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Functions

Definition

Given two sets X and Y, a function from X to Y is a rule that
assigns each element of X to one and only one element of Y, and
denoted by f: X — Y.

@ The function is also written as y = f(z), x € X, where y is
referred to as the value of the function f at z.

e X: domain of f; Y: codomain of f
o Range: the set of all the actual values a function has

@ We usually consider cases where X C R", where R™: real
coordinate space.



Concavity and convexity of functions

o Consider a function of one variable, y = f(x), where = € R.

Definition
A function f is concave if

f(@) > Af(@) + (1= N f("),

where 7 = \z’ + (1 — A\)2” and X € [0,1]. It is strictly concave if the
strict inequality holds when ) € (0, 1).




Definition
A function f is convex if

f@) < Af(@) + (1 =N f("),

where z = A2’ 4+ (1 — X\)2” and X € [0,1]. It is strictly convex if the
strict inequality holds when X € (0, 1).

e The definition of concavity/convexity can be applied to
functions of n variables, f(x), where x = (x1,--- ,x,) € R"



Homogeneous functions

e Consider a function of n variables, f(x1,---,z,), defined for all
nonnegative values (z1,--- ,x,) > 0.

Definition

A function f(x1,---,z,) is homogeneous of degree £ if, for every
A > 0, we have

FO@1, - Awg) = N f (@1, @),

o Examples:
o f(x1,x2) = x1/x2: homogeneous of degree zero

1/3.2/3
o f(xy,x2) = 951/ x2/ : homogeneous of degree one



Differentiation: Functions of one variable

e Consider a function of one variable, y = f(x), where z € R.

@ Purpose of the derivative: to express how a change in z
determines a change in y

Definition

The derivative of a function y = f(z) at a point P = (z1, f(z1)) is
the slope of the tangent line at that point:




Definition

If /(2°) is the derivative of a function y = f(z) at the point 2°,
then the total differential at a point z° is

dy = f'(x°)dz.




Rules of differentiation

Q@ f(z) =ax+b (a,b: const.) = f'(z)=a
Q f(z) =" (n: const.) = f'(x) =na"!
Q h(z) =af(z) + bg(z) (a,b: const.) = h'(x) = af'(z)+ bg'(z)
Q h(z) = f(z)g(z) = W (x) = f'(z)g(x) + f(z)g (z)
N O oy P @ale) — @) (@)
© (o) = L (o) £0) = (o) L
0 h(z) = f(g(x)) = HW(z) = f'(g(x))g'(x) (Chain rule)
© 4(1) = /W) (@) £ 0) = 4'(s) = 5. where y = /(z)
Q f(x)=¢"= fl(z)=¢"
Q f(z)=lnz= fl(z)=1/z




@ Derivative of a function is also a function = we can write
dy/dx = f'(x), where f’ is called the first derivative function of
f.

o Derivative of [/,

d(dy/dx) dif'(z)] d*y

dx or dx or dx?

or f()

is called the second derivative function.

o If the first two derivatives of a function exist, we say that the
function is twice differentiable.
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Convexity/concavity of differentiable functions:

Theorem
A twice-differentiable function f of a single variable defined on the
interval [a,b] C R is

e concave if and only if f’(z) <0 for all z € (a,b);

o convex if and only if f”(z) > 0 for all z € (a,b).

| A

Theorem
A twice-differentiable function f of a single variable defined on the
interval [a,b] C R is

e strictly concave if f”(z) <0 for all z € (a,b);

e strictly convex if f”(z) > 0 for all z € (a,b).

A,
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Differentiation: Functions of n variables

e Consider a function of n variables, f(x), where

x = (21, - ,x,) € R™
The partial differentiation of a function y = f(x1,--- ,z,) with
respect to the variable z; is
of
&ri
— 1 f(l’l,"' 7$1+AJ;27 ,.’L‘n)—f(l’l,"' y Ly o ,l‘n)
= lim .
Ax;—0 Al‘l

o Instead of J0f/Jx;, the notations dy/Jz;, fi(x), or f; are used
interchangeably.

11/53



o Second-order partial derivatives:

o= dfilx)  *f(x)
v 81‘]' N 8951830]

o If n = 2, there are 22 = 4 second-order partial derivatives:

iy = Of1(z1, ) i = df1(z1, w2)
(9&71 ’ - 8902 ’

_ Ofa(z1,22) _ Ofa(z1,22)

21 = T? f22 = T

e fij = fj holds. (Young’s theorem)
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Definition

The first-order total differential for the function y = f(z1,--- ,x,) is

dy = fidz + - + fudzn =) fidss.

=1
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Implicit function theorem

Let F(x1, -+ ,2n,y) = 0 be an implicit function, with continuous
first derivatives, which is satisfied at some point (2,--- 2%, 4°) and
is defined in some neighborhood of this point. If I, # 0 at this
point, then there is a function y = f(x1,--- ,x,) defined in some
neighborhood of x* = (z9,--- ,2¥) such that

0 y° = f(x"), and
(2] fi(XO) = _in/Fy-
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Concavity/convexity of differentiable functions: case of n =2
variables

Definition

The second-order total differentiation for the function y = f(z1, z2)
is
d*y = fi1dz + 2 fradardag + faodas.

| A\

Theorem

If the function y = f(z1,22) defined on R? is twice continuously
differentiable, then it is convex (concave) if and only if the
second-order total differentiation is nonnegative (nonpositive).

.
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If the function y = f(z1,22) defined on R? is twice continuously
differentiable, and the second-order total differentiation is positive
(negative) whenever at least one of dz; or dxs is nonzero, then

y = f(x1,z2) is a strictly convex (strictly concave) function.
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Differentiation of homogeneous functions:

If a function y = f(x) is homogeneous of degree k, then its
first-order partial derivatives, 0f(x)/0z;, i =1,--- ,n, are
homogeneous of degree i — 1.

Euler's theorem

If a function y = f(x) is homogeneous of degree k, then the
following condition holds:
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Linear algebra

Definition
A matrix is a rectangular array of numbers enclosed in parentheses.

e A matrix A of order m x n (m rows and n columns) can be

explicitly written as

ai a12 a3 A1n
a21 a22 a3 a2n

aml Am2 AaAm3 " amn
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e A matrix having only one row such as (1 2 3) is called a row
matrix or row vector.
1
@ A matrix having only one column such as |2] is called a
3
column matrix or column vector.

Definition
An array that consists of only one row or one column is known as a

vector.

Definition
An matrix that has the same number of rows and columns is called

| A\

a square matrix.

A,
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Basic matrix operations

The sum of two matrices is a matrix, the elements of which are the
sums of the corresponding elements of the matrices:

a1l a2 ai3
a1 a2z  a23
A= . .
am1 am?2 am3
aii + b11
a21 + ba1
= A+B=

am1 + bm1

a1z + bi2
a22 + bao

am2 + bma

bi1 b2 b3 bin

bo1  ba2  ba3 ban

bml bm2 bm3 bmn
a13 + b3 ain + bin
a23 + ba3 azn + bap
am3 + bms amn + bmn




o In matrix algebra, real numbers are called scalars.

Definition
Scalar multiplication is carried out by multiplying each element of
the matrix by the scalar:
ail ai2 ai3 ce Aln
az1 az2 a3 - azn
A=
am1 am2 am3 cee aAmn
Aai1r Aaiz a1z - Aaip
Aa21  Aazz  Aa23 -0 Aagp
= ANA = )
Aam1 Aam2  Aamsz - Abmn
where )\ is a scalar.




Matrix multiplication:

Definition

Two matrices A and B of dimensions m x n and n X ¢ respectively
are conformable to form the product matrix AB = C, since the
number of columns of A is equal to the number of rows of B. The
product matrix AB is of dimension m x ¢, and its ij-th element, c;;,

n
Cij = aipbpj.
k=1

is obtained by




o Example:

bll b12

A:[an arz a13}7 B by bo

21 Q22 @23
b31  b32

I
AB — [anbn + a12ba1 + a13b31  ai11b12 + a12ba + aizbsz
a21b11 + a22b21 + a3bsr  a21b12 + a22b22 + assbso
a11b11 + az1b12  a12b11 + azebia  aizbii + azzbia
BA = |a11ba1 + ag1baa  a12b21 + a22baz  aizbar + azzbas
a11b31 + a21b32  a12b31 + azebsz  aizbsi + az3b3

Both of the product matrices AB and BA are well defined only if A
and B are square matrices of the same order of for A of dimension

m X n with B of dimension n x m.
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Determinants and the inverse matrix

Definition
The inverse matrix A~! of a square matrix A of order n is the
matrix that satisfies the condition that

AA Y =A"1A=1,,

where I, is the identity matrix (i.e., the square matrix with ones on
the main diagonal and zeros elsewhere) of order n.

Definition

The matrix A for which A~! exists is known as a nonsingular matrix.
Any matrix A for which A~! does not exist is known as a singular
matrix.
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The case of 2 x 2 matrices:

ail a2 _ 1 azy  —a12
= Al=
a1 a2 G22a11 — A21A12 (—a21 a1l

A:

o If ageai; — agia12 # 0, A is nonsingular.

Definition

The quantity assa11 — ao1a12 is called the determinant of the 2 x 2
matrix A and is denoted by |A| or det A.

25/53



General n X n matrices:

Definition

The minor associated with each element a;; of an n x n matrix A is
denoted by M;; and is the determinant of the (n — 1) x (n — 1) matrix
formed by deleting the i-th row and j-th column of the matrix A.

Definition

The cofactor associated with each element a;; of an n x n matrix A
is the minor of that element multiplied by (—1)"/:
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Theorem

The determinant of an n x n matrix can be found by adding the
product of each element q;; and its associated cofactor C;; along
any row or column:

n
Al = Zaijcij for any single j =1,---.n
i=1

n
= E a;jC;; for any single i =1,--- ,n.
=1
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o Applying the theorem to 3 x 3 matrices

ailr ai2 ais
A= laa1 a2 as

az1 asz2 ass3

e Focusing on the first row:

Al = Qg2 A23 ag1 @23 a1 a2
| ‘ = ai — a2 + a3
as2 asiy ass asy as2
e Focusing on the first column:
a22 A23 ai2 a3 @12 A13
|A| = a11 — a1 + a3z
azz ass azz ass a2 Aa23
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Systems of linear equations

@ Consider a system of n linear equations with n unknowns

(1"17 T ,$n):
a11r1 + -+ a1y, = by
Ap1T1 + -+ ATy = by,
where a;; and b;, 1,5 = 1,--- ,n, are parameters.

@ Using the matrix form, the linear system can be expressed as
Ax = b,

where x and b are column matrices.
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The solution for x of a matrix equation Ax = b is given by

x=A"'b

if the matrix A is nonsingular.

30/53



Cramer's rule
Consider a matrix equation Ax = b and assume that |A| # 0. Then,

individual values for the unknowns z;, i = 1,--- ,n, are given by
o = 1Al
(2 ’A‘ il

where A; is the matrix formed by replacing the i-th column of A by
the column vector b. )

o For example, z; is solved as

bi a2 -+ an
1 |b2 ax - a2,

Al

by an2 -+ anpn

31/53



Optimization: Functions of one variable

Definition
At a global maximum z*,

f(z*) > f(x) forall x
whereas at a local maximum Zz,

f(@)> f(z), forall z €[z —¢€+ ¢

and (possibly small) ¢ > 0.
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Consider a differentiable function y = f(z). If the function takes an
extreme value (maximum or minimum) at a point z*, then

f'(@*) =0

e The condition f'(z*) = 0 is referred to as the first-order
condition.

@ Second-order conditions:

If f/(z*) =0 and f"(z*) <0, then f has a local maximum at z*.

If f/(z*) =0 and f"(z*) > 0, then f has a local minimum at z*.

33/53



Application: Profit maximization of a monopolist

@ A monopolist having a cost function C(z), where z is the
output of a good, produces a good for a market, which has a
demand function D(p).

e C(x): twice differentiable and convex
e D(p): twice differentiable, with D’(p) < 0 for p >0

e Market clearing condition: = = D(p)

@ Monopolist’s problem is to maximize its profit:

max pD(p) — C(D(p))

e FOC:
D(p) +pD'(p) — C'(D(p))D'(p) =0

= Monopoly price p™
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e SOC:

2D'(p) = C"(D(p)[D'(p))* + [p — C"(D(P)]D"(p) <0,

which is always satisfied if D(p) is not too convex.
@ Rewriting the FOC:

p1- 05| = cwo.

e(p)
where D (p)
_ p p
€(p) = — dp : W >0

is the price elasticity of demand.
o Assume €(p) > 1 for all p > 0.

The monopoly price p™ is higher than the marginal cost (=

competitive equilibrium price).
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Alternative representation of the monopoly equilibrium:

e = = D(p) = Inverse demand function: p = P(x)

@ Monopolist’s profit maximization problem:

max P(x)z — C(x)

T

e FOC:
P(z) + P(z)r — C'(x) =0

e SOC: 2P'(z) 4+ P"(x)x — C"(z) <0
o P(z)+ P'(x)z: marginal revenue

e Example: P(z)=A—z, C(x)=czx, A>c>0

A—c
2

_A+tc
2

m m

) x =

= P

36
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Unconstrained optimization: Functions of n variables

e Focus on functions that are twice continuously differentiable,
ie., feC?

Theorem

If at point (z7,---,z}) we have a local maximum or local minimum
of the function f, then the conditions

of (z3,--- ,x)/0x1 =0

of(z3,--+ ,a))/0x, =0

hold simultaneously.
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e fi(x*)=0,i=1,--- ,n: first-order conditions
e Second-order conditions:

Theorem

Suppose that y = f(x) is a strictly concave (strictly convex)
function defined on x € R". If f;(x*)=0,i=1,---,n, at x = x¥,
then x* yields a unique global maximum (minimum).

| A\

Theorem

It is sufficient for x to yield a local maximum (local minimum) of
the C? function y = f(x) that f;(x*)=0,i=1,---,n, and the
second-order total differential, d*y(x*) = > I, > o1 fij(x*)dzida;, is
negative (positive).

v
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Constrained optimization

Case of two variables and one constraint:
max f(x1,z2) subject to g(zi,z2) =0
1,22

or

min f(x1,22) subject to g(z1,2z2) =0
x1,T2

e Define the Lagrange function (or Lagrangean):
L(z1,22,A) = f(z1,72) + Ag(71, 72),

where )\: Lagrange multiplier.

39/53



o First-order conditions:

8£ * * * * *

oy fi(z], 25) + N g1(z],23) = 0
a£ * * * * *

s = fa(z],73) + Nga(z],23) = 0
oL

o = 9lwha3) =0

o Interpretation of \:

The value of the Lagrange multiplier A at the optimal solution
always tells us the effect on the optimized value of the function f of
a small relaxation of the constraint.
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@ Second-order conditions:

Theorem

If (7,23, \) satisfies the FOCs, then it yields a maximum
(minimum) if the determinant of the bordered Hessian |H*| is
positive (negative), where

fii+ X911 fi2+Xg12 g1
|H*| = |fo1 + XN*g21  foo + Ng22  g2|-
g1 92 0
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Case of n varibles and m constraints (n > m):
g'(x) =0

max f(x) or m}in f(x) s.t.
g"(x) =0

o Lagrange function:

Lx,A) = f(x)+ > Xg' (%)
j=1

o First-order conditions:
oL * §m * 0k .
J:

oc
N,

g](X*>:Oa j:17"'7m

42 /53



Application: Utility maximization and demand function

@ A consumer derives his/her utility by consuming two goods z;
and x4, represented by the utility function U(xz;,z2), and is
facing a given prices p; and p> and a constant income /.

o U(xz1,x2): twice continuously differentiable, with U; > 0 for
z; >0, 7=1,2, and concave

@ The consumer’s utility maximization problem:
max U(xy,x2) s.t. pizy + poxe = 1

Z1,T2

e p1x1 + poxo = I: budget constraint
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o Lagrangean:

L(z1,22,\) = U(z1,22) + A — pro1 — paz2)

e FOCs:
gxﬁl =Uy(z],25) = A'p1 =0
gué = Us(z],235) — A"p2 =0
%:I—plw’{—pgﬁzo

o Determiant of the Hessian matrix of the Lagrangean:

Un Uiz —m
H*=|Uy Uy —po|=—p3Un1 +2p1p2Ui2 — pilUz > 0
-p1 —p2 O

= SOC is also satisfied.

44 /53



@ From the first two FOCs,

U1($>{,$§) _ p1

Ua(x7,25)  p2’
where the LFS is equal to the marginal rate of substitution.
U
o u="U(x1,22) !

d
:>dU:U1dSC1+U2dI2:O:>i: L2
2

At the optimal consumption levels z7 > 0 and z5 > 0, the

consumer’s marginal rate of substitution between two goods should
be equal to the relative price of the two goods.
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o (z%,z%) is dependent on (p1,p2, I):

Uy (SUT, x;) _ &

Us(x},25)  po
prz] + paxs =1

= Demand functions: z} = D'(p1,p2,1), i = 1,2
o Example: U(zy,x2) = x?xg, a,B€(0,1)

. ol 2 _ L
= D (p17p27I) - (Oé"‘ﬁ)pl? D (pl,anI) N (Oé+5)p2

o The same demand functions can be derived from
U(z1,22) = alnz + flnzs.
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Integration: Indefinite integral

o The derivative of a function f(z) is f’(z) = Conversely, the

original function that has the derivative f'(x) is f(x).

e However, any function g(z) = f(z) + C, where C is an arbitrary

constant, also has derivative function f'(x).

@ The process of finding the original function from the derivative
function is called antidifferentiation and the antiderivative of a

function is referred to as the indefinite integral.

Definition
Let F'(x) be a function and f(x) be its derivative (i.e.,
f(z) = F'(z)). Then, the indefinite integral of f(z) is given by

/ f(z)dz = F(z) + C,

where C is called the constant of integration.
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Rules of integration

n+1
O Power rule: /:c”d:zc— x+ +C, n#-1

@ Integral of a sum: / x)+ )]dx—/f(:c)da:j:/g(x)d:r

© Integral of a constant multiple: /kf(a:)d:n = k/f(:c)dw

@ Exponential rule: /emd:c =e"4+C

1
© Logarithmic rule: /xdx =lnzx+C, x>0

O Integration by parts: /g(x)f/(x)dx = f(z)g(x) — /f(:v)g'(ﬁ)da:
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Integration: Definite (or Riemann) integral

e The definite or Riemann integral of a function f(z) defined on
a closed interval [a, )] is the area underneath the curve over
that interval.

e Let 2y = a and z,, = b. Then, a partition for the interval [a, )] is
a set of subintervals [zg, 1], [z1,22],..., [Tn—1,zy] that satisfy
the condition that a = g <1 <29 < -+ - < Tp_1 < T, < b

Definition
Let w; € [zi_1,2;], i = 1,...,n be an arbitrary set of points from the
set of subintervals. Then,

n

S=>" flw)(@i — zi-1)

i=1

is called a Riemann sum for the function f(x) over the subinterval
[a,b].
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Definition
If for every € > 0, there is some value § > 0 such that

<€

> flw)(@i—zi1) — L
=il

for any partition on the closed interval [a, b] such that

max(x; —x;—1) < J and for any selection of points w; € [z;_1, z;],
f(x) is said to be integrable on [a,b]. The value L is called the
definite integral of f(x) over the interval [a,b] and written as:

/a " fa)de = L.
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Theorem (fundamental theorem of integral calculus)

If the function f(x) is continuous on the closed interval [a.b] and if
F(x) is any indefinite integral of f(z). Then, f(z) is integrable on
[a,b] and it holds that

b
/ f(z)dz = F(b) — F(a),

where F'(b) (F(a)) is the indefinite integral of f(z) evaluated at
z=>b(x=a).

51/53



Properties of integrals
Q If a, b, and ¢ are points in R such that a < b < ¢, then

/:f(x)d:c = /abf(a:)dx + /bcf(x)dx

o [ fw=tm [ fwar=0

© Reversing the direction of integration changes the sign of the

/Caf(:n)dm = —/acf(:z)dm

O If a function f(z) is negatively valued on the interval [q, |,
a < c, then [7 f(z)dz < 0 where | [7 f(z)dz| is the area of the
region between the curve f(z) and the z—axis between the

integral;

points a and c.
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