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D-branes

One important piece of the mirror symmetry story that we have not discussed yet is D-branes.
D-branes not only deepen our understanding of mirror symmetry, they also help us grasp the
meaning of topological string amplitudes from the viewpoint of target space physics. In this
section, we develop some basic aspects of D-branes. More details, especially in the context of
fermionic fields, will appear in Ch. 39.

19.1. What are D-branes?

0 We have considered (bosonic) sigma models of maps from Riemann surfaces without bound-
aries to target spaces. It is natural in this context to ask: what if we have Riemannn surfaces
with boundaries, with some natural boundary conditions?

0 Consider a sigma model of maps from the cylinder ¥ = S* x R to R with (Euclidean) action
S = /8H¢6“¢d2x

The classical equation of motion, which is obtained by setting to zero the variation of the action

(65 = 0) with respect to arbitrary variations of the field ¢, is
0,09 =0

However this assumes there are no boundary terms generated by varying the field. The contri-

bution of the boundary to the variation is given by

6¢and) | boundary = 0

where 0,,¢ is the normal derivative of ¢ at the boundary.
0 EXERCISE
0 We would like to set this boundary term to zero. There are two natural ways
of doing this:
Neumann(N) : Opplos =0

Dirichlet(D) : d¢|os =0

In the Dirichlet case, the image of the boundary 9% is a point in the target space
(R in this case) - we will call this a DO-brane. In the case of Neumann boundary
conditions, the worldsheet boundary can be at any point in the target - we will say
in this case that there is a D1-brane stretched along the real line R.

O We can write the Dirichlet (D) and Neumann (N) boundary conditions more symmetrically

as
N : Ondlos = (0¢ — 9¢)|ox == 0

and

D :ddlos = (0¢p — D¢)|os. = 0



The terminology in general is as follows: Consider a p-dimensional subspace NP of the
target space and restrict the boundary of the Riemann surface to map to it. More-
over we require Neumann boundary conditions for directions normal to the space
NP, In such a situation, we say that we have a ”Dp-brane wrapping the subspace
N? of the target space.” In general we may have many different D-branes and we can con-
sider Riemann surfaces with more than one boundary, where different boundaries are mapped
to different D-branes.

O Let us now consider the target space being a circle S! of radius R. We recall from Sec.
11.2 the T-duality symmetry which relates R — 1/R symmetry, and ask how the D-branes, i.e.,
the DO- and D1-branes, get identified under this symmetry.

O Recall from our discussion of the R — 1/R duality that this has the effect

0¢ — 09

dp — —5(]3
where g{) is a coordinate on the dual circle. We can see, therefore, that when the
worldsheet has boundaries, this symmetry interchanges Neumann and Dirichlet
boundary conditions. In other words, the R — % symmetry induces an action on
D-branes exchanging DO0-branes with D1-branes.

O So far we have talked about bosonic sigma models. A similar story repeats for the fermonic
sigma model, and the worldsheet supersymmetry will dictate what the appropriate boundary
conditions on the fermions are. We can then ask if the D-brane boundary conditions preserve all
the supersymmetries of the world-sheet theory, and the answer is no: the D-brane can preserve
only half of the supersymmetries. We saw, in our discussion of (2,2) supersymmetry, that there
were four combinations of supercharges: Q4 = Q_ +Q4,Qp = Q_ +Q, and their complex con-
jugates Q 4,Qp. The A-model supercharges Q4,Q ,, are preserved when the D-brane
is a Lagrangian submanifold of the Kahler target space. The B-model supercharges
are preserved when the D-brane is a holomorphic submanifold to preserve the cor-
responding supercharges. (Note that we are talking about world-sheet supersymmetry, not
supersymmetry in space-time). This will be discussed in Ch. 37 in detail.

O Let us now recall our first example of mirror symmetry, which is the supersymmetric sigma

model with target space the flat torus
T =Sk, x Sk,

The mirror is the torus
1 1
T/ = Sl/Rl X SR2

Now a DO-brane at a point on T corresponds, in the dual theory, to a D1-brane
wrapping the first S! in 77 (see Fig. 1, (a)).

O If we had started with a D2-brane wrapping T, we would have ended up with a D1-brane
on the mirror, this time wrapped on the second S! in T’ (see Fig. 1, (b)). In general, we expect
mirror symmetry at the level of cohomology elements realized by chiral fields act by the reflection
hP4 « h%=P4_ The action of mirror symmetry in this example is providing a concrete integral

homology realization of this map (d=1 here), realized through the D-branes. More generally, for

10



a Calabi-Yau d-fold, one expects that D-branes represented by Lagrangian real d-dimensional
space will be mapped to holomorphic objects of all possible complex dimensions by the mirror
map.

19.2. Connections Supported on D-branes

0 We saw that R1R interchanged DO- and D1-branes on the circle. So if we start with a
D1-brane wrapping the circle, we end up in the dual description with a DO-brane localized at a
point on the dual circle. There seems to be a contradiction. We can change the position of the
DO-brane, so there is a one-dimensional moduli space of choices for the DO-brane. What about
the D1-brane? It seems to have no moduli! So how could the two objects become equivalent
under T-duality? The answer turns out to be that on the D-brane there lives a rank 1 bundle
with connection, and that turns out to have moduli in the case of a D1-brane.

0 Recall that we modified the sigma model by introducing an integral two-form B in the target

space and modifying the path-integral by the phase

This makes sense on worldsheets without boundary, but we can see that there is going to be a

subtlety when we allow worldsheets with boundary: Under B,

So this pairing will not be well defined. We can compensate for this shift by introducing a

one-form A (connection) on the D-brane and modifying the action by

We see then that under the combined transformation

the path-integral is invariant. In other words, the data of a D-brane includes a U(1) connection
(not necessarily flat) on the D-brane. More generally, we could put several (say n) D-branes
on top of each other. In this case, the n U(1) bundles get enhanced to a U(n) bundle. The

path-integral modification in this case is

(i.e., the path-ordered exponentiation of the connection, which gives the holonomy) and the
B field mixes only with the diagonal U(1) subgroup of the U(n). Note that in case A=0 this
corresponds to putting an extra factor of n for each hole. In other words n identical D-branes
with no connection turned on affects the worldsheet theory by associating a factor of n for each
hole mapped to it.

0O Now we come back to the question of where on the dual circle the DO-brane sits. The
D1-brane wraps the circle and, as we have just seen, has a U(1) connection on it. The moduli
space of flat connections on the D1-brane is, in this example, the dual S1, so specification of the
connection on the D1-brane is equivalent to the specification of a point on the dual circle, which

is the point where the DO-brane sits! This restores the symmetry between the corresponding

11



moduli spaces of D-branes expected from mirror symmetry considerations. Our discussion of D-
branes in this case suggests that the study of moduli spaces of D-branes should be very relevant
for the study of mirror symmetry. Aspects of this will be discussed in more detail later in Ch.
37.
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Since the loops are massless and the poles are frictionless|[d O O O O], the derivative dy/0x
must vanish at the poles 2 = 0, a (Figure 4.2, right).

9y
ox

_ Oy

(t,x = a) = 0,0 Neumann boundary conditions.0 (4.10)

These Neumann boundary conditions apply[0 O O] to strings whose endpoints are free to move
along the y direction[0 O ].

*3 0 pl5s7

We know that the most general X* (7, o) that solves the wave equation (9.40) is

X4(r,0) = 5(4(r +0) + g(r ~ ) O (9.41)
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oxH
oo

=00 atOo =0,70 (9.42)

The boundary condition at ¢ = 0 gives us

oxH

O (r,0) = 5 (f(7) — g (7)) =00 (9.43)

Since the derivatives of f# and g coincide[J O O], f* and g* can differ only by a constant c#.
After replacing g=f+c in (9.41), the constant ¢ can be reabsorbed into the definition of f. The

result is

1
XH(r0) =S (A7 + o)+ fH(r—0)) D (9.44)
Now let us consider the boundary condition at o = m:

ox*

1 w! ! —
W(T,ﬂ):i(‘f (t4+m) = f(r—m)=00 (9.45)

We now write the general Fourier series for the periodic[0 0 0 0] function f*'(u):

() = fi'+ Z(aﬁcosnu + bhsinnu) O (9.46)

n=1

Integrating this equation we get the expansion of f#*(u):

M (u) = 5+ flu+ Z(Aﬁcosnu + Bl'sinnu) O (9.47)

n=1
We substitute[0 O O | this expression for f(u) back into (9.44) and simplify[0 0 O O] to get

(XH(r,0)=f' + fil(t+0)+ i(Aﬁicosn(T +0) + Blsinn(t + 7))

n=1

+f+ i —o) Z (Al cosn(t — o) + Blisinn(r — o))

1
= 5(2]‘5 +2f1 + Z(ZAﬁicosnTcoan + Blsinntcosno)]

n=1

XM(r,o)=fi'+ fi't+ Z(AﬁcosnT + Blsinnt)cosnod (9.48)

n=1

Afcosnt + Bl sinnt = f%((Bﬁ + AR — (B — i AM)e ")

=—4 2! (a**e™ —ate™™T) O (9.49)
=i (e K .

Here * denotes[0 O] complex conjugation[0 O O ].

In equation (9.48) the constant f has a simple physical interpretation[0d O ]. Using (9.37), the
momentum|[0 O O | density[d O] is given by

T 1 Y 1 4
PA:%XMZQWOLI{+'D(9.5O)
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Happily, the terms represented[0d O] by the dots do not contribute[0 O O] as the integral of

cosnX vanishes. We get

p”:/ Ptdo = mfit — fi' =2a/p*0 (9.51)
0

2ma’

Declaring[0 O O] f=x, and collecting[d O O] all the above information, equation (9.48) now
takes the conventional[D O O ] form
(9.52)

Furthermore, we define
at =al\/n,0 o, =a"/n,0 n>10 (9.54)
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p206

(X! (r,0), P (1,0")] = in'/8(0 — 0")(12.10)

(12.21)
We begin by using (12.21) to rewrite[0 O O O ] the commutator (12.10) as
(X (r,0), X7 (r, o) = 2na’in’’ §(o — 0')(12.27)
Taking the o derivative of this equation yields[O O O |

[XI/(T, o), X7 (r,0")] = 271'0/2'77”%6(0 —0')(12.28)

(XX(r,0), X7 (r,0")] + [XT'(1,0), X7 (,0")](12.31)
The second term is given by (12.28). The first term equals
X7 (1,0"), X (1,0)] = 27ro/i77”%5(0 —o') 0 (12.32)
We now see that both terms in (12.31) are equal, so
(XT+ XY (r,0), (X7 + X7)(7,0")] = 4770/@'77”%5(0 — o) 0 (12.33)
If [] we can use the top right-hand side of (12.26) together with (12.33) to find

20/ Z emim (o) —in' (o) (o] 07 = dmain! d—é(a —d’)

m’,n’
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Cancelling the common|[0 O O] factor of ,
. 7 . ! ! d
S emmrrelemin(th (o] o] = 2min!” =00 —0') D (12.36)
o

On the left-hand side of (12.36) the integrals pick[0J O O] the term with m' = m
and n' =n:
e~ mImTI0 L 010 (12.40)
On the right-hand side of (12.36) the integrals give

1 27 ) 27 .y
i??IJﬂ/O doe™ = . do'e™ (g — o) = mn' Sy 00 (12.41)

Equating our results[0 O] (12.40) and (12.41), we find
[l o) == mn' 6, 0n.0(12.42)

ggog,goooon
lal o] =mn' 6, 10.0(12.43)

m’

50 p219
Working from the definition M? = —p?, and using (12.102) and (12.103), we find
p229

M,, == / (X, P] — X, P])do
0

[MiIaMiJ] =

mll ~ o (D = 2)] 4 L[ (D~2) +a] =0

*2
00 24¢(r)0000000000O0F000000O00O00DOO0OO0O

B _ 5 g1
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[ab, = a*by +a " b_ + a’by+]

a_=—-a",ap = —a",a;, =a’

[ s W 9 ]
o0H o0H
Oz~ = —00,pt = —
v Op_ b Oz~

. O0H ; oH

0K = SprO0-P = 55

1 .
(X'(r,0) = 2 + V2 a7 +iv2a Z Eaicosnae‘””ﬂ (212.24)]
n#0

[z}, p7] = in"’ 0 (212.52)]

[l )] = mn' 6 pyn o0 (212.43)]

_ 1
[M? =2ptp™ —p'p! = E(LOL +a) —p'p'0 (2)]
Ly =0 (2)]

2.3 Light cone coordinates 00 0 00 O

We The light-cone components of any Lorentz vector a are defined in analogy with (2.48): O O
000000000 a00000000000 (248) 000000000000 OOa+= 12(a0+al)
O (2.56) a-= 12(a0-al) O (2.56) The scalar product between vectors, shown in (2.29), can be
written using light-cone components. This time we have 000000 (229) 00000000
00000o0o000oDoo00ooo000oooD00oDoo000ooDoOOoO0ooog ab=-
a-b+-a+b-+a2b24+a3b3=0 (2.57) The last equality follows immediately from summing over the
repeated indices and using (2.55). D 0000000000000 O00OOOO0O0OO (2.55)0
0000000000000 dThe first equality needs a small computation. 00000000
00000D00D000In fact, it sufficestocheck that 0 0 000000000000 OOOOOO
00000000 -a-b+-a+b-=-a0b0+albl O (2.58)
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000000 GreenO OO

G (21203 Up, tr; Uy, t)(11)

00000000000000000000000000
(11)000
G (2120; Up,te; U, t7)

= Nrr /D¢‘I’}9[fb(tF)]‘I’I[¢(t1)]¢($1)¢(wn)exp[i/t Cdta O (¢,0¢)1 0 (15)

000000000000 (100000000 ()0000000000000000000
00000000 Green00O ()OOO000D0 Zp,[J]O0OOOODO0OO0ODO

ZF[[J] = <\IJF,tF|Texp[i /d4(EJ(.’E)¢(x)]|\I/[7t[>/<\I/F,tF‘\I/],t[>

000000doooooooooooooooo0OO0COO0ObO00O00dg Greenoooo
gboooooboooboobobooooooo

0000000 GreenOOOOOO0O0OOOOO (150000000

ZeilJ] = Nes /Dw;[as(m]wum expi / " a0 (6,06) + J()(o)

opood
O0000000(16) 00000 n0 GreenOJOOOOOOOOOOOOOUOOOOOO

Z[J] = (0|T expli /d4xJ(x)¢(x)]\o>
ooo

B
ZglJ] = tr{e‘ﬁHTexp[/o d/d3a:J(x, —i)¢]}+(39)

gboooogoo
gboooooobooooooa

0000000(39)Y000000000000000000
[J] = (42)

00o0ooooo0o0o0oooOooo0o0oOooo NOOOoOOoUOOoOO ()ooooo
00000000o00o0oo0o0oU0oU00000o00Do00()0o0Do0Do0DooooooUo
ggoogon

Zg|J) = DD exp[—H() + J]

obobooooboobooobooboooobo40b00000b00b000b000
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000000 J¢t)000000000000000000000002Z(J]0000000(00
0000000000000

ooooo
000D0t0000000000000000000000000000000000
00oooo

0000000000000000000000000000000

2] = (O[T expli /dtJ<t>QH<t>1|o>

gooo
p63
goodobooodobooooouobooooboooooooo

00 + J(x)(z)
Jdooodood0modooooooooooooooooooooooog
217 =N /qum expli /d‘*x{w(x)aoqs(w) ~ H(g.m) + T(2)d()}]

_ N /Dqsexp[i /d4x{ 0 (¢,0,0) + J()p(x)}]

gbooooobooooobOoboooobooon
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Functional Derivatives and the Generating Functional 0 000000000000 COOO

To conclude[0 O] this section, we will now introduce a slicker[], more formal, method for
computing correlation functions. OO0 0000000000000 0O [D0O0O0OOO]j]00OOOO
ggoooboboboobooooooobobbooooobboboboa

This method, based on an object called the generating functional, avoids the awkward[] Fourier
expansions of the preceding derivation[]. 0000 (0000000000000 0OO0O0OOOO
Oo0000OO00OU0OOO0OUOODOOUDOOOOO

O First we define the functional derivative 0 0 0 0 O, J(x), as follows. The functional deriva-
tive obeys[0 ] the basic axiom (in four dimensions) 00000000000 [0DO0000O0O0ODOO
0)0Jx) 0000000000000 000000O0000 4000000)0000(9.31)

This definition is the natural genelization, to continuous functions, of the rule for discrete]]
vectors, 1000000000000 0DOO0O0O0ODODOODOOO0ODOODODOO genelizationd 00O 0O

To take functional derivatives of more complicated functionals we simply use the ordinary rules
for derivatives of composite functions. 00000 functionals 0 [0 000000000000
goooooOoOooOooOoOoOoOoOoOoOOOOOOOOODODDODODODOO

For example, (9.32)

When the functional depends on the derivative of J, we integrate by parts before applying the
functional derivative: [J 00 O00]0 JOODOO0OO0OOOO0OOOOOOOOOOOOOO
0)00000000000ooUoO0nD [0000]d(9.33)

O The basic object of this formalism[] is the generating functional of correlation functions]],
Z]J.0000000000000000000O000O000O0Z[J)O00000000O00 (Some
authors call it W[J]. 00O 0000000 W[JJOOODO)

In a scalar field theory, Z[J] isdefined as 00 000 00000000ZJ)000000000O

7] = /D¢eXp[i /d‘*x{ 0 + J(2)é()}]

This is functional integral over X in which we have added[J O 0] to O in the exponent a source
term[], J(x)(x). 0000000000 J(x)(x) 000000000000 XO000000000O
goooooao

O Correlation functions[0 O O O] of the Klein-Gordan field theory can be simply computed
by taking functional derivatives|| of the generating functional. 000000000000 0OO0O
000o[@oo00o)o0 [Do0o0o00oOoUj0oo0UooUoOOoUDoOoUooOoooo
oo

For example, the two-point function is

1. .4 ]

OIT o1 )o(2)10) = (g7 s) (igzes) 2L =o

where Z. Each functional derivative brings down a factor of X in the numerator of Z[J]; setting
J=0, we recover expression (9.18). Z. 0000 [J000OU0OOUOODO]0 ZJJOOOOOO XO
000000000000 J=0000000 (9.18)000000
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To compute higher correlation functions we simply take more functional derivatives. 0 0 00O
0000000000000 00000UD 00000 UoOUOO)oUoo

0 Formula (9.35) is useful because, in a free field theory, Z[J] can be rewritten in a very explicit
fom. 0000000000O0ZJ]O000000O00O0O00O0OOOOOO0OOOOOOOOOO
0000 (93 000oooo

Consider the exponent of (9.34) in the free Klein-Gordon theory. 0000000000000
0000 (934)00oooooooooon

Integrating by parts, we obtain 000000 [J0]00000000OO00O0ODO0O(9.36)

(The i is a convergence 0 O factor for the functional integral, as we discussed below Eq. (9.23).
000 EqUDO0ODO0O00O0D0OID0O0D0O00O00O0Uoooooooooo(9.23).)

We can complete the square[] by introducing a shifted field, 00 0000000000000
ggodobobobboooooobbbooooobo

Making this substitution[0 O] and using the fact that D is a Green’s function of the Klein-
Gordon operator, we find that (9.36) becomes 00 00000DOODOOOODOOOOODOO
00 0000000000000 Uoo0oUooOO@3)OoUDooooooon

More symbolically, we could write the change of variablesas 000 000000000000
00000o0ooooooooo (9.37)

and the result (9.38)

O Now change variables from X to X in the functional integral of (9.34). 000 (9.34) 00O
0000000 [0o0]jo Xoo XOoooooooo

This is just a shift, and so the Jacobian of the transformationis 1. 000000000000
goboobobooobooo11boon

The result is

The second exponential factor is independent of X, while the remaining integral over X is
precisely[0 0] Z. XO0OODOOOOOD 000000 Z00D000200000000 X000
googon

Thus the generating functional of the free Klein-Gordon theory is simply 000000000
0000000000 D000 jooooooooo

210) = Zoespl- 5 2y (@)D(e - 4)T(0)

O Let us use Egs. (9.39) and (9.35) to compute some correlation functions. 000 Eqs 000
00000(9.39) 0000000000000 ooOoooonOg.3sm

The two-point function is

gboooooo prr
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25



alg) = qlq)
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p275
We begin by applying[0 O] the functional integral (or path integral) method to the simplest
imaginable system: a nonrelativistic[0 O O O O] quantum-mechanical particle (moving in one
dimension). The Hamiltonian for this system is
[D00000]0(D000000)0000O00O00O0UO0O0OO0OU0DODOOUOO0OOoOO
gooobobiobobobuooboboooboboobobobooobobobDooboUobo

00000000 [0ooooo]
2

H= % + V()

Suppose|] [that we wish to compute the amplitude for this particle to travel from one point (x,)
to another (z) {in a given time (T). We will call this amplitude U(z,,xp;T); it is the posi-
tion representation[] of the Schrodinger time-evolution operator. In the canonical Hamiltonian
formalism, U is given by

000000do0o0ooOoUooO0(T)0 10000 (x) 000000 (x)00oooooooo
000000000000 [D0O0]00000000 UxOxT)ODOUO0OODoO0oooooooo
0000000000000 o00o0000[000|000000D00000O0000o0noOUyvU
0[000]00000n

U(xg,xp; T) =< xb|67iHT/|za >

({For the next few pages} we will display[0 O] all factors of h explicitly.)

(0000000000000 00000000D0DHOUOODODODODOOOOoDoOooOoO)

{In the path-integral formalism}, U is given by a very different-looking expression. We will
first try to motivate that expression, then prove [that it is equivalent to (9.1)].

gooooooboooboobooovooooooooboooooooboooooooon
000000000000000000O0000O0 (9.)00D0O0Do0ooDoOoooo

O Recall [that {in quantum mechanics} there is a superposition principle: {When a process
can take place in more than one way}, its total amplitude is the coherent sum of the amplitudes
for each way. A simple but nontrivial example is the famous double-slit experiment[0 O |, shown
in Fig. 9.1. The total amplitude for an electron[d O] to arrive at the detector]] is the sum of the
amplitudes for the two paths shown. {Since the paths differ in length}, these two amplitudes
generally differ, causing[0 O ] interference[0 O |.

ogooooobobooooooooobobbbobooio oo ooooao
0000o0oooooo00oooDoooO0oooooooooooooooooD910D0on
0000000000o00o00o000oO0UoO 200000)]000000000O00 200000
gooododdddddddUodooooobLoLoLooOLbbLbbbodddUdUuUdog o
000oo0o0o0o20000000000000DOOO000DOooOOoooOg

O For a general system, we might therefore write the total amplitude for traveling from z, to
Tp as

dodooobooooooboooooooboooonD X0oo Xooooooooooooo
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U(xa,zb;T) = Z ei'(Phase) — /Dx(t)ei-(phase)

allpsths

{To be democratic}, we have written the amplitude for each particular[0 O | path as a pure phase,
{so that no path is inherently[0 O | more important than any other. The symbol [Dz(t) is simply

another way of writing “ sum over all paths " ; {since there is one path for every function x(t)
(that begins at z, and ends at x3), the sum is actually an integral over this continuous space of
functions.

[00000|00000000000000000O000000oOoUOoUoOUO0OoOOoooOoo
00o00o0o0o0o0o0o0ooo0o0o0ooO0ooDO0oU0 DbDUOOUODUOOODDOUDOOODOOUD
0000000000000 000X0000o0ooXoooooooo [po)X@t)oooo 1o
000000000000 000O0000O0O0OUOO0OULODOO0O0 DUjoooo

O We can define this integral as part of a natural generalization of the calculus[d O O] to
spaces of functions. A function (that maps|] functions to numbers) is called a functional. The
integrand in (9.2) is a functional, {since it associates|J O O O] a complex amplitude with any
function X(t)}. The argument of a functional F[x(t)] is conventionally written in space brackets
rather than parentheses. Just as an ordinary function Y(x) can be integrated over a set of
points z}, a functional F[] can be integrated over a set of functions X(t); the measure of such a
functional integral is conventionally written with a script capital D, {as in (9.2)}. A functional
can also be differentiated with respect to its argument (a function), and this functional derivative
is denoted[0 O] by D. We will develop more precise[0 O | definitions of this new integral and
derivative in the course of this section and the next.

goo0oOoOoooooOoOoUoO0ooOoOOoU0O0OooOOOOOoOooOoOoOoOoOOoooooOoOoo
00000000 [00)0000000d000d000o0 [Do0)j0oo0ooU0o oo)Xotoo
000000000MmY20000000000000000000 Fxt))O [DOjJO0OoOOO
0000000000000 00000000000000000U0O0D [DO0)Y(x)ODOOOoo
XO0OUOOOoOoUooooOOooUoooOooUoooOoUOOo Fjooo X(t)oooooooooo
0ooooooooe2)0000d000000Uo0000O0UoO0UOO [DO0pboO0OO
00000000o000o0o0oo0ooO0 0000000000000 00D0o0oooooo
0000 b.0000000 OO0 OD0O0O0DOOOODOOOOOOOOOOOOOOOOOOOO
ooooooooooo o

0 What should we use for the* phase " in Eq. [(9.2)?] {In the classical limit}, we should find
[that only one path, the classical path, contributes[d O O] to the total amplitude. We might
therefore hope to evaluate[J O O O] the integral in (9.2) by the method of stationary phase,
identifying[0d O O] the classical path z.(¢) by the stationary condition,

000 EqUO000O00000000O00000000000@.2)? 0000 [DO0)0o00
ggoligoboboooobboooobobbooooubbbooobb bbb boobo
000000OO0o0U0o0o0oOoU0o Xoooooooooooooo (92)obooooooooo
gooooooopopopoooo

=0

But the classical path is the one (that satisfies the principle of least action,
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O0oo0ooooo|j0oo0o0o0ooo0o0oooUooooooDOoo
=0

(where S = is the classical action). It is tempting[0 O O O |, therefore, [to identify[0 O ] the phase
with S, up to a constant. Since the stationary-phase approximation|[0 O] should be valid[O O
O] in the classical limit - that is, when S >> h - we will use S for the phase. Our final formula
for the propagation amplitude is thus

SO00000O000O0 000000000 SOo0U00o0UOOoDoOoOOoUooOoooOoo
gooooooOoooOoooO0o-ooooobo S OOobOOoO0obDOoOobOoOoboooboogoooo
000 SOO000D0D0o00ooDoooooDoooooooooooon

< xb|6_iHT/h‘$a >= U(!L’a,l'b; T) = /Dm(t)eZS[a:(t)]/h

We can easily verify[O O] [that this formula gives the correct interference[O O] pattern[] in the
double-slit experiment. The action for either path shown in Fig. 9.1 is just (1/2), the kinetic
energy times the time. For path 1 the velocity[O O] is V, so the phase is D. For path 2 we have
V, so the phase is M. We must assume[0 O O] [that D, so that V (i.e., the electrons have a
well-defined velocity). The excess[d O | phase for path 2 is then M, where P is the momentum.
This is exactly what we would expect[0 O ] from the de Broglie relation P, so we must be doing
something right. [0 To evaluate the functional integral more generally, we must define the symbol
D in the case where the number of paths X is more than two (and, in fact, continuously infinite).
We will use a brute-force definition, by discretization. Break up the time integral from 0 to T
into many small pieces of duration E, as shown in Fig. 9.2. Approximate a path X as a sequence
of straight lines, one in each time slice. The action for this discretized pathis 00000000
200|0000C000000000C00O0000O0O00COO0O0ODUOO0OUODDOOOOOYlO
0000000000oo00oUoo0oOoUoo (1200000000 0o0oUoooUoooolo
goooooooo vooooooooboooo 2000000 b.OooOo oo vooooo
0o0odoopooooooM.00 oo b0 VoOooooDoooooDoOo boooooo
0000o000oooOo0ooo00mpOOO00OO0OOOOODOOO200000000000A0
00oooMOODOOOOOODOOOOOOO0OODOOO PODOOOOOODOOOOOOOOO
goddddddoooooooobobbbbbbbdooooooobbobobobobobbbobo
00000 XOoOoOoo 2oooooooooooooooo0ooD)oo0ooooooooooo
00000 DbO0oooooooOo000doo0o0oooooooooooooog 920000
0oodono E0oooodooo o0l TOOOODODODODOOOoOooooOboooooooo
O000000DO00000o0o00 Xoooooooooo disecretizedDOOOOOOOOODOO
oooooo

5= fuqe - viay — S S -
k

We then define the path integral by OO0 000000 OO0O0OO0OOODOOOOO

fre0=a5 Je [o6 - [ = e 11 &5

(where C() is a constant, to be determined[0 O] later. (We have included[0 ] one factor of C()

for each of the N time slices, for reasons that will be clear below.) {At the end of the calculation}
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we take the limit E. (As in Section 4.5 and 6.2, the X symbol is an instruction[0 O] to write
[what follows once for each K.)

00o0o00o0o0UoooocCcoO0O00o0UUo(o0oONOOOODUODODODODOOOOODOOOD
0000000o0U0o00oOoUoO0O col1000o00o0oUooUoo)ooouooooooo
O00OJE. (00000 450 62000000X000000000 KOOOO 10000OO
00000000000)0000]

O {Using (9.4) as the definition of the right-hand side of (9.3)}, we will now demonstrate[0 O |
the validity[J O O] of (9.3) for a general one-particle potential problem. {To do this}, we will
show [that the left- and right-hand sides of (9.3) are obtained by integrating the same differential
equation[d O O ], with the same initial condition. In the process, we will determine the constant
C.

O To derive[d O O] the differential equation satisfied[0 O ] by (9.4), consider the addition of
the very last time slice in Fig. 9.2. {According to (9.3) and the definition (9.4)}, we should have
(9.3 000000000000 (9400000000100 [000]00000000 (9.3)0
00000000U00oo00UooO0O0oUooOO((l3)D0DUoo0oUUoOo0oUooOOooUo
gooodooooooooooooooooooooooooooboooooooooDo c.oo
(04)000000000000D00O0O0O0O0O0O0UO0ODODOOO0Y.2000000000000
0000oo0oOoooo(el3) 000 (94)0000oo0o0ooooooooo
da’ im(zy —x4)% i Ty + 2’

- C’(e)exp[h 2¢ —%GV( 2

U(za,xp;T) NU (g, 2" T —€)

The integral over X is just the contribution to D from the last time slice, while the exponential
factor is the contribution to E from that slice. All contributions from previous slice are contained
in U. O As we send E, the rapid oscilation of the first term in the exponential constrains X to
be very close to X. We can therefore expand the above expression in powers of (): JO0O00OO0O

00000000 E00000DDOOOXOOO0oOoooooooooooooo booooo

00ooooono Egdoooooooooooooooooooo v.ooboooooooao
00000000000 0oo0O00oo0o0ooO0o0OoX.00oooooooooooo ()ooo

000o00oo00ooooO0ooooooooDoooooDooo Xoooooo

da’ im i
Ul T) = [“genp(p(an —a'))[1 = 2V ()]

[1+ (2" = xp) + (¢ = 20)*+)U (20, ;T — €)

We can now pertorm the X integral by treating the exponential factor as a Gaussian. (Properly,
we should introduce a small real term in the exponent for convergence; we will ignore this term
until the next section, when we derive Feynman rules using functional methods.) Recall the
Gaussian integration formulae 0000000000000 XOOOOODOODOOOOODOOO
Opertoom00000000000(000000O00O0OOOOOOOOOOOOOOOOOOO
gooodo;00boboooooobooooob oo oooobbDooooo
00000o0o0O00oooO0oU0oDO)00o00ooooUoooOoooo

Applying these identities to (9.5), we find 0000000000 O0OO (9.5) 00000000
gooooo

This expression makes no sense in the limit E unless the factor in parentheses is equal to 1.
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We can therefore identify the correct definition of C: OO0 0000000000 10000000
go0o0o0o0o0o0 E0g00O0ooOoOoOoOoO0O0O0O0O0OO0 cogoooooooooooooooo

Given this definition, we can compare terms of order E and multiply by H to obtain 0 0 0 O
0000000000000 ECO00ODOOO0O0ODOO0OO0DOD  HOOODOoDooooooo

This is the Schrodinger equation. But it is easy to show that the time-evolution operator U,
as originally defined in (9.1), satisfies the same equation. O As T, the left-hand side of (9.3)
tends to D. Compare this to the value of (9.4) in the case of one time slice: 100000000
0000000ooo0oooo0oooUoooovuoog(9.)oooooooooooooooo
000000000000000000000000O0OTOUOOO(9.3) 0000 D.Compared 1
0000ooO0oOooooO0oO (949 0oo0o0o0oooooooo

This is just the peaked exponential of (9.5), and it also tends to D as E. Thus the left- and
right-hand sides of (9.3) satisfy the same differential equation with the same initial condition.
We conclude that the Hamiltonian definition of the time evolution operator (9.1) and the path-
integral definition (9.3) are equivalent, at least for the case of this simple one-dimensional system.
O To conclude this section, let us generalize our path-integral formula to more complicated
quantum systems. Consider a very general quantum system, described by an arbitrary set of
coordinates Q, conjugate momenta P, and Hamiltonian H. We will give a direct proof of the
path-integral formula for transition amplitudes in this system. OO0 0000009500000
00000000o0ooDooO0o00ooo000DoO0E.O0O0DODOODO O-093000000
00o0oo0ooDoUo00o0o0ooO0oooU0O00o0oooooooooDoUoUOD (9.)ooo
0000000o0o0ooUoO0oD (93) 0000000000000 000U0O0O00O0O0oOO
00000ooooooooooooooooooooO0oooooooDoooooogooooon
0000000000000 000D0o00ooO00 QUUOooooooooooDooooon
Jodddoo pO0O0000O0OOoOoOoOOODODOO0O0OO0 HWeODOOOOGOoooooooOooO
gooooooooooooooooooooooog

O The transition amplitude (that we would like to compute) is

O00o000Do0o0oooooD [ooooog]

U(qas qu; T) =< qple” 7 |q, >

({When g or p appears without a superscript}, it will denote the set of all coordinates {q'} or
momenta {p‘}. Also, for convenience, we now set h=1.) {To write this amplitude as a functional
integral}, we first break the time interval into N short slices of duration E. Thus we can write
(QUUDO POUUODOOUOUDDOOUDOOOUODOOODUOULD)OODODUDO)YOODOOO
00000oo0) (0000000000000 U00=1000000)00000000O00OO
0000000000000 000000000000000UDO0O00ONOODOODOOUO
E.0O0DOOOO

e—zHT _ e—zHee—zHee—iHee—iHeD (NfCLCtOTS)

The trick is [to insert a complete set of intermediate states between each of these factors, in the
form
00000000000 o00oo0ooo0o0ooo0oooo0oo0oo0oo0ooooon

afufafafafalalals
1=(] /dq;’;)lqk >< gl
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Inserting such factors for k = 1(IN — 1), we are left with a product of factors of the form
1000000000000 00000000O0O0O00LOO00DLOOoOoOoD0OoDOOoOooooOO

—iHe

< Qry1le lgk >—c—0< quy1|(1 —iHe+---)|qr >

{To express the first and last factors in this form}, we define gy = ¢, and gy = ¢, 0000 O
000000000 ooooOooooDOoooonoooooDOo QU Quoooaono

0O Now we must look inside H and consider [what kinds of terms it might contain]. The
simplest kind of term (to evaluate) would be a function only of the coordinates|d O |, not of the
momenta. The matrix element of such a term would be

go0oooboobOHOODDODOODOOOOOoOooOooooooboobooboooooooo
gboboooooooboobooobooooboboboboooboooooooboobobOobOonag
Udb0000«ab00O0O0O0ODOOOCOODOODOOO

< qre+1lf(@)lgr >= f(qr) Ha(q;c - qi+1)

It will be convenient to rewrite this as
[DD]DDDDDDDDDDDDDDDDDDD

for reasons (that will soon be apparent.

o0o0o0ooooooooooooon

O Next consider a term in the Hamiltonian (that is purely a function of the momenta). We
introduce a complete set of momentum eigenstates to obtain 0000000 [00]0000
oo0oo0ooo0o0o0oo0oo00o0oo0oo0oooooo0ooo0ooooooo0n
oopooooo

Thus if H contains only terms of the form f() and f(), its matrix element can be written 0 0 0 O
HOOOOO{()O f)ooOo0ooOoOo0oU00oo0o0oU0oo0o0oooooooOoooooo

O It would be nice if Eq. (9.10) were true even when H contains products of p' s and q ' s.
In general this formula must be false, since the order of a product pq matters on the left-hand
side (where H is an operator) but not on the right-hand side (where H is just a function of
the numbers P and Q). But for one specific ordering, we can preserve (9.10). For example, the
combination EqD0 00000000 0D0OO0OHD p0 qUOOO0OOODOOOOOOOV(9.10)
0000000000000 (HoooooOoooOoo)oooOoD pgOODOOOOOOOOODO
000 (HOODOO PO QUOOOOOO)0O00O0OOUOOOOOOOOOUOOOOODOOOO
00000001000 0000o0o0o0o0oooooooO (9.10)000oooooUooon

OO
qk+1 + qk
2

works out as desired, since the q ’ s appear symmetrically on the left and right in just the right

1 2
< qkﬂ\i(quQ +2qp°q + p*¢%) |k >= ( ) < qes1lP?ar >

way. When this happens, the Hamiltonian is said to be Weyl ordered. Any Hamiltonian can be
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put into Weyl order by commuting p’ s and q ' s; in general this procedure will introduce some
extra terms, and those extra terms must appear on the right-hand side of (9.10). O Assuming
form now on that H is Weyl ordered, our typical matrix element from (9.9) can be expressed as
0000000ooOo000gqO00D000000o0o0DooOo00o0oOoooDooooooooon
goooooobbooooooobboddddddgdoUooooLobbbooo0UgUdog o
000oo0dpO0 qOO000OD0ODOO0DODO0ODOODOO0ODOOODOODOODOODDOOOD
0000000000000 00O00U0000O000OUDO0OO0OUooOOOO (9.10)0000
goodooooooobobbbo0d Hoooooooooooooooooooooooooo
goooooomovuononoooonobbooooooboooooooooa

— dqt ) k+1 + Qk
st (T] [ e[t (22,
i

eapli Y pi (@1 — ab)]
i

(We have again used the fact that E is small, writing 1 as E.) To obtain U(), we multiply N such
factors, one for each K, and integrate over the intermediate coordinates Q: (00O OO OOED
00 10000E00OOOOOOOOOOO0OD)U()00000D00000D0O0DO0DOONOD
0000 0ooDooooooooD1Kooo 1ooooo Quoooo o

Ut as) = (1 Joat [0 ey [ (Ephlahs — o) — et (B2 )|

There is one momentum integral for each K from 0 to N, and one coordinate integral for each K
from 1 to N. This expression is therefore the discretized form of 000 NO OO 1 KOOO 10
Jodddoooooooooooobobbbo 100 N.OOOD 1 KOOO 1ooooooo oo
discretized 00O O00OO0ODO0O

Ulaora7) = ([ [Dat)Dpte))eap]

where the functions Q are constrained at the endpoints, but the functions P are not. Note that
the integration measure D contains no peculiar constants, as it did in (9.4). The functional
measure in (9.12) is just the product of the standard integral over phase space 00 QO O OO
000000000000 POOOOOOUOOOO (94 00000000UOOOOOODO
000000o0O00oo0oo0ooooo0oooo¢.12)0o0oo0oooooooooon
goooooooboooooooooa

at each point in time. Equation (9.12) is the most general formula for computing transition
amplitudes via functional integrals. O For a nonrelativistic particle, the Hamiltonian is simply
H. In this case we can evaluate the p-integrals by completing the square in the exponent:

where C is just the factor (9.6). Notice that we have one such factor for each time slice. Thus
we recover expression (9.3), in discretized form, including the proper factors of C: D000 00O
00 (9.12)0000000000000000000O0UOO00DO0OO0O0O0OO0OUOODODOOOOO
goddooooooooboboooooooooD HOooooooOoooooooooooooo
000000000000 p0D0O0OO0OOO0OODOOOOOCOOOOOOOOOOO (96)00
0000o000oooooooooo0 10o0ooooooooOoOoO0o00oooOoooooooon
dooDoobooc.ooodDoonooopDoOonDoOon discretized 00 0OO0O0OOO0DOOOOO
(9.3) 000000
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