, Fuzray Measure fin Japanese), Nikkan Kougyou Shinbun $ha, Tokyo, Japan
Society for Fuzzy Theory and Systems edition, 1993.

[21] H. Akaike, “On the difficulty of the intsrpretation of probabilities (in Japanese),” in The proceedings of the
nastitule of statistical mathematics, The fourtieth anndversary vofume II, T. Suzuki (in Chief), Ed., Tokya,

1934, pp. 117-127, The Institute of Statistical Mathematics.
[22] P. Slovic and A. Tversky, “Who accepts Savage’s axiom?,” Behavioval Seience, vol. 19, pp. 368-373, 1974
3. Y. Jaffray, “Bxperimental
Operations Research Proceedings, vol. 44, pp. 275-239, 1931,

{24] H. J. Einhorn and R. M. Hogarth, “Behavioral decision theory: Processes of judgment and choice,® Ann.
Rev. Psychol., vol. 32, pp. 53-88, 1981,

[25] M. Cohen and J. Y. Jaffray, “ls Savage’s independence axiom a universal rationality principle?,”® Behavioral
Science, vol. 33, pp. 38-47, 1938.

[26] W. Hiromatsu, SOUTAISEI RIRON NO TETSUGAK U (in Japanese), Philosophy In the Theory of Relativity,

Keisan Shabau, Takya, 1988.

November 13, 1945 DRAFT



6

ETL-TR-95-24

Jiro Ihara was born in Tokyo, Japan, on February 14, 1943. He received the B. Enpg., M.
Eng., and Dr, Eng. degrees in slectrical engineering from Seilei University, Tokyn, Japan,
in 1967, 1969, and 1983, respectively. He joined the Electrotechnical Laboratory (ETL) in
1969 and is now a senior researcher of ETL. From 1977 to 1978 he spent ten months with
the Institute of Cybernetics, the Ukrainian Academy of Sciences, in Kiev, 11.3.58.R. He is the
author of the IEEE papers: A Fitting Characteristic Vector Based on the Mean Square Error

with an Application, IEEE Trans., SMC%-8, pp. 405-410, 1979, A Structural Analysis of

Criteria for Selecting Model Variables, IEEE Trans., SMC10-8, pp.460-466, 1980, and Extension of Gonditional
Probability and Measures of Belief and Dishelief in a Hypothesis Based on Uncertain Evidence, IEEE Trans.,

PAMI®-4, pp.561-568, 1987. Hiz research interests include decision making, human doubt and belief, human
information use, and Bayesian statistics.

DRAFT

MNovember 13, 1995



IHAR 4: SELF-CONFLICTING DECISION

November 13, 1945

R B

2

SPDM=1 SPDM=0

Fig. 3. Safety Preference Disposition Measure (SPDIM)

27

DRAFT



13

o
(o4}

SPDM

DRAFT

ETL-TR-95-24

> >a [/
A Az, A,ZA J
Y,
\ /
I
F
‘J'
/
A2>A1 A1>A2
A >A A >
4 3~ g
V4
V4
/
F
/
‘, Y
e 2
Vd
7

= >
1[ A1> Ag] IR[A3 A4]

(A >A 1o
1[A4 3] IR[AE‘}AI]

Fig. 4. Decision Space of Self-Conflicting Decision for CEP

MNovember 13, 1995



