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Abstract

We will present a topological approach to Wilson’s impossibility theorem [Wilson, R.B., 1972. Social
choice theory without the Pareto principle. Journal of Economic Theory 5, 478—486] that there exists no
non-null binary social choice rule which satisfies transitivity, independence of irrelevant alternatives, non-
imposition and has no dictator nor inverse dictator. Our research is in line with the studies of topological
approaches to discrete social choice problems initiated by [Baryshnikov, Y., 1993. Unifying impossibility
theorems: a topological approach. Advances in Applied Mathematics 14, 404—415]. This paper extends
the result about the Arrow impossibility theorem shown in [Tanaka, Y., 2006. A topological approach to
the Arrow impossibility theorem when individual preferences are weak orders. Applied Mathematics and
Computation 174, 961-981] to Wilson’s theorem.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Topological approaches to social choice problems have been initiated by Chichilnisky (1980).
Her main result is an impossibility theorem that there exists no continuous social choice rule which
satisfies unanimity and anonymity. This approach has been further developed by Chichilnisky
(1979, 1982), Koshevoy (1997), Lauwers (2004), Weinberger (2004) and so on. On the other
hand, Baryshnikov (1993, 1997) have presented a topological approach to the Arrow impossibility
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theorem (Arrow, 1963) in a discrete framework of social choice.! In this paper we will present a
topological approach to Wilson’s impossibility theorem (Wilson, 1972) that there exists no non-
null binary social choice rule which satisfies transitivity, independence of irrelevant alternatives,
non-imposition and has no dictator nor inverse dictator under the assumption of the free triple
property. Our main tool is a homomorphism of homology groups of simplicial complexes induced
by simplicial mappings.? This paper extends the result about the Arrow impossibility theorem
shown in Tanaka (2006b) to Wilson’s theorem. For other researches of topological approaches to
social choice problems, see Tanaka (2006a,c,d).

In the next section we summarize our model and preliminary results about the homology groups
of simplicial complexes which represent individual and social preferences according to Tanaka
(2006b). In Section 3 we will prove the main results.

2. The model and simplicial complexes

There are n(> 3) alternatives and k(> 2) individuals. n and k are finite positive integers. De-
note individual i’s preference by p;. A profile of individual preferences is denoted by p, and the
set of profiles is denoted by P*. The alternatives are represented by x;, i = 1,2, ..., n. Indi-
vidual preferences over the alternatives are weak orders, that is, individuals strictly prefer one
alternative to another, or are indifferent between them. We consider a binary social choice rule
which determines a social preference corresponding to a profile. It is called a social welfare
function and is denoted by F(p). We assume the free triple property, that is, for each combi-
nation of three alternatives individual preferences are not restricted. If the society is indiffer-
ent about every pair of two alternatives, the social welfare function is called null. If a social
welfare function is not null, that is, the social preference derived by the social welfare func-
tion is strict about at least one pair of alternatives, then the social welfare function is called
non-null.

Social welfare functions must be non-null, and must satisfy transitivity, non-imposition and
independence of irrelevant alternatives. The meanings of the latter two conditions are as follows.

Non-imposition For every pair of two alternatives x; and x; there exists a profile at which the
society prefers x; to x; or is indifferent between them.

Independence of irrelevant alternatives (IIA) The social preference about any pair of two
alternatives x; and x; is determined by only individual preferences about these alternatives.
Individual preferences about other alternatives do not affect the social preference about x;
and x;.

The impossibility theorem by Wilson (1972) states that there exists no non-null binary social
choice rule which satisfies transitivity, IIA, non-imposition and has no dictator nor inverse dictator.
A dictator is an individual whose strict preference always coincides with the social preference,
and an inverse dictator is an individual whose strict preference always coincides with the inverse
of the social preference.

Hereafter we will consider a set of alternatives x;, xp and x3. From the set of individual
preferences about x1, x» and x3 we construct a simplicial complex by the following procedures.

I About surveys and basic results of topological social choice theories, see Mehta (1997) and Lauwers (2000).
2 About homology groups we referred to Tamura (1970) and Komiya (2001).
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(1) We denote a preference of an individual such that he prefers x; to x; by (1, 2), a preference
such that he prefers x; to x; by (2, 1), a preference such that he is indifferent between x
and x» by (1, 2), and similar for other pairs of alternatives. Define vertices of the simplicial
complex corresponding to (i, j) and (i, j).

(2) A line segment between the vertices (i, j) and (k, /) is included in the simplicial complex if
and only if the preference represented by (i, j) and the preference represented by (k, /) satisfy
transitivity. For example, the line segment between (1, 2) and (3, 2) is included, but the line
segment between (1, 2) and (2, 1) is not included in the simplicial complex.

(3) A triangle (circumference plus interior) made by three vertices (i, j), (k,/) and (m, n) is
included in the simplicial complex if and only if the preferences represented by (i, j), (k, [)
and (m, n) satisfy transitivity. For example, a triangle made by (1, 2), (2, 3) and (1, 3) is
included in the simplicial complex. But a triangle made by (1, 2), (2, 3) and (3, 1) is not
included in the simplicial complex.

The simplicial complex constructed by these procedures is denoted by P. About a graphical
presentation of the simplicial complexes see Tanaka (2006b).
We have shown the following result in Lemma 1 of Tanaka (2006b).

Lemma 1. The one-dimensional homology group of P is isomorphic to the group of 6 integers,
that is, H;(P) = Z°.

Also about the simplicial complex, P¥, made by the set of profiles of individual preferences,
P*, over X1, x2 and x3 we have shown the following result in Lemma 2 of Tanaka (2006b).

Lemma 2. The one-dimensional homology group of P¥ is isomorphic to the group of 6k integers,
that is, H; (P*) = 7.

The social preference about x; and x; is (i, j) or (j, i) or (i, j), and it is also represented by
P. By the condition of IIA, individual preferences about alternatives other than x; and x; do not
affect the social preference about them. Thus, the social welfare function F is a function from the
vertices of P to the vertices of P. A set of points in P* spans a simplex if and only if individual
preferences represented by these points satisfy transitivity, and then the social preference derived
from the profile represented by these points also satisfies transitivity. Therefore, if a set of points
in P¥ spans a simplex, the set of points in P which represent the social preference corresponding to
those points in P¥ also spans a simplex in P, and hence the social welfare function is a simplicial
mapping. It is naturally extended from the vertices of P¥ to all points in PX. Each point in P¥ is
represented as a convex combination of the vertices of PX. This function is also denoted by F.

We define an inclusion mapping from Pto PX, A: P — PX: p — (p, p,..., p), and an
inclusion mapping which is derived by fixing the profile of preferences of individuals other than
individual / to p_;, iy : P — P¥: p — (p_;, p). The homomorphisms of one-dimensional
homology groups induced by these inclusion mappings are

A 28 — 7% h— (h,h,...,h), heZ®

i 78 —s 70k . p —s ©,...,h,...,0) (only the Ith component is & and others are zero,
h € 7%)
From these definitions about A, and i;, we obtain the following relation:

Ap = i1x + e+ + ik (H
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And the homomorphism of homology groups induced by F is represented as follows:
Fo:Z% — 7% h=(h,hy,...,hy) — h, helZ®

The composite function of i{; and the social welfare function F is Foi;: P —> P, and its
induced homomorphism satisfies (F o i;), = Fy o i,. The composite function of A and F is
FoA: P— P, and its induced homomorphism satisfies (F o A), = Fy o A,. From (1) we
have

(Fodl)y=(Foips+(Foid)s+---+(Foip)s

F o i; when the profile of individuals other than individual / is p_; and F o i; when the profile of
individuals other than individual [ is (# p_;) are homotopic. Thus, the induced homomorphism
(F o), of F oi; does not depend on the preferences of individuals other than /.

For a pair of alternatives x; and x j, a profile, at which all individuals prefer x; to x, is denoted
by (i, /)7); a profile, at which they prefer x j to x;, is denoted by (i, /). And a profile, at which
the preferences of all individuals about x; and x; are not specified, is denoted by (i, j)* where
s=1{+,0, —}k with s the sign of individual j. O denotes a preference such that it is indifferent
between x; and x;. Similarly a profile, at which all individuals other than [ prefer x; to xj, is

denoted by (i, j)(_“? ; a profile, at which they prefer x; to x;, is denoted by (i, j)(__l) . And a profile,
at which the preferences of individuals other than [ about x; and x; are not specified, is denoted
by (i, )%,

3. The main results

First we show the following lemma.

Lemma 3. [f(F o A), = 0 the society is indifferent about any pair of alternatives, that is, the
social welfare function is null.

Proof. Consider a set of three alternatives, x{, x» and x3. Assume that when all individuals prefer
X1 to x7, the society prefers x1 to xp (or x to x1), that is, assume the following correspondence
from individual preferences to the social preference:

(1,27 — (1,2)[or (2, D)]
By non-imposition there exists a profile such that we have the following correspondences:
(2,3)" — (2,3)0r(2,3)[or“(3,2) 0r (2, 3)"],
(1,3)" — (3, Dor(1,3) [or“(1, 3)or (1, 3)”]
Transitivity implies
(1,3 — (1,3 [or 3, 1] 2
2,37 — 3,2 [or(2,3)] (3)
Again, by non-imposition there exists a profile such that we have the correspondence:

(1,2)* — (2, yor (1, 2) [or“(1, 2) or (1, 2)"]

Then, from transitivity we obtain

1,37 — 3, Dor(,3)], (2,3) — (2,3)[or (3, 2)]
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From these arguments we find that a cycle of P, z =((1,2),(2,3)) 4+ ((2,3),(3, 1)) —
((1,2), (3, 1)), corresponds to a cycle z = ((1, 2), (2, 3)) + ((2, 3), (3, 1)) — ((1, 2), (3, 1)), or
acycle 77 ={(2,1),(3,2)) +{((3,2),(1,3)) — ((2, 1), (1, 3)) of P for the social preference by
(F o A)4. Because both z and 7’ are not a boundary cycle, we have (F o A), # 0. This result can
be reached starting from an assumption other than (1, 2)" — (1,2) [or (1, 2)") — (2, 1)],
for example, (2, 3)7 — (2, 3) [or (2,3)P) — (3,2)].

Therefore, if (F o A), = 0 we obtain the following correspondences from individual prefer-
ences to the social preference:

1,2 — 1,2, 23" — 23, 237 —@23, HP—1,3)
“4)
From (4) with transitivity we obtain
(1,3 — (1,3), (2,3 — (2,3), (1,2) — (1,2

Thus, the society is indifferent about any pair of alternatives among xp, x, and x3.

Interchanging x3 with x4 in the proof of this lemma, we can show that the society is indifferent
about any pair of alternatives among x1, xp and x4. Similarly, the society is indifferent among xs,
x7 and x4, and it is indifferent among xs, x¢ and x4. After all the society is indifferent about any
pair of alternatives, that is, the social welfare function is null. [J

This lemma implies that if a social welfare function is non-null, we have (F o A), # 0. Further
we show the following lemma.

Lemma 4.

(1) Ifindividual l is a dictator or an inverse dictator, we have (F o ij), # 0.
(2) If he is not a dictator nor inverse dictator, we have (F o ij), = 0.

Proof.

(1) Consider three alternatives x1, x» and x3. If individual / is a dictator, the correspondences
from his preference to the social preference by F o i; are as follows:

1,2y — (1,2), @2, 1y — @, D, 23 —23, G2r— G2,
(1,3 — (1,3), G, 1y — @3, 1)

(1,2); and (2, 1); denote the preference of individual / about x; and x». (2, 3);, (3, 2); and
so on are similar. These correspondences imply that a cycle of P, z = ((1, 2), (2,3)) +
((2,3),(3, 1)) —((1, 2), (3, 1)), corresponds to the same cycle of P for the social preference
by (F o ;). Because z is not a boundary cycle, we have (F o ij), # 0.

On the other hand, if individual / is an inverse dictator, the correspondences from his
preference to the social preference by F o i; are as follows:

1,2y — 2. D, @1y — (1,2, 23— 03G2), (3.2 — (2,3),
1,3y — @G, 1), @G 1);—(1,3)
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These correspondences imply that a cycle of P, z = ((1,2),(2,3))+((2,3),(3, 1)) —
((1,2), (3, 1)), corresponds to a cycle z/ = ((2, 1), (3,2)) + ((3,2), (1, 3)) — {2, 1), (1, 3))
of P for the social preference by (F o ij)«, and so we have (F o ij), # 0.

(2) From the proof of Lemma 3 if a social welfare function is non-null, there are the following
two cases:
Case (a) The following four correspondences simultaneously hold:

1,2% — (1,2), (1,3)F —(1,3),

2,3 — 2,3, 2,37 — (3,2 (5)
Case (b) The following four correspondences simultaneously hold:

1,2 — 2,1, 1,3)P — 3,1,

2,3 — 3,2, 2,37 — @23 (6)

We will provide the proof of Case (b). The proof of Case (a) is similar.

Consider three alternatives x1, xp and x3 and a profile p over them such that the preferences
of individuals other than [ are represented by (1,2)™, (2,3) and (1, 3)"). If individual / is
not an inverse dictator, there exists a profile at which the social preference about some pair of
alternatives does not coincide with the inverse of his strict preference. Assume that when the
preference of individual [ is (1, 2), the social preference is (1, 2) or (2, 1). Then, we obtain the
following correspondence from the profile to the social preference:

(1,2)%; x (1,2 — (1,2)0r(1,2)

Then, from (6) and transitivity we obtain
2.3)%) x 3,21 — (3.2)

and
(L) x 3.1 — G, 1)

Further, from (6) and transitivity we get the following correspondence:
(L)% x @ 1 — @, 1)

These results imply that at a profile p, where the preferences of individuals other than / are repre-

sented by (1, 2)(:?), 2, 3)(:;) and (1, 3)(:”), the correspondences from the preference of individual
[ to the social preference by F o i; are as follows:

1,2y — 2. D, Q1 — 2D, 23 —0G2, 3.2y — (3.2),
1,3y — @3, 1), G, 1) — @31

These correspondences with transitivity and IIA imply that, when individual / is indifferent be-
tween x1 and x3, the society prefers x; to x3, that is, we obtain the following correspondence:

(1,3 — (3, 1)

This is derived from two correspondences (1, 2); —> (2, 1) and (3, 2); —> (3, 2). Therefore,
the following four sets of correspondences are impossible because the correspondences in each
set are not consistent with the correspondence (1, 3); — (3, 1):
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® 1,2y — (1,2), 2,3 — (2,3)
(i) (1,2 — (1,2), 2,3 — (2,3)
i) (1,2 — (1,2), 2,3 — (2,3)
iv) (1,2 — (1,2), 2,3 — (2,3)

There are the following five cases, which are consistent with the correspondence (1, 3); —>
@3, 1)

(i) Case (i): (1,2); — (1,2), (2,3 — (3,2)
(i) Case (ii): (1,2 — (2, 1), 2,3) — (2,3)
(iii) Case (iii): (T,2) — (2, 1), 2,3} —> (3,2)
(iv) Case (iv): (1,2) — (1,2), (2,3) —> (3,2)
(v) Case (v): (1,2 —> (2, 1), 2,3 —> (2,3)

We consider Case (i). The arguments for other cases are similar.
In Case (i) we have (1, 2); — (1, 2), (2, 3); —> (3, 2). The vertices of P for the social pref-
erence mapped from the preference of individual / by F o i; span the following five simplices:

(2,1,3,2), (2, D,3, 1), (3,2,3. D), (1,2,3,2), ((1,2),3,1)
Then, an element of the one-dimensional chain group is written as
cr =ai((2,1),3,2) +a2(2, 1,3, D) +a3((3,2), 3, )
+a4((1,2),(3,2)) +as((1,2), 3, 1)), a; € Z
The condition for an element of the one-dimensional chain group to be a cycle is
der = (—ar —a2)(2, 1)) + (a1 — a3 +a4)(3,2)) + (a2 + a3 + a5){((3, 1))
+(—as —as)((1,2)) = 0

From this
—a1—ax=0,a1—a3+a4=0,a,+a3+a5 =0, —ag —as =0

are derived. Then, we obtain a) = —ay, as = —a4, az = a1 + a4. Therefore, an element of the
one-dimensional cycle group, Z, is written as follows:

21 =ai{2,1),3,2)) —ai{2, 1), 3, 1)) + (a1 +a4)((3,2), 3, 1))
+a4((1,2), 3,2)) — a4a((1,2), 3, 1))
On the other hand, the vertices span the following two-dimensional simplices:
(2,1),(3,2.3, 1), ((1,2),3,2),3,1)
Then, an element of the two-dimensional chain group is written as

2 =b1{((2,1),(3,2),3, D) +52((1,2),3,2),(3, 1)), bi € Z

And an element of the one-dimensional boundary cycle group, By, is written as follows:
dcr = b1((2, 1), 3,2)) = b1((2, 1), B, D) + (b1 + 02)((3,2), (3, 1))
+b2((1,2), (3,2)) — b2((1,2), 3, 1))
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Then, we find that B is isomorphic to Z1, and so the one-dimensional homology group is trivial,
that is, we have proved (F o ij), = 0.
Thus, if there exists no inverse dictator, we have (F oi;), = 0. [

In Case (a) we can show that if there exists no dictator, we have (F o ij), = 0.

From these arguments and (F o A), # 0 there exists a dictator or an inverse dictator about x,
x7 and x3. Let individual / be a dictator or an inverse dictator. Interchanging x3 with x4 in the
proof of this lemma, we can show that he is a dictator or an inverse dictator about x1, x> and x4.
Similarly, we can show that he is a dictator or an inverse dictator about x5, x> and x4, he is a
dictator or an inverse dictator about x5, xg and x4. After all he is a dictator or an inverse dictator
about all alternatives.

From these lemmas we obtain the following theorem.

Theorem 1 (Wilson’s impossibility theorem). There exists a dictator or an inverse dictator for
a social welfare function which is non-null, and satisfies IIA and non-imposition.

Proof. From Lemma 3 if a social welfare function is non-null, we have (F o A), # 0. Therefore,
from Lemma 4 there exists a dictator or an inverse dictator. [
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