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CHAPTER 3 VARIATIONAL PRINCIPLES 

In this chapter we show that the motions of a newtonian potential system are extremals of a 

variational principle, "Hamilton's principle of least action." 

This fact has many important consequences, including a quick method for writing equations of 

motion in curvilinear coordinate systems, and a series of qualitative deductions-for example, a 

theorem on returning to a neighborhood of the initial point. 

In this chapter we will use an n-dimensional coordinate space. A vector in such a space is a set 

of numbers ),,( 1 nxxx K= . Similarly, xf ∂∂ /  means )/,,/( 1 nxfxf ∂∂∂∂ K , and 

nnbaba ++= L11)( ba, . 

 

12 Calculus of variations  

For what follows, we will need some facts from the calculus of variations. A more detailed 

exposition can be found in "A Course in the Calculus of Variations" by M. A. Lavrentiev and L. A. 

Lusternik, M. L., 1938, or G. E. Shilov, "Elementary Functional Analysis," MIT Press, 1974. 

The calculus of variations is concerned with the extremals of functions whose domain is an 

infinite-dimensional space: the space of curves. Such functions are called functionals. 

An example of a functional is the length of a curve in the euclidean plane: if  

{ }10,)(:),( tttxtxxt ≤≤==γ , then  dtx
t

t∫ += 1

0

21)( &γΦ .  

In general, a functional is any mapping from the space of 

curves to the real numbers.  

We consider an "approximation"  to γ , 

{ })()(:),( thtxxxt +==′γ . We will call it h+=′ γγ . 

Consider the increment of Φ , )()( γΦγΦ −+ h  (Figure 

41).  

 

A Variations  

Definition. A functional Φ  is called differentiable if RFh +=−+ )()( γΦγΦ , where F 

depends linearly on h  (i.e., for a fixed γ , )()()( 2121 hFhFhhF +=+  and )()( hcFchF = , 

and )(),( hOhR =γ , in the sense that, for ε<h  and ε<dtdh / , we have 
2εCR < . The 

linear part of the increment, F(h), is called the differential.  

It can be shown that if Φ  is differentiable, its differential is uniquely defined. The differential 

of a functional is also called its variation, and h is called a variation of the curve.  

EXAMPLE. Let { }10),(:),( ttttxxxt ≤≤==γ  be a curve in the (t, x)-plane; dtdxx /=& ; 

),,( cbaLL =  a differentiable function of three variables. We define a functional Φ  by 
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t
dtttxtxL &γΦ . 

In case 
21 bL += , we get the length of γ .  

Theorem. The functional ∫=
1

0

)),(),(()(
t

t
dtttxtxL &γΦ  is differentiable, and its derivative is given 

by the formula 
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Integrating by parts, we find that 
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B Extremals 

Definition. An extremal of a differentiable functional )(γΦ  is a curve γ  such that F(h) = 0 for 

all h. (In exactly the same way that γ  is a stationary point of a function if the differential is equal 

to zero at that point.) 

Theorem. The curve )(: txx =γ  is an extremal of the functional ∫ 1
0

),,()(
t

t
dttxxL &=γΦ  on the 

space of curves passing through the points 00 )( xtx =  and 11)( xtx = , if and only if 
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  along the curve x(t). 

Lemma. /f a continuous function f(t), 10 ttt ≤≤  satisfies ∫ 0)()(1

0
=t

t
dtthtf for any continuous 

function )(th  with 0)()( 10 == thth , then 0)( =tf . 

PROOF OF THE LEMMA. Let 0*)( >tf  for some t*, t0 < t* < t 1• Since f is continuous, f(t) > 
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c in some neighborhood ∆  of the point 10 **:* tdttdttt <+<<−< . Let h(t) be such that 

h(t) = 0 outside ∆ , h(t) > 0 in ∆ , and h(t) = 1 in 

∆ /2 (i.e., for t s.t. t* - 1/2d < t < t*+1/2d). Then, 

clearly, ∫ 1
0

0)()(
t

t
dcthtf >≥  (Figure 42). This 

contradiction shows that f(t*) = 0 for all t*, t0 < t* < t 

1• 

PROOF OF THE THEOREM. By the preceding theorem, 
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The term after the integral is equal to zero since h(t0 ) = h(t0) = 0. If γ  is an extremal, then F(h) 

= 0 for all h with h(t0 ) = h(t 1) = 0. Therefore, 

∫ 0)()(1
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for all such h. By the lemma, f(t)=0. Conversely, if f(t)=0, then clearly F(h)=0. 

EXAMPLE. We verify that the extremals of length are straight lines. We have: 
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C The Euler-Lagrange equation 

Definition. The equation 
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is called the Euler-Lagrange equation for the functional 

∫=
1

0

),,(
t

t
dttxxL &Φ . 

Now let x be a vector in the n-dimensional coordinate space 
nR , 

{ }10),(:),( ttttt ≤≤== xxxγ  a curve in the (n+1)-dimensional space 
nRR× , and 

RRRRL nn →××:  a function of 2n + 1 variables. As before, we show: 

Theorem. The curve γ  is an extremal of the functional ∫ 1
0

),,()(
t

t
dttL xx &=γΦ  on the space of 
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curves joining (t0 , x0 ) and (t 1, x1), if and only if the Euler-Lagrange equation is satisfied along 

γ . 

This is a system of n second-order equations, and the solution depends on 2n arbitrary constants. 

The 2n conditions x(t0 ) = x0 , x(t 1) = x 1 are used for finding them. 

PROBLEM. Cite examples where there are many extremals connecting two given points, and 

others where there are none at all. 

D An important remark 

The condition for a curve y to be an extremal of a functional does not depend on the choice of 

coordinate system. 

For example, the same functional - length of a curve - is given in cartesian and polar 

coordinates by the different formulas 

∫ 1
0

2
2

2
1

t

tcart dtxx && +=Φ ,  ∫ 1
0

222t

tpol dtrr ϕΦ && += . 

The extremals are the same - straight lines in the plane. The equations of lines in cartesian and 

polar coordinates are given by different functions: )(),( 2211 txxtxx == , and 

)(),( ttfr ϕϕ == . 

However, both these vector functions satisfy the Euler-Lagrange equation 
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only in the first case, when 21, xxxcart =  and 
2
2

2
1 xxLart && += , and in the second case when 

ϕ,rx pol =  and 
222 ϕ&& rrLpol += . 

In this way we can easily describe in any coordinates a differential equation for the family of 

all straight lines. 

PROBLEM. Find the differential equation for the family of all straight lines in the plane in polar 

coordinates. 

 

13 Lagrange's equations 

Here we indicate the variational principle whose extremals are solutions of Newton's equations of motion in a potential 

system. 

We compare Newton's equations of dynamics 

(1)    0)( =
∂
∂

+
r

U
rm

dt

d
ii &

 

with the Euler-Lagrange equation 
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A Hamilton's principle of least action 

Theorem. Motions of the mechanical system (1) coincide with extremals of the functional 

∫ 1

0
)(

t

t
Ldt=γΦ , 

where UTL −= is the difference between the kinetic and potential energy. 

PROOF. Since )(rUU =  and 2/iirmT &Σ= , we have iiii rmrTrL &&& =∂∂=∂∂ //  and 

ii rUrL ∂−∂=∂∂ // . 

Corollary. Let ),,( 31 nqq K  be any coordinates in the configuration space of a system of n mass 

points. Then the evolution of q with time is subject to the Euler-Lagrange equations 
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where UTL −= . 

PROOF. By the theorem above, a motion is an extremal of the functional ∫ Ldt . Therefore, in 

any system of coordinates the Euler-Lagrange equation written in that coordinate system is 

satisfied. 

Definition. In mechanics we use the following terminology: UTtL −=),,( qq & is the Lagrange 

function or lagrangian, qLi  are the generalized coordinates, iq&  are generalized 

velocities, ii pqL =∂∂ &/  are generalized momenta, iqL ∂∂ /  are generalized forces, 

∫ 1
0

),,(
t

t
dttL qq &  is the action, 0)/(/)/(( =∂−∂∂ ii dqLdtqLd &  are Lagrange's equations. 

The last theorem is called "Hamilton's form of the principle of least motion" because in many 

cases the action q(t) is not only an extremal but is also a minimum value of the action functional 

∫ 1

0

t

t
Ldt . 

B The simplest examples 

EXAMPLE 1. For a free mass point in 
3E , 

2

2rm
TL

&
== ; 

in cartesian coordinates ii rq =  we find 

)(
2

2
3

2
2

2
1 qqq

m
L &&& ++= . 

Here the generalized velocities are the components of the velocity vector, che generalized 

momenta ii qmp &  are the components of the momentum vector, and Lagrange's equations 

coincide with Newton's equations 0/ =dtdp . The extremals are straight lines. It follows from 

Hamilton's principle that straight lines are not only shortest (i.e., extremals of the length 
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∫ 1
0

2
3

2
2

2
1

t

t
dtqqq &&& ++  but also extremals of the action ∫ 1

0
)( 2

3
2
2

2
1

t

t
dtqqq &&& ++ . 

PROBLEM. Show that this extremum is a minimum. 

EXAMPLE 2. We consider planar motion in a central field in polar coordinates rq =1 , ϕ=2q . 

From the relation ϕϕ eer r rr &&& +=  we find the kinetic energy 

)(2/12/1 2222 ϕ&&& rrmrmT +⋅=⋅=  and the lagrangian )()()( qqq,qq, UTL −= && , where 

)( 1qUU = . 

The generalized momenta will be qp &∂∂= /L , i.e., 

rmp &=1 , ϕ&2
2 mrp = . 

The first Lagrange equation 11 / qLp ∂∂=&  takes the form 

r

U
mrrm

∂
∂

−= 2ϕ&&& . 

We already obtained this equation in Section 8. 

Since ϕ=2q  does not enter into L, we have 0/ 2 =∂∂ qL . Therefore, the second Lagrange 

equation will be 02 =p& , constp =2 . This is the law of conservation of angular momentum. 

In general, when the field is not central ( ),( ϕrUU = ), we find ϕ∂−∂= /2 Up& . 

This equation can be rewritten in the form Ndted z =/),(M , where [ ] ),( zeFr,=N  and 

rF ∂−∂= /U . (The rate of change in angular momentum relative to the z axis is equal to the 

moment of the force F relative to the z axis.) 

In fact, we have 

ϕϕϕ ϕ drdddUdUdU )()(),()/()/( eF,reF,rFrr r −−=−=∂∂+∂∂= ; 

therefore, 

[ ] [ ] ),,(),,(),(/ zzr eFreFereFrU ===∂∂− ϕϕ . 

This example suggests the following generalization of the law of conservation of angular 

momentum. 

Definition. A coordinate iq  is called cyclic if it does not enter into the lagrangian: 0/ =∂∂ iqL . 

Theorem. The generalized momentum corresponding to a cyclic coordinate is conserved: 

constpi = . 

PROOF. By Lagrange's equation 0// =∂∂= ii qLdtdp . 

 

14 Legendre transformations 

The Legendre transformation is a very useful mathematical tool: it transforms functions on a vector space to functions on 

the dual space. Legendre transformations are related to projective duality and tangential coordinates in algebraic geometry 

and the construction of dual Banach spaces in analysis. They are often encountered in physics (for example, in the 

definition of thermodynamic quantities). 

A Definition 

Let y = f(x) be a convex function, f"(x) > 0. The Legendre transformation of the function f is a new 
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function g of a new variable p, which is constructed in the 

following way (Figure 43). We draw the graph of f in the x, 

y plane. Let p be a given number. Consider the straight line 

y = px. We take the point x = x{p) at which the curve is 

farthest from the straight line in the vertical direction: for 

each p the function px - f(x) = F{p, x) has a maximum with 

respect to x at the point x{p). Now we define g(p) = F{p, 

x{p)). The point x(p) is defined by the extremal condition 0/ =∂∂ xF , i.e., f'(x) = p. Since f is 

convex, the point x(p) is unique. 

PROBLEM. Show that the domain of g can be a point, a closed interval, or a ray if  f  is defined 

on the whole x axis. Prove that if f is defined on a closed interval, then g is defined on the whole p 

axis. 

B Examples 

EXAMPLE 1. Let 2)( xxf = . Then 
2),( xpxxpF −= , ppx )2/1()( = , 

2)4/1()( ppg = . 

EXAMPLE 2. Let 2/)( 2mxxf = . Then mppg 2/)( 2= . 

EXAMPLE 3. Let αα /)( xxf = . Then ββ /)( ppg = , where 1)/1()/1( =+ βα , 

)1,1( >> βα . 

EXAMPLE 4. Let f(x) be a convex polygon. Then g{p) is also a convex polygon, in which the vertices 

of f(x) correspond to the edges of g{p), and 

the edges of f(x) to the vertices of g(p). For 

example, the corner depicted in Figure 44 

is transformed to a segment under the 

Legendre transformation. 

C Involutivity 

Let us consider a function f which is differentiable as many times as necessary, with f"(x) > 0. It is 

easy to verify that a Legendre transformation takes convex functions to convex functions. 

Therefore, we can apply it twice. 

Theorem. The Legendre transformation is involutive, i.e., its square is the identity: if under the 

Legendre transformation f is taken to g, then the Legend re transform of g will again be f. 

PROOF. In order to apply the Legendre transform to g, with variable p, we must by definition look 

at a new independent variable (which we will call x), construct the function 

G(x, p) = xp - g(p), 

and find the point p(x) at which G attains its maximum: 0/ =∂∂ pG , i.e., g'(p) = x. Then the 

Legendre transform of g(p) will be the function of x equal to G(x, p(x)). We will show that G(x, 

p(x)) = f(x). To this end we notice that G(x, p) =xp - g(p) has a simple geometric interpretation: it 

is the ordinate of the point with abscissa x on the line tangent to the graph of f(x) with slope p 

(Figure 45). For fixed p, the function G(x, p) is a linear function of x, with pxG =∂∂ / , and for x 



 8 

= x(p) we have G(x, p) = xp - g(p) = f(x) by the 

definition of g(p).Let us now fix x = x0 and vary 

p. Then the values of G(x, p) will be the 

ordinates of the points of intersection of the line 

x = x0 with the line tangent to the graph of f(x) 

with various slopes p. By the convexity of the 

graph it follows that all these tangents lie below 

the curve, and therefore the maximum of G(x, p) 

for a fixed x(p0) is equal to f(x) (and is achieved for p = p(x0 ) =f'(xo)). 

Corollary. Consider a given family of straight lines y = px - g(p). Then its envelope has the equation y 

= f(x), where f is the Legendre transform of g. 

D Young's inequality 

Definition. Two functions, f and g, which are the Legendre transforms of one another are called 

dual in the sense of Young. 

By definition of the Legendre transform, F(x, p) = px - f(x) is less than or equal to g(p) for any 

x and p. From this we have Young's inequality: 

)()( pgxfpx +≤ . 

EXAMPLE 1. If 
2)2/1()( xxf = , then 

2)2/1()( ppg =  and we obtain the well-known 

inequality 
22 )2/1()2/1( pxpx +≤  for all x and p. 

EXAMPLE 2. If αα /)( xxf = , then ββ /)( ppg = , where 1)/1()/1( =+ βα , and we 

obtain Young's inequality )/()/( βα βα pxpx +≤  for all x>0, p>0, 1>α , 1>β , and 

1)/1()/1( =+ βα . 

E The case of many variables 

Now let f(x) be a convex function of the vector variable ),( ,1 nxx K=x  (i.e., the quadratic form 

),)/(( 22
xxx ddf ∂∂  is positive definite). Then the Legendre transform is the function g(p) of the 

vector variable ),,( 1 npp K=p , defined as above by the equalities 

)(max)()( xp,x(p)p,p x FFg == , where F(p, x) = (p, x) - f(x) and xp ∂∂= /f . 

All of the above arguments, including Young's inequality, can be carried over without change 

to this case. 

PROBLEM. Let 
nn RRf →:  be a convex function. Let *nR  denote the dual vector space. 

Show that the formulas above completely define the mapping RRg n →*:  (under the condition 

that the linear form 
x

df  ranges over all of *nR  

when x ranges over 
nR ). 

PROBLEM. Let f be the quadratic form 

jiij xxff Σ=)(x . Show that its Legendre transform is 

again a quadratic form jiij ppgg Σ=)( p , and that the 



 9 

values of both forms at corresponding points coincide (Figure 46):  

)())(( ppx gf =  and )())(( xxp fg = . 

 

15 Hamilton's equations 

By means of a Legendre transformation, a lagrangian system of second-order differential equations is converted into a 

remarkably symmetrical system of 2n first-order equations called a hamiltonian system of equations (or canonical 

equations). 

A Equivalence of Lagrange's and Hamilton's equations 

We consider the system of Lagrange's equations qp ∂∂= /L& , where qp &∂∂= /L , with a given 

lagrangian function RRRRL nn →××: , which we will assume to be convex with respect to the 

second argument q& . 

Theorem. The system of Lagrange's equations is equivalent to the system of 2n first-order 

equations (Hamilton's equations): 

q
p

∂
∂

−=
H

& , 

p
q

∂
∂

=
H

& , 

where ),(),( tLtH qq,qpqp, && −=  is the Legendre transform of the lagrangian function viewed 

as a function of q& . 

PROOF. By definition, the Legendre transform of ),( tL qq, &  with respect to q&  is the function 

)()( qqpp && LH −= , in which q&  is expressed in terms of p  by the formula qp &∂∂= /L , and 

which depends on the parameters q  and t. This function H is called the hamiltonian. 

The total differential of the hamiltonian 

dt
t

H
d

H
d

p

H
dH

∂
∂

+
∂
∂

+
∂
∂

= q
q

p  

is equal to the total differential of L−qp &  for qp &∂∂= /L : 

dt
t

L
d

L
ddH

∂
∂

−
∂
∂

−= q
q

pq& . 

Both expressions for dH  must be the same. Therefore, 

p
q

∂
∂

=
H

& ,  
qq ∂
∂

−=
∂
∂ LH

,  
t

L

t

H

∂
∂

−=
∂
∂

. 

Applying Lagrange's equations qp ∂∂= /L& , we obtain Hamilton's equations. 

We have seen that, if q(t) satisfies Lagrange's equations, then (p(t), q(t)) satisfies Hamilton's 

equations. The converse is proved in an analogous manner. Therefore, the systems of Lagrange 

and Hamilton are equivalent. 

Remark. The theorem just proved applies to all variational problems, not just to the lagrangian 

equations of mechanics. 
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B Hamilton's function and energy 

EXAMPLE. Suppose now that the equations are mechanical, so that the lagrangian has the usual 

form L = T - U, where the kinetic energy T is a quadratic form with respect to q& : 

∑= jiij qqaT &&

2

1
, where ),( taa ijij q=  and )(qUU = . 

Theorem. Under the given assumptions, the hamiltonian H is the total energy H = T + U. 

The proof is based on the following lemma on the Legendre transform of a quadratic form. 

Lemma. The values of a quadratic form f(x) and of its Legendre transform g(p) coincide at 

corresponding points: f(x) = g(p). 

EXAMPLE. For the form 
2)( xxf =  this is a well-known property of a tangent to a parabola. 

For the form 
2)2/1()( mxxf =  we have p = mx and 

)(2/2/)( 22 xfmxmppg === . 

PROOF OF THE LEMMA By Euler's theorem on homogeneous functions ff 2)/( =∂∂ xx . 

Therefore, 

)()()(2)/()()( xxxxxxpxp(x) ffffffg =−=−∂∂=−= . 

PROOF OF THE THEOREM. Reasoning as in the lemma, we find that 

UTUTTLqpH +=−−=−= )(2& . 

EXAMPLE. For one-dimensional motion 

q

U
q

∂
∂

−=&& . 

In this case 
2)2/1( qT &= , )(qUU = , qp &= , )()2/1( 2 qUpH +=  and Hamilton's 

equations take the form 

pq =& , 

q

U
p

∂
∂

−=& . 

This example makes it easy to remember which of Hamilton's equations has a minus sign. 

Several important corollaries follow from the theorem on the equivalence of the equations of 

motion to a hamiltonian system. For example, the law of conservation of energy takes the simple 

form: 

Corollary 1. tdtd ∂∂= // HH . In particular, for a system whose hamiltonian function does not 

depend explicitly on time ( 0/ =∂∂ tH ), the law of conservation of the hamiltonian function holds: 

constttH =))(),(( qp . 

PROOF. We consider the variation in H along the trajectory H(p(t), q(t), t).Then, by Hamilton's 

equations, 

t

H

t

HHHHH

dt

dH

∂
∂

=
∂
∂

+
∂
∂

∂
∂

+







∂
∂

−
∂
∂

=
pqqp

. 

C Cyclic coordinates 
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When considering central fields, we noticed that a problem could be reduced to a one-dimensional 

problem by the introduction of polar coordinates. It turns out that, given any symmetry of a 

problem allowing us to choose a system of coordinates q in such a way that the hamiltonian 

function is independent of some of the coordinates, we can find some first integrals and thereby 

reduce to a problem in a smaller number of coordinates. 

Definition. If a coordinate 1q  does not enter into the hamiltonian function 

);,,;,,( 11 tqqppH nn KK , i.e., 0/ 1 =∂∂ qH , then it is called cyclic (the term comes from the 

particular case of the angular coordinate in a central field). 

Clearly, the coordinate 1q  is cyclic if and only if it does not enter into the lagrangian 

function ( 0/ 1 =∂∂ qL ). It follows from the hamiltonian form of the equations of motion that: 

Corollary 2. Let 1q  be a cyclic coordinate. Then 1p  is a first integral. In this case the 

variation of the remaining coordinates with time is the same as in a system with the n-1 

independent coordinates nqq ,,2 K  and with hamiltonian function 

),,,,,,,( 22 cqqppH nn KK , 

depending on the parameter 1pc = . 

PROOF. We set ),,( 2 npp K=′p  and ),,( 2 nqqq K=′ . Then Hamilton’s equation take the 

form 

p
q

′∂
∂

=′
H

dt

d
,   

1
1

p

H
q

dt

d

∂
∂

= , 

q
p

′∂
∂

−=′
H

dt

d
,   01 =p

dt

d
. 

The last equation shows that p1 = const. Therefore, in the system of equations for p' and q', the 

value of p1 enters only as a parameter in the hamiltonian function. After this system of 2n - 2 

equations is solved, the equation for q1 takes the form )(1 tfq
dt

d
= , where 

)),(),(,()( 1
1

tttpH
p

tf qp ′′
∂
∂

=  

and is easily integrated. 

Almost all the solved problems in mechanics have been solved by means of Corollary 2. 

Corollary 3. Every closed system with two degrees of freedom (n = 2) which has a cyclic 

coordinate is integrable. 

PROOF. In this case the system for p' and q' is one-dimensional and is immediately integrated by 

means of the integral H(p', q') = c. 

 

16 Liouville's theorem 

The phase flow of Hamilton's equations preserves phase volume. It follows, for example, that a hamiltonian system cannot 

be asymptotically stable. 
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For simplicity we look at the case in which the hamiltonian function does not depend 

explicitly on the time: H = H(p, q). 

A The phase flow 

Definition. The 2n-dimensional space with coordinates nn qqpp ,,;,, 11 KK  is called phase 

space. 

EXAMPLE. In the case n = 1 this is the phase plane of the system xUx ∂−∂= /&& , which we 

considered in Section 4. 

Just as in this simplest example, the right-hand sides of Hamilton's equations give a vector 

field: at each point (p, q) of phase space there is a 2n-dimensional vector ( pq ∂∂∂−∂ /,/ HH ). We 

assume that every solution of Hamilton's equations can be extended to the whole time axis. 

Definition. The phase flow is the one-parameter group of 

transformations of phase space 

))(),(())0(),0((: ttg qpqp a′ , 

where p(t) and q(t) are solutions of Hamilton's system of 

equations (Figure 47).  

PROBLEM. Show that {g'} is a group. 

B Liouville' s theorem 

Theorem 1. The phase flow preserves volume: for any region D we have (Figure 48) 

volume of Dg t
 = volume of D. 

We will prove the following slightly more 

general proposition also due to Liouville. 

Suppose we are given a system of ordinary 

differential equations )(xfx =& , ),,( 1 nxx K=x , 

whose solution may be extended to the whole time 

axis. Let { }tg  be the corresponding group of 

transformations: 

(1)         )()()( 2tOtg t ++= xfxx ,  )0( →t . 

Let D(0) be a region in x-space and v(0) its volume; 

v(t) = volume of D(t),   )0()( DgtD t= . 

Theorem 2. If div f =0, then 
tg  preserves volume: v(t) = v(0). 

C Proof 

Lemma 1. ∫ )0(0
)/(

Dt
dxdivdtdv f=

=
, ( ndxdxdx L1= ). 

PROOF. For any t, the formula for changing variables in a multiple integral gives 


⌡
⌠

∂
∂

=
)0(

det)(
D

t

dx
g

tv
x

x
 

Calculating xx ∂∂ /tg  by formula (1), we find 
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)( 2tOt
f

E
g t

+
∂
∂

+=
∂
∂

xx

x
,  as 0→t . 

We will now use a well-known algebraic fact: 

Lemma 2. For any matrix A= (a;j), 

)(1)det( 2tOtrAtAtE +⋅+=+ ,  0→t , 

where ∑ =
=

n

i ijatrA
1

 is the trace of A (the sum of the diagonal elements). 

(The proof of Lemma 2 is obtained by a direct expansion of the determinant: we get 1 and n 

terms in t; the remaining terms involve 
2t , 

3t ,  etc.) 

Using this, we have 

)(1det 2tOttrt
g t

+
∂
∂

⋅+=
∂
∂

x

f

x

x
. 

But ff divxfxtr
n

i ii =∂∂=∂∂ ∑ =1
// . Therefore, 

[ ]∫ ++=
)0(

2
)(1)(

D
dxtOtdivtv f  

which proves Lemma 1. 

PROOF OF THEOREM 2. Since t = t0  is no worse than t = 0, Lemma 1 can be written in the 

form 

∫ )0(
0

)(
tD

tt

dxdiv
dt

tdv
f=

=

, 

and if div f=0, dv/d=0. 

In particular, for Hamilton's equations we have 

0=







∂
∂

∂
∂

+







∂
∂

−
∂
∂

=
pqqp

f
HH

div . 

This proves Liouville's theorem (Theorem 1). 

PROBLEM. Prove Liouville's formula ∫=
trAdt

eWW 0   for the Wronskian determinant of the 

linear system xx )(tA=& . 

Liouville's theorem has many applications. 

PROBLEM. Show that in a hamiltonian system it is impossible to have asymptotically stable 

equilibrium positions and asymptotically stable limit cycles in the phase space. 

Liouville's theorem has particularly important applications in statistical mechanics. 

Liouville's theorem allows one to apply methods of ergodic theory to the study of mechanics. We 

consider only the simplest example: 

D Poincaré's recurrence theorem 

Let g be a volume-preserving continuous one-to-one mapping which maps a bounded region D of 
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euclidean space onto itself: gD = D. 

Then in any neighborhood U of any point of D there is a point Ux∈  which returns to U, 

i.e., Uxg n ∈  for some n > 0. 

This theorem applies, for 

example, to the phase flow 
tg  

of a two-dimensional system 

whose potential U ),( 21 xx  goes 

to infinity as ∞→),( 21 xx ; in 

this case the invariant bounded 

region in phase space is given 

by the condition (Figure 49)  

{ }EUTD ≤+= :qp, . 

Poincaré's theorem can be strengthened, showing that almost every moving point returns 

repeatedly to the vicinity of its initial position. This is one of the few general conclusions which 

can be drawn about the character of motion. The details of motion are not known at all, even in the 

case 

x
x

∂
∂

−=
U

&& ,  where ),( 21 xxx = . 

The following prediction is a paradoxical 

conclusion from the theorems of Poincaré and 

Liouville: if you open a partition separating a 

chamber containing gas and a chamber with a 

vacuum, then after a while the gas molecules 

will again collect in the first chamber (Figure 50).  

The resolution of the paradox lies in the fact that "a while" may be longer than the duration of 

the solar system's existence. 

PROOF OF POINCARE'S THEOREM. We consider the 

images of the neighborhood U (Figure 51):  

KK ,,,,, 2 UgUggUU n
 

All of these have the same volume. If they never intersected, D 

would have infinite volume. Therefore, for some 0≥k  and 

0≥l , with k > I, 

∅≠∩ lk gUg . 

Therefore, ∅≠∩− UUg k 1
. If y is in this intersection, then xgy n= , with Ux∈  n = k- 1). 

Then Ux∈  and Uxg n ∈  (n = k- /). 

E Applications of Poincaré's theorem 

EXAMPLE 1. Let D be a circle and g rotation through an angle α . If )/(2 nmπα = , then 
ng  
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is the identity, and the theorem is obvious. If α  is not 

commensurable with π2 , then Poincare's theorem gives 

δδ <−∃>∀ xxgn n:,0  (Figure 52). 

It easily follows that 

Theorem. If )/(2 nmπα ≠ , then the set of points xg k
 is 

dense on the circle (k = 1, 2,…). 

PROBLEM. Show that every orbit of motion in a central field with 
4rU =  is either closed or 

densely fills the ring between two circles. 

EXAMPLE 2. Let D be the two-dimensional torus and 1ϕ  and 2ϕ  angular coordinates on it 

(longitude and latitude) (Figure 53).  

Consider the system of ordinary differential equations on the 

torus 

11 αϕ =& ,  22 αϕ =& . 

Clearly, div f = 0 and the corresponding motion 

),(),(: 221121 ttg t αϕαϕϕϕ ++→  

preserves the volume 21 ϕϕ dd .  

From Poincaré's theorem it is easy to deduce 

Theorem. If 21 /αα   is irrational, then the "winding line" on the torus, ),( 21 ϕϕtg , is dense in 

the torus. 

PROBLEM. Show that if w is irrational, then the Lissajous figure (x = cos t,y =cos wt) is dense in 

the square 1≤x , 1≤y . 

EXAMPLE 3. Let D be the n-dimensional torus 
nT , i.e., the direct product of n circles: 

nTSSSD =×××= 111
L . 

A point on the n-dimensional torus is given by n angular coordinates ),,( 1 nϕϕϕ K= . Let 

),,( 1 nααα K= , and let 
tg  be the volume-preserving transformation 

nnt TTg →: ,  tα+→ϕϕ . 

PROBLEM. Under which conditions α  are the following sets dense: 

(a) the trajectory { }ϕtg ;  

(b) the trajectory { }ϕkg   

(t belongs to the group of real numbers R , k to the group of integers Z ). 

The transformations in Examples 1 to 3 are closely connected to mechanics. But since 

Poincaré's theorem is abstract, it also has applications unconnected with mechanics. 

EXAMPLE 4. Consider the first digits of the numbers K,4,2,1,5,2,1,6,3,1,8,4,2,1:2
n

 

PROBLEM. Does the digit 7 appear in this sequence? Which digit appears more often, 7 or 8? 

How many times more often? 

END OF CHAPTER 3. 


