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Abstract

Boiney has recently proposed a hypothesis and model for explaining the skewness effects due
to skewed second-order probability on decision making under ambiguity. This paper examines the
hypothesis and model. It is shown that the hypothesis consists of two parts, Focus Hypothesis and
Emotion Hypothesis. The Focus Hypothesis is psychologically unlikely and produces abnormal
preference patterns in Boiney model in the case where the mean probability of an ambiguous
gamble is not equal to the probability of an unambiguous gamble. An alternative for the Focus
Hypothesis is proposed. It is shown that the alternative produces the same preference patterns
as Boiney’s for the same mean probability and normal preference patterns in the case where the
mean probability of the ambiguous gamble is different from the probability of the unambiguous

gamble.
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I. INTRODUCTION

Boiney has recently reported an interesting experiment concerning the effects of skewed
second-order probabilities on attitudes toward ambiguity preferences and proposed a hy-
pothesis and model for explaining the effects [1]. The objective in this paper is to examine
the hypothesis and model and to propose an alternative hypothesis.

Boiney has confirmed the following two hypotheses for choice between an ambiguous
and unambiguous gamble with the same mean probability and outcomes experimentally
[1].

Hypothesis 1 The unambiguous gamble will be preferred if the ambiguous gamble is

negatively skewed or symmetric.

Hypothesis 2 The ambiguous gamble will be preferred to the unambiguous gamble under

positive skewness.

Experimental Design:

The subjects were 130 first-year MBA students in a production and operations manage-
ment class. The experiment was a fully crossed 2 x 3 x 3, OUTCOME ($200, - $200) x
MEAN (0.20, 0.50, 0.8) x SKEW (Negative, Symmetric, Positive) design. OUTCOME
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was a between-subject factor. MEAN and SKEW were within-subject factors. The range
of the second-order probability rather than the variance, was held constant at 0.20 in all

SKEW conditions.

Sample Lotteries:

The following are three sample lotteries in his experiments. These lotteries have the
same mean (first-order) probability. Lottery A is negatively skewed and Lottery B is pos-
itively skewed. The first-order probability and the second-order probability are denoted
by FOP and SOP, respectively.

Lottery A

EVENT: Red Black

S0P : 0.1 0.9 0.9 0.1
FOP : 0.02 0.22 0.98 0.78
GAIN : $200 $0
Lottery B

EVENT: Red Black

S0P : 0.9 0.1 0.1 0.9

FOP : 0.18 0.38 0.82 0.62

GAIN : $200 $0

Lottery C

EVENT: Red Black

S0P 1 1

FOP : 0.20 0.80
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GAIN : $200 $0

Results:

1. Approximately 40% exhibit no systematic preference pattern; they are not consis-
tently ambiguous seeking, averse, or neutral, nor do their shifts in preference coincide
regularly with one of the independent variables.

2. About 23% of the subjects exhibit a consistent attitude toward ambiguity: 19 subjects
are ambiguity neutral, 5 are ambiguity averse, and 6 are ambiguity seeking.

3. The main result (Skew Sensitivity): Negative Skewness < Unambiguous < Positive
Skewness for both gain/loss.

The largest group to exhibit a clear pattern reveals an intriguing effect. 48 of 130
subjects (about 37%) are “skew sensitive”; they are ambiguity seeking under positive
skewness, yet ambiguity averse under negative skewness. This preference pattern can only
be explained by changes in the direction of skewness of SOP since the pattern occurs
over both outcome conditions, for all levels of mean, and the range and variance of the

negatively and positively skewed gambles are identical.

IT. BOoINEY’'S HYPOTHESIS FOR EXPLAINING THE SKEWNESS EFFECTS

We can understand well Boiney’s hypothesis by separating it into two parts. The first and

second parts can be called “Focus Hypothesis” and “Emotion Hypothesis”, respectively.

Focus Hypothesis: The ambiguous lottery (Lottery A or Lottery B) will be evaluated
independently of the unambiguous lottery (Lottery C). Many will behave as though
they place a disproportionate weight on the first-order probabilities far from the mean
of the ambiguous lottery (Lottery A or Lottery B), thereby focus on the far first-order
probability (0.02 in Lottery A and 0.38 in Lottery B).

Emotion Hypothesis: The focused probability (0.02 in Lottery A and 0.38 in Lottery B)
will be compared with the probability of the unambiguous lottery (Lottery C). When
the focused probability is much less (larger) than the probability of the unambiguous
lottery, 0.2 in Lottery C, there is the potential for extreme “disappointment” (“ela-
tion”) if the decision maker believes that the less (larger) chance of winning was the

true state of nature, resulting in ambiguity aversion (ambiguity seeking).
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The focused probability in Lottery A is 0.02 and the probability of Lottery C is 0.2.
Hence Lottery C is preferred over Lottery A that is negatively skewed. The focused
probability of Lottery B is 0.38 and the probability of Lottery C is 0.2. Hence Lottery B,
which is positively skewed, is preferred to the Lottery C.

I agree to the Emotion Hypothesis. But I do not agree to the the Focus Hypothesis. It
is unlikely that decision makers will evaluate the ambiguous lottery independently of the
unambiguous lottery and calculate the mean probability of an ambiguous lottery by using
the second-order probabilities. Even if the mean probability is calculated to evaluate the
ambiguous lottery, it is unclear why the mean is compared with each of the first-order

probabilities of the ambiguous lottery.

It is more likely that the ambiguous lottery (Lottery A or Lottery B) will be evaluated
against the unambiguous lottery (Lottery C) and many will compare each of the first-order
probabilities of the ambiguous lottery with the probability of the unambiguous lottery.
The first-order probability of the ambiguous lottery that is close to the probability of the
unambiguous lottery will be less weighted and the probability far from the probability of
the unambiguous lottery will be more weighted and focused on.

In Lottery A that is negatively skewed (Lottery B that is positively skewed) the proba-
bility far from the probability of Lottery C is less (greater) than the probability of Lottery
C. Hence Lottery C (Lottery B) is preferred over Lottery A (Lottery C) according to the

Emotion Hypothesis.

I modify the Focus Hypothesis as follows.

Modified Focus Hypothesis: The ambiguous lottery (Lottery A or Lottery B) will be eval-
uated against the unambiguous lottery (Lottery C) and many will behave as though
they place a disproportionate weight on the first-order probabilities far from the prob-
ability of the unambiguous lottery (Lottery C), thereby focus on the far first-order
probability (0.02 in Lottery A and 0.38 in Lottery B).

Since the Boiney problems have the same mean probability, the Modified Focus Hy-
pothesis and the Emotion Hypothesis give the same results in Boiney model as those of
Boiney model using the Focus Hypothesis and the Emotion Hypothesis for the Boiney

problems. However, when the probability of Lottery C is different from the mean proba-
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bility of Lottery A or Lottery B, the Focus Hypothesis and the Modified Focus Hypothesis

will produce different preference patterns.

III. GENERALIZED BOINEY PROBLEMS

Let us generalize the Boiney problems to examine the implications of the Focus Hypoth-

esis and Modified Focus Hypothesis.

Conditions:

1. P(R|*) < Py(R|*) (first-order probabilities of event Red, * is Lottery A or Lottery
B.)

2. 0 < r < 1 (second-order probability, r is r, for Lottery A and r; for Lottery B.)

3. P,(R|A) = P,(R|B) = P(R|C) (mean first-order probabilities of event Red for
Lotteries A, B and C, respectively)

4. P,(R|A) — Pi(R|A) = P»(R|B) — Pi(R|B)

5. 83X £0
6. Lottery A is negatively skewed on Red. Lottery B is positively skewed on Red.
Lotteries:
LOTTERY A or B
EVENT: Red Black
S0P T 1-r r 1-r
FOP : P1(R|*) P2(R|*) 1 - P1(RI*) 1 - P2(R|%)
GAIN : $x $0
LOTTERY C
EVENT: Red Black
S0P 1 1
FOP : P(RIC) 1 - P(RIC)
GAIN : $X $0
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A. Skewness
The measure of skewness on event Red, S(R|*), is defined as

E[{P(R]%) — Pn(R]%)}?]
o*(R|*) ’

where P(R|%) is the first-order probability of Red, P, (R|*) is its mean, o(R|*) is its

S(R|*) =

standard deviation and the expectation is taken over the second-order probability. The
measure can be written
S(Rl#) = =1
r(1—r)
In order that Lottery A is negatively skewed on Red, r, < 1/2. Hence P, (R|A) —
Pi(R|A) > Py(R|A)— P,,(R|A) for Lottery A. In order that Lottery B is positively skewed

on Red, r, > 1/2. Hence P,,(R|B) — Pi(R|B) < P;(R|B) — P,,(R|B) for Lottery B.

IV. BOINEY MODEL

Boiney has expressed his hypothesis mathematically in the form of a weighted model as

follows [1].

Define a lottery L as awarding $X if event E obtains, otherwise awarding nothing, with
u($0) = 0. Let P be the probability of winning, which is a random variable with density
function f(P) and mean P,,. The proposed model will replace the probability of an event

E with a subjective decision weight, w(E), so that the value function for L is
V(L) = w(E)u(X).

A decision weight w(E) must capture two key phenomena observed in the data. The first
phenomenon is that decision makers behave as though they place a disproportionate amount
of weight on probabilities far from the mean. To reflect this behavior, one component of the
decision weight will be the mean squared deviation, (P — P,,)?. The second phenomenon
1s that indiwiduals have different attitudes toward ambiguity, which will be expressed by
troducing two individual-specific parameters, e and d. These are simply constants, e, d >
0, destgned to measure the potential “elation” and potential “disappointment” experienced

due to probabilities above and below the mean, respectively.
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In oder to reflect both phenomena, a function A(P) is defined to represent the attitude

toward a given probability. More specifically,

e(P- P, if P>P,
A(P) = , (1)
—d(P - P,)? if P<P,,.

Taking the expectation over this function results in the “expected attitude” toward the

second-order distribution f(P): fol A(P)f(P)dP. In essence, the decision weight will ad-

Just the mean probability P,, up and down according to this expected attitude toward the

ambiguous distribution. The decision weight for event E is defined as

wwpd%+waﬁme

V. IMPLICATIONS

A. Same Mean Probability
It will be shown that the Focus Hypothesis and the Modified Focus Hypothesis applied

to Boiney model produce the same preference patterns for the Boiney problems.

A.1 Using Focus Hypothesis

(1) Gain
The decision weights for event R (Red) in the gain domain, w,(R) for Lottery A, wy(R)
for Lottery B and w.(R) for Lottery C, are given by

wa(R) = Pu(R|A) + {erq — d(1 —r,)}ra(1 —7)(P — Py)?
wy(R) = Po(R|B) + {ery — d(1 — ) }rp(1 — 1) (P2 — P,)?

we(R) = P(R|C).

The following d and e imply ambiguity aversion.
June 3, 1997
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r
d > 1 ,© for r=r, or
-r

The following d and e imply ambiguity seeking.

r
d<ﬁe, for r=r, or

(2) Loss
The decision weights for event BK (Black) in the loss domain, w,(BK) for Lottery A,
wp(BK) for Lottery B and w.(BK) for Lottery C, are given by

wy(BK) = P, (BK|A) + {—dr, + e(1 —74)}ra(1 —r,) (P2 — P1)2
wy(BK) = P, (BK|A) + {—=dry + e(1 — rp) }rp(1 — rp)(Pr — P1)2

w.(BK) = P(BK|C).

The following d and e imply ambiguity aversion.

1-—r

T

d>

e, for r=r, or

The following d and e imply ambiguity seeking.

1—7r

T

d < e, for r=mr, or m

A.2 Using Modified Focus Hypothesis

Using the Modified Focus Hypothesis the function A(P) (1) is written as

e(P-P) ifP>P
A(P) = ] 2)

—d(P - P.)? if P<P,.
Here P, is the probability of the unambiguous lottery. Since the mean probabilities of
the Boiney problems are identical, P, (R|A) = P,,(R|B) = P(R|C), the preference pat-
terns generated by the Modified Focus Hypothesis are the same as those by the Focus

Hypothesis.
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B. Different Mean Probabilities

Let us examine the implications of the Focus Hypothesis and the Modified Focus Hypoth-
esis in Boiney model in the case where P,,(R|A) and P,,(R|B) are not equal to P(R|C).

For simplicity the following notation will be used:

P1 :Pl(R|A) or Pl(R|B>

P2 :P2(R|A) or P2(R|B>

P = Pu(R|A) or P.(R|B)

P. = P(R|C)

r=7T, O T}

We are interested in P, for P, < P. < P,.

B.1 Using Focus Hypothesis

The following relation holds in the gain domain for the Focus Hypothesis.
T P, — P.

1-—r (1 —7)2(Py — P1)?
The elation term (the first term with e in the right-hand side of the antecedent in (3))

— A,B>C (3)

leaves unchanged while P. is approaching P; or Ps. It is unlikely. The skewness-emotion
effect, including the skewness and individual attitudes toward ambiguity, would diminish
as P. is approaching P; or Ps.
At P, = P, the following relation holds.
r 1

d —
I T =B - B

At P. = P; the following relation holds.

— A, B<C (4)
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r 1
d — A, B
< 1—r" (1 —7r)2(P, — P) =48>0 (5)

These show that the skewness-emotion effect remains at P, = P, and P. = P,. For
example, a sufficiently small (large) elation parameter prefers Lottery C (Lottery A and
Lottery B) over Lottery A and Lottery B (Lottery C) at P. = P; (P2). However, it is
abnormal and all decision makers would definitely prefer Lottery A and Lottery B (Lottery
C) to Lottery C (Lottery A and Lottery B) at P. = Py (P2) regardless of the skewness and

their attitudes toward ambiguity. A similar argument can be made in the loss domain.

B.2 Using Modified Focus Hypothesis

The following relations hold in the gain domain for the Modified Focus Hypothesis.

1 (P - P) Pn— P,
d— — A,B
I—r(P— P2 " (1=1)(P - P BrC (6)

e >

1—7r (P, — P.)? P —P.

d>
r (P —P)2 " r(P —P,)

;= A,B<C (7)

The disappointment term (the first term with d in the right-hand side of the antecedent
in (6)), i.e., the skewness-emotion effect diminishes as P, is approaching P;. Similarly, the
elation term (the first term with e in the right-hand side of the antecedent in (7)), i.e.,
the skewness-emotion effect diminishes as P, is approaching Ps.

At P. = P, the following relation holds.

— A B
e > P2 — Pl = ) >~ C (8)
At P. = P; the following relation holds.
d> — — A B<C (9)

2 — I
These show that Lottery A and Lottery B (Lottery C) are preferred over Lottery C (Lottery
A and Lottery B) at P. = P, (P,) regardless of the skewness and individual attitudes

toward ambiguity. Similar results can be obtained in the loss domain.
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VI. CONCLUSION

This paper has examined Boiney’s hypothesis and model for explaining the skewness
effects. It has been shown that the hypothesis consists of two parts, the Focus Hypoth-
esis and the Emotion Hypothesis. The Focus Hypothesis is psychologically unlikely and
produces abnormal preference patterns in Boiney model in the case where the mean prob-
ability of an ambiguous gamble is not equal to the probability of an unambiguous gamble.
The Modified Focus Hypothesis has been proposed. It has been shown that the Modified
Focus Hypothesis produces the same preference patterns as Boiney’s for the same mean
probability and normal preference patterns in the case where the mean probability of the

ambiguous gamble is different from the probability of the unambiguous gamble.
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