
 

CHAPTER 6 RIGID BODIES 

In this chapter we study in detail some very special mechanical problems. These problems are traditionally 
included in a course on classical mechanics, first because they were solved by Euler and Lagrange, and also 
because we live in three-dimensional euclidean space, so that most of the mechanical systems with a finite 
number of degrees of freedom which we are likely to encounter consist of rigid bodies. 

 

26 Motion in a moving coordinate system 

In this paragraph we define angular velocity. 

A Moving coordinate systems 

We look at a lagrangian system described in coordinates  by the lagrangian function . It will often 

be useful to shift to a moving coordinate system 

tq,

),( tq

),,( tqqL 

QQ  . 

To write the equations of motion in a moving system, it is sufficient to express the lagrangian function in the 
new coordinates. 

Theorem. If the trajectory )(: tq    of Lagrange's equations qLdtqLd  //)/(   is written as 

)(: tQ    in the local coordinates  (where tQ, ),( tqQQ  ), then the function )(t  satisfies Lagrange's 

equations , where . Q /Q  /)/ LdtL (d ),,( tqqL ),,( tQQ L

PROOF. The trajectory   is an extremal: . Therefore,  and  


 0),( dttL qq,   


 0),( dttL QQ,  )(t  

satisfies Lagrange's equations. 

B Motions, rotations, and translational motions 

We consider, in particular, the important case where q is the cartesian radius vector of a point relative to an 
inertial coordinate system k (which we will call stationary), and Q is the cartesian radius vector of the same 
point relative to a moving coordinate system K. 

Definition. Let k and K be oriented 
euclidean spaces. A motion of K relative to 
k is a mapping smoothly depending on t: 

kKDt : , 

which preserves the metric and the 
orientation (Figure 103). 

Definition. A motion D, is called a rotation if it takes the origin of K to the origin of k, i.e., if  is a linear 

operator. 
tD

Theorem.  Every motion  can be uniquely written as the composition of a rotation  and a translation 

: 
tD kKBt :

kkCt :

ttt BCD   

where ,  . )(tCt rqq  ),( krq 

PROOF.  We set , . Then . 0r tDt )( ttt DCB 1 00 tB

 

Definition. A motion  is called translational if the mapping  corresponding to it does not tD kKBt :
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depend on , . BBBt t  0: )(tBDt rQQ 
 

We will call k a stationary coordinate system, K a moving one, and kt )(q  the radius-vector of a point moving 

relative to the stationary system; if 

(1)  )()( ttBt rQ )()( tDt tQq 

kt )(

 

(Figure 104),  is called the radius vector of the point relative to the moving system.  )(tQ

BtQ
 

Warning. The vector  should not be confused with KtQ )( .  T hey lie in different spaces! 

 

C Addition of velocities 

We will now express the "absolute velocity" q  in terms of the relative motion  and the motion of the 

coordinate system,  •  By differentiating with respect to t in formula (1) we find a formula for the addition 

of velocities 

 )(tQ

tD

kq 

kQB  

k r0 

0r

 

(2) . rQQq   BB

0B

rQq   B

0vvv 

In order to clarify the meaning of the three terms in (2), we consider the following special cases. 
 

The case of translational motion ( )  

In this case Equation (2) gives . In other words, we have shown 

 
Theorem. If the moving system K has a translational motion relative to k, then the absolute velocity is equal to the 

sum of the relative velocity and the velocity of the motion of the system K: 
 

(3)  , 

 

where 
 

v  is the absolute velocity, 

v  is the relative velocity (distinct from  !) KQ

v  is the velocity of motion of the moving coordinate system. 
 

D Angular velocity 
 

In the case of a rotation of K the relationship between the relative and absolute velocities is not so 

simple. We first consider the case when our point is at rest in K (i.e., ) and the coordinate  system K  

rotates  (i.e., ). In this case the motion of the point  is called a transferred rotation. 

0Q

)(tq
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EXAMPLE. Rotation with fixed angular velocity k . Let  be the rotation of the space k 

around  the -axis  through  the  angle 

kktU :)(

ω tω . Then )0()( BtU)(tB   is called a uniform rotation of K 

with angular velocityω . 

 

Clearly, the velocity of the transferred motion of the point q in this case is given by the formula (Figure 

105):  

 qω,q  . 

We now turn to the general case of a rotation of K ( ). 0,0  Qr 

Theorem. At every moment of time t, there is a vector kt )(ω  such 

that the transferred velocity is expressed by the formula 

(4) ,   qω,q  kq . 

 

The vector ω  is called the instantaneous angular velocity; clearly, it is 

defined uniquely by Equation (4). 

Corollary. Suppose that a rigid body K rotates around a stationary point 0 of the space k. Then at every 

moment of time there exists an instantaneous axis of rotation - the straight line in the body passing through 

0 such that the velocity of its points at the given moment of time is equal to zero. The velocity of the 

remaining points is perpendicular to this straight line and is proportional to the distance from it. 
 
The instantaneous axis of rotation in k is given by its vector ; in K the corresponding vector is 

denoted by ; 

ω

KB   ωΩ 1 Ω  is called the vector of angular velocity in the body. 

EXAMPLE. The angular velocity of the earth is directed from the center to the North Pole; its length is 

equal to . 151 sec103.7sec243600/2  
 

PROOF OF THE THEOREM.  By (2) we have 

Qq B 

q B

. 

Therefore, if we express  in terms of , we get , where  is a linear 

operator on k. 

Q q qq AB 1 kkBBA   :1

Lemma 1. The operator A is skew-symmetric: . 0 AAt

PROOF. Since  is an orthogonal operator from one euclidean space to another, its transpose is 

its inverse: . By differentiating the relationship 

kKB :

kB   :1 KBt EBBt   with respect to t, we get 

0 tt BBBB   

0)( 11   tBBBB   

 

Lemma 2. Every skew-symmetric operator A on a three-dimensional oriented euclidean space is the operator of 

vector multiplication by a fixed vector: 

 qω,q A  for all  3Rq

PROOF. The skew-symmetric operators from  to  form a linear space. Its dimension is 3, since a 

skew-symmetric 3x3 matrix is determined by its three elements below the diagonal. The operator of vector 

3R 3R
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multiplication  by   is linear and skew-symmetric. The operators of vector multiplication by all possible 

vectors   in three-space form a linear subspace of the space of all skew-symmetric operators. The dimension 

of this subspace is equal to 3. Therefore, the subspace of vector multiplications is the space of all 

skew-symmetric operators. 

CONCLUSION OF THE PROOF OF THE THEOREM. By Lemmas 1 and 2, 

 qω,qq  A  

In cartesian coordinates the operator A is given by an antisymmetric matrix; we denote its elements by 

:  3,2,1























0

0

0

12

13

23





A . 

In this notation the vector  will be an eigenvector with eigenvalue 0. By applying A to 

the vector , we obtain by a direct calculation 

33221 eeeω 1  

33eq221 ee1qq q

 qω,q A . 

 
E Transferred velocity 
 

The case of purely rotational motion 

Suppose now that the system K rotates (r = 0), and that a point in K is 
moving ( ). From (2) we find (Figure 106)  0Q

  vqω,QQq   BB . 

In other words, we have shown: 

 

Theorem. If a moving system K rotates relative to k0 , then the absolute velocity is equal to the 

sum of the relative velocity and the transferred velocity: 

nvvv  , 

where 

(5)  is the absolute velocity, kq v

v

vn

  is the relative velocity, B Q k

  is the transferred velocity of rotation.   kB  qω,Q

Finally, the general case can be reduced to the two cases above, if we consider an auxiliary system  

which moves by translation with respect to k and with respect to which K moves by rotating around 

.  From formula (2) one can see that 

1K

10 K

0n vvvv  , 

where 

v kq   is the absolute velocity, 

  is the relative velocity, kBv  Q
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  is the transferred velocity of rotation.   kBvn  rqω,Q

  is the velocity of motion of the moving coordinate system. k rv0 

PROBLEM. Show that the angular velocity of a rigid body does not depend on the choice of origin of the 

moving system K in the body. 

PROBLEM. Show that the most general movement of a rigid body is a helical movement, i.e., the 

composition of a rotation through angle   around some axis and a translation by h along it. 

PROBLEM. A watch lies on a table. Find the angular velocity of the hands of the watch: (a) relative to the earth, 

(b) relative to an inertial coordinate system. 

Hint. If we are fiven three coordinate system k, K1, and K2, then the angular velocity of K2 relative to k is 

equal to the sum of the angular volocities of K1 relative to k and of K2 relative to K1, since 

  tAAEtAEtAE )()2)(( 211 . 

 

27 Inertial forces and the Coriolis force 
 

The equations of motion in a non-inertial coordinate system differ from the equations of motion in an inertial system by additional 

terms called inertial forces. This allows us to detect experimentally the non-inertial nature of a system (for example, the rotation 

of the earth around its axis). 

 

A Coordinate systems moving by translation 

Theorem. In a coordinate system K which moves by translation relative to an inertial system k, the motion of a 

mechanical system takes place as if the coordinate system were inertial, but on every point of mass m an 

additional "inertial force" acted: , where  is the acceleration of the system K. rF m r

PROOF. If  , then . The effect of the translation of the coordinate system is 

reduced in this way to the appearance of an additional homogeneous force field - mW, where W is the 

acceleration of the origin. 

)(trqQ  rqQ  mmm 

EXAMPLE 1. At the moment of takeoff, a rocket has acceleration  directed 

upward (Figure 107). Thus, the coordinate system K connected to the rocket is 

not inertial. and an observer inside can detect the existence of a force field mW 

and measure the inertial force, for example, by means of weighted springs. In 

this case the inertial force is called overload. 

r

 

EXAMPLE 2. When jumping from a loft, a person has acceleration g, directed 

downwards. Thus, the sum of the inertial force and the force of gravity is equal to 

zero: weighted springs show that the weight of any object is equal to zero, so such a state is called 

weightlessness. In exactly the same way, weightlessness is observed in the free ballistic flight of a satellite since 

the force of inertia is opposite to the gravitational force of the earth. 

 

EXAMPLE 3. If the point of suspension of a pendulum moves with acceleration W(t), then the pendulum moves 
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as if the force of gravity g were variable and equal to g - W(t). 
 

B Rotating coordinate systems 

Let  be a rotation of the coordinate system K relative to the stationary coordinate system k. We 

will denote by  the radius vector of a moving point in the moving coordinate system, and by 

 the radius vector in the stationary system. The vector of angular velocity in the moving 

coordinate system is denoted, as in Section 26, by 

kKBt :

ktBt  )(Q

Kt )(Q

t)(q

Ω .   We assume that the motion of the point q in k is subject 

to Newton's equation . )( qq,f q m

 

Theorem. Motion in a rotating coordinate system takes place as if three additional inertial forces acted on 
every moving point  of mass m: Q

1. the inertial force of rotation:  Q,Ωm , 

2.  the Coriolis force:  QΩ, m2  

3. the centrifugal force: .   QΩ,Ω,m

Thus 

      QΩ,ΩQΩ,Q,ΩFQ ,2 mmmm    

where 

))(,()( QQQQ,F BBfB  . 

The first of the inertial forces is observed only in nonuniform rotation. The second and third are present 

even in uniform rotation. 

The centrifugal force (Figure 108) is always directed outward from 

the instantaneous axis of rotation Ω ;  it has magnitude r
2

Ω , 

where r is the distance to this axis. This force does not depend on 

the velocity of the relative motion, and acts even on a body at rest 

in the coordinate system K. 

The Coriolis force depends on the velocity . In the northern 

hemisphere of the earth it deflects every body moving along the earth to the right, and every falling body 

eastward. 

Q

PROOF OF THE THEOREM. We notice that for any vector KX  we have . In fact, by 

Section 26, . This is equal to 

 XΩ,X BB  
   XΩ,xω,X BBB   X

Q

Ω,B

q B

 since the operator  preserves the metric 

and orientation, and therefore the vector product. Since 

B

  we see that  )( QΩ,Qq  QQ   BBB .  

Differentiating once more, we obtain 
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     
    

      ),2(

))(,(

)()(

Q,ΩQΩ,ΩQΩ,Q

QΩ,Q,ΩQQΩ,QΩ

QΩ,Q,ΩQQΩ,Qq













B

B

BB

 



 

(We again used the relationship ; this time  XΩ,X BB   QΩ,QX   ) 

We will consider in more detail the effect of the earth's rotation on laboratory experiments. Since the 

earth rotates practically uniformly, we can take . The centrifugal force has its largest value at the 

equator, where it attains  the weight. Within the limits of a 

laboratory it changes little, so to observe it one must travel some distance. Thus, within the limits of a 

laboratory the rotation of the earth appears only in the form of the Coriolis force: in the coordinate system 

Q associated to the earth, we have, with good accuracy, 

0Ω

.9/104 6 1000/38.6)103.7(/ 252  g

 Ω,QgQ  mmm
dt

d
2  

(the centrifugal force is taken into account in g). 

EXAMPLE 1 A stone is thrown (without initial velocity) into a 250 m deep mine shaft at the latitude of 

Leningrad. How far does it deviate from the 

vertical? We solve the equation 

 Ω,QgQ    

by the following approach, taking 1 . We set 

(Figure 109)  

21 QQQ  , 

where  and .  For , we then get 0)0()0(  22 QQ 2/)0( 2
11 tgQQ  2Q

  )(,2 2
2 ΩΩgQ Ot  ,     ΩhΩgQ ,

3

2
,

3

3

2
tt

 ,  
2

2gt
h   

From this it is apparent that the stone lands about 

cmmh
t

4
2

1
107250

3

72
cos

3

2 5 


   

to the east. 

PROBLEM. By how much would the Coriolis force displace a missile fired vertically upwards at Leningrad 

from falling back onto its launching pad, if the missile rose 1 kilometer? 

 

EXAMPLE 2 (The Foucault pendulum). Consider small oscillations of an ideal pendulum, taking into 

account the Coriolis force. Let , , and  be the axes of a coordinate system associated to the earth, 

with  directed upwards, and  and  in the horizontal plane (Figure 110).  In the approximation 

xe

e

ye ze

ze x ye
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of small oscillations, 0z

ezym 2




z

z

x

y







2

2

 (in comparison with x  and ); therefore, the horizontal component of the 

Coriolis force will be . From this we get the equations of motion 

 y

yx ezxm 2

y

x










y

x







2

2

 

( 0sin z , where  is the latitude) 0

If we set wiyx  , then , 

, and the two equations reduce to 

one complex equation 

yixw  



e 2 2  zi

yixw  

02 2 wiw z  w . 

We solve it: , , t 2w  0 22   zii z  . But . Therefore, 22  z

22
z   )(O  2

z

ew 

, from which it follows, by disregarding , that 2
z



ti

i

ti

 iz   

or, to the same accuracy, 

)( 21
ti ececz  . 

For  we get the usual harmonic oscillations of a spherical pendulum. We see that the effect of the Coriolis 

force reduces to a rotation of the whole picture with angular velocity , where 

0z

z 0sin Ωz . 

In particular, if the initial conditions correspond to a planar motion ( 0)0()0(  yy  ), then the plane of 

oscillation will be rotating with angular velocity  with 

respect to the earth's coordinate system (Figure 111).  

z

At a pole, the plane of oscillation makes one turn in a 

twenty-four-hour day (and is fixed with respect to a coordinate 

system not rotating with the earth). At the latitude of Moscow (56 

deg) the plane of oscillation turns 0.83 of a rotation in a twenty-four-hour day, i.e., 12.5 deg in an hour. 

 

PROBLEM. A river flows with velocity 3 km/hr. For what radius of curvature of a river bend is the 

Coriolis force from the earth's rotation greater than the centrifugal force determined by the flow of the 

river? 

ANSWER. The radius of curvature must be least on the order of 10 km for a river of medium width. The 

solution of this problem explains why a large river in the northern hemisphere (for example, the Volga in 

the middle of its course), undermines the base of its right bank, while a river like the Moscow River, with 

its abrupt bends of small radius, undermines either the left or right  (whichever is outward from the bend) 

bank. 

 

28 Rigid bodies 



 

 

In this paragraph we define a rigid body and its inertia tensor, inertia ellipsoid, moments of inertia, and axes of inertia. 

 

A The configuration manifold of a rigid body 
 

Definition. A rigid body is a system of point masses, constrained by holonomic relations expressed by the fact that 

the distance between points is constant: 
 

(1)    constrij  ji xx . 

Theorem. The configuration manifold of a rigid body is a six-dimensional manifold, namely,  (the 

direct product of a three-dimensional space  and the group S0(3) of its rotations), as long as there are 

three points in the body not in a straight line. 

)3(3 SOR 
3R

 

PROOF. Let ,  , and  be three points of the 

body which do not lie in a straight line. Consider the 
right-handed orthonormal frame whose first vector is in 
the direction of , and whose second is on the  

side in the -plane (Figure 112). It follows 

from the conditions 

1x

x

1x 2x

2x

1x

3x

3x

2 3x

ijji r xx

1x

)3(3 SOR 

 , that the 

positions of all the points of the body are uniquely 
determined by the positions of ,  , and , which 

are given by the position of the frame. Finally, the space 

of frames in  is , since every frame is obtained from a fixed one by a rotation and a 

translation. 

)3,2,1( i

2x x3

3R

PROBLEM. Find the configuration space of a rigid body, all of whose points lie on a line. 

ANSWER. . 23 SR 

Definition. A rigid body with a fixed point 0 is a system of point masses constrained by the condition x 1 = 0 in 
addition to conditions (1). 

Clearly, its configuration manifold is the three-dimensional rotation group SO(3). 
 

B Conservation laws 

Consider the problem of the motion of a free rigid body under its own inertia, outside of any force field. For an 

(approximate) example we can use the rolling of a spaceship. The system admits all translational 

displacements: they do not change the lagrangian function. By Noether's theorem there exist three first integrals: 

the three components of the vector of momentum. Therefore, we have shown: 

Theorem. Under the free motion of a rigid body, its center of mass moves uniformly and linearly. 

Now we can look at an inertial coordinate system in which the center of inertia is stationary. Then we have: 

Corollary. A free rigid body rotates about its center of mass as if the center of mass were fixed at a stationary point  

0. 

In this way, the problem is reduced to the problem, with three degrees of freedom, of the motion of a rigid body 

around a fixed point 0. We will study this problem in more detail (not necessarily assuming that 0 is the center 
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of mass of the body). 

The lagrangian function admits all rotations around 0. By Noether's theorem there exist three 

corresponding first integrals: the three components of the vector of angular momentum. The total energy of the 

system, E=T, is also conserved (here it is equal to the kinetic energy). Therefore, we have shown: 

Theorem. In the problem of the motion of a rigid body around a stationary point 0, in the absence of outside forces, 

there are four first integrals: Mx, My, Mz, and E. 

 

From this theorem we can get qualitative conclusions about the motion without any calculation. 

The position and velocity of the body are determined by a point in the six-dimensional manifold TSO(3) - the 

tangent bundle of the configuration manifold SO(3). The first integrals Mx, My, Mz., and E are four functions 

on TSO(3). One can verify that in the general case (if the body does not have any particular symmetry) these four 

functions are independent. Therefore, the four equations 

1CM x ,  ,  ,   2CM y 3CM z 04  CE

define a two-dimensional submanifold  in the six-dimensional manifold TSO(3). cV

This manifold is invariant: if the initial conditions of motion give a point on , then for all time of the 

motion, the point in TSO(3) corresponding to the position and velocity of the body remains in . 

cV

cV

Therefore,  admits a tangent vector field (namely, the field of velocities of the motion on TSO(3)); for C4 

> 0 this field cannot have singular points. Furthermore, it is easy to verify that is compact (using E) and 

orientable (since TSO(3) is orientable). 

cV

In topology it is proved that the only connected orientable compact two-dimensional manifolds are the spheres 

with n handles,  (Figure 

113). Of these, only the torus (n = 1) 

admits a tangent vector field without 

singular points. Therefore, the 

invariant manifold  is a 

two-dimensional torus (or several tori). 

0n

cV

We will see later that one can choose angular coordinates  on this torus such that a motion 

represented by a point of is given by the equations , . 

)2(mod,, 21 

)(1 c 22  cV 1 )(c

In other words, a rotation of a rigid body is represented by the superposition of two periodic motions with 

(usually) different periods: if the frequencies  and  are non-commensurable, then the body never 

returns to its original state of motion. The magnitudes of the frequencies  and  depend on the initial 

conditions C. 

1 2

1 2

 

C The inertia operator 

We now go on to the quantitative theory and introduce the following notation. Let k be a stationary 
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coordinate system and K a coordinate system rotating together with the body around the point 0: in K the body 

is at rest. 
 

 

Every vector in K is carried over 

to k by an operator B. 

Corresponding vectors in K and k 

will be denoted by the same letter; 

capital for K and lower case for k. 

So, for example (Figure 114),  

kq  is the radius vector of a point in space; 

KQ  is its radius vector in the body, Qq B q = BQ; 

k qv   is the velocity vector of a point in space; 

KV  is the same vector in the body, Vv B ; 

k  is the angular velocity in space; 

KΩ  is the angular velocity in the body, Ωω B ; 

km  is the angular momentum in space; 

KM  is the angular momentum in the body, Mm B . 

Since the operator  preserves the metric and orientation, it preserves the scalar and vector products. kKB :

By definition of angular velocity (Section 26), 

 qω,v  . 

By definition of the angular momentum of a point of mass m with respect to O, 

    qω,qmvq,m ,m . 

Therefore, 

  QΩ,QM ,m . 

Hence, there is a linear operator transforming Ω  to : M

KKA : ,  MΩ A . 

This operator still depends on a point of the body (Q) and its mass (m). 

Lemma. The operatoe A is symmetric. 

PROOF. In view of the relation     ),,(),,( baccba   we have, for any X and Y in K, 

      ),,,(),,,(),( QXQYYQXQYX mmA  , 

and the last expression is symmetric in X and Y. 

By substituting the vector of angular velocity Ω  for X and Y and noticing that   222 vVQΩ,  , we 

obtain: 
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Corollary. The kinetic energy of a point of a body is a quadratic form with respect to the vector of angular 
velocity Ω , namely: 

)(
2

1
)(

2

1
ΩM,ΩΩ,  AT . 

The symmetric operator A is called the inertia operator (or tensor) of the point Q. If a body consists of many 
points  with masses , then by summing we obtain: iQ im

Theorem. The angular momentum M of a rigid body with respect to a stationary point 0 depends linearly on 
the angular velocity Ω , i.e., there exists a linear operator ,KKA : MΩ A . The operator A is 
symmetric. he kinetic energy of a body is a quadratic form with respect to the angular velocity Ω , 

)(
2

1
)(

2

1
ΩM,ΩΩ,  AT . 

PROOF. By definition, the angular momentum of a body is equal to the sum of the angular momenta of its 
points: 

  
i i

i AA ΩΩMM i ,  where 
i

iA . 

Since by the lemma the inertia operator Ai of every point is symmetric, the operator A is also symmetric. For 

kinetic energy we obtain, by definition, 

)(
2

1
)(

2

1
)(

2

1
ΩΩ,ΩM,Ω,M ATT

i i
ii   . 

D Principal axes 

Like every symmetric operator, A has three mutually orthogonal characteristic directions. Let 1 , 2 , a n d  
 be their unit vectors and I 1, I 2 , and I 3 their eigenvalues. In the basis ,  the inertia operator and 

the kinetic energy have a particularly simple form: 

e e
K3e ie
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iii IM  ,  )(
2

1 2
33

2
22

2
11  IIIT  

The axes  are called the principal axes of the body at the point 0. ie

Finally, if the numbers I 1, I 2 , and I 3 are not all different, then the axes  are not uniquely defined. We will 

further clarify the meaning of the eigenvalues I 1, I 2 , and I 3 .  

ie

Theorem. For a rotation of a rigid body fixed at a point 

0,with angular velocity eΩ  ( Ω )  around the  

axis, the kinetic energy is equal to 

e

2

2

1 eIT  ,  where  
i

iie rmI 2

and  is the distance of the i-th point to the  axis 

(Figure 115).  
ir e

PROOF. By definition  221 iimT v ; but ii rΩv  , so   2221  iirmT . 

The number  depends on the direction e of the axis of rotation eI Ω  in the body. 

Definition.  is called the moment of inertia of the body with respect to the e axis: eI


i

iie rmI 2 .  



 

By comparing the two expressions for T we obtain: 

Corollary. The eigenvalues  of the inertia operator A are the moments of inertia of the body with respect to the 

principal axes .  

iI

ie

 
E The inertia ellipsoid 

In order to study the dependence of the moment of inertia  upon the direction of the axis e in a body, we 

consider the vectors 

eI

eI/e , where the unit vector e runs over the unit sphere. 

 

Theorem. The vectors eI/e  form an ellipsoid in K. 

PROOF. If eI/eΩ  , then the quadratic form )(
2

1
ΩΩ,AT   is 

equal to 1/2. Therefore,  Ω  is the level set of a positive definite 

quadratic form, i.e., an ellipsoid. 

One could say that this ellipsoid consists of those angular velocity vectors 
Ω  whose kinetic energy is equal to 1/2. 

Definition. The ellipsoid  1),(: ΩΩΩ A  is called the inertia ellipsoid 

of the body at the point 0 (Figure 116).  

In terms of the principal axes , the equation of the inertia ellipsoid has the form ie

12
33

2
22

2
11   III  

Therefore  the principal axes of the inertia ellipsoid are directed along the principal axes of the inertia tensor, 

and their lengths are inversely proportional to eI .  

Remark. If a body is stretched out along some axis, then the moment of inertia with respect to this axis is 

small, and consequently, the inertia ellipsoid is also stretched out along this axis; thus, the inertia ellipsoid 

may resemble the shape of the body. If a body has an axis of symmetry of order k passing through 0 (so that it 

coincides with itself after rotation by k/2  around the axis), then the inertia ellipsoid also has the same 

symmetry with respect to this axis. But a triaxial ellipsoid does not have axes of symmetry of order k > 2. 

Therefore, every axis of symmetry of a body of order k > 2 is an axis of rotation of the inertia ellipsoid and, 

therefore, a principal axis. 

EXAMPLE. The inertia ellipsoid of three points of mass m at the 

vertices of an equilateral triangle with center 0 is an ellipsoid of 

revolution around an axis normal to the plane of the triangle 

(Figure 117).  

If there are several such axes, then the inertia ellipsoid is a sphere, and any axis is principal. 

PROBLEM. Draw the line through the center of a cube such that the sum of the squares of its distances from 

the vertices of the cube is: (a) largest, (b) smallest. 
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We now remark that the inertia ellipsoid (or the inertia operator or the moments of inertia I 1, I2 , and I3) 



 

completely determines the rotational characteristics of our body: if we consider two bodies with identical 

inertia ellipsoids, then for identical initial conditions they will move identically (since they have the same 

lagrangian function L = T). 

Therefore, from the point of view of the dynamics of rotation around 0, the space of all rigid bodies is 

three-dimensional, however many points com- pose the body. 

We can even consider the "solid rigid body of density )(Q ," having in mind the limit as 0Q  of the 

sequence of bodies with a finite number of points  with masses  (Figure 118) or, what 

amounts to the same thing, any body with moments of inertia 

iQ ii QQ  )(

 QQQ drIe )()( 2 , 

where r is the distance from  to the e axis. Q

EXAMPLE. Find the principal axes and moments of inertia of the 

uniform planar plate ax  , by  ,  with respect to 0. 0z

Solution. Since the plate has three planes of symmetry, the 

inertia ellipsoid has the same planes of symmetry and, therefore, principal axes x, y, and z. Furthermore, 


3

2
2 ma

dxdyxI b
b

a
ay   

 

In the same way 

3

2mb
Ix 

 

Clearly, . yxz III 

PROBLEM. Show that the moments of inertia of any body satisfy the triangle inequalities 

123 III  ,  , and , 312 III  321 III 

and that equality holds only for a planar body. 

PROBLEM. Find the axes and moments of inertia of a homogeneous ellipsoid of mass m with semiaxes a, b, 

and c relative to the center 0. 

Hint. First look at the sphere. 

PROBLEM. Prove Steiner's theorem: The moments of inertia of any rigid body relative to two parallel axes, 

one of which passes through the center of mass, are related by the equation 

2
0 mrII  , 

where m is the mass of the body, r is the distance between the axes, and I0 is the moment of inertia relative 

to the axis passing through the center of mass. 

Thus the moment of inertia relative to an axis passing through the center of mass is less than the moment of 

inertia relative to any parallel axis. 

PROBLEM. Find the principal axes and moments of 

inertia of a uniform tetrahedron relative to its vertices. 

PROBLEM. Draw the angular momentum vector M 

for a body with a given inertia ellipsoid rotating 
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with a given angular velocity Ω . 

ANSWER. M is in the direction normal to the inertia ellipsoid at a point on the Ω  axis (Figure 119)  

 

PROBLEM. A piece is cut off a rigid body fixed at 

the stationary point 0. How are the principal moments 

of inertia changed? (Figure 120).  

ANSWER. All three principal moments are decreased. 

Hint. Cf. Section 24. 

PROBLEM. A small mass   is added to a rigid body with moments of inertia  at the point 

. Find the change in I 1 and  with error O( ). 

321 III 

31 eeeQ 3221 xxx  1e 2

Solution. The center of mass is displaced by a distance of order  . Therefore, the moments of inertia of the old 
body with respect to the parallel axes passing through the old and new centers of mass differ in magnitude of 

order . At the same time, the addition of mass changes the moment of inertia relative to any fixed axis by 

order 

2
 .Therefore, we can disregard the displacement of the center of mass for calculations with error O( ). 

Thus, after addition of a small mass the kinetic energy takes the form 

2

  )(,
2

1 22
0  OQTT  , 

where )(
2

1 2
33

2
33

2
110  IIIT   is the kinetic energy of the original body. We look for the eigenvalue 

 and eigenvector  of the inertia operator in the form of a Taylor series in )(1 I )(1e  . By equating 

coefficients of   in the relation , we find that, within error O( ); )()()()( 1  11 ee IA  2

)()( 2
3

2
211 xxII   , and 














 3
13

31
2

12

21
11 )( eeee

II

xx

II

xx . 

From the formula for  it is clear that the change in the principal moments of inertia (to the first 

approximation in 

)(1 I

 ) is as if neither the center of mass nor the principal axes changed. The formula for  

demonstrates how the directions of the principal axes change: the largest principal axis of the inertia ellipsoid 

approaches the added point, and the smallest recedes from it. Furthermore, the addition of a small mass on one 

of the principal planes of the inertia ellipsoid rotates the two axes lying in this plane and does not change the 

direction of the third axis. The appearance of the differences of moments of inertia in the denominator is 

connected with the fact that the major axes of an ellipsoid of revolution are not defined. If the inertia ellipsoid 

is nearly an ellipsoid of revolution (i.e., ) then the addition of a small mass could strongly turn the axes  

and  in the plane spanned by them. 

)(1 e

1e21 II 

2e

 

29 Euler's equations. Poinsot's description of the motion 

Here we study the motion of a rigid body around a stationary point in the absence of outside forces and the similar motion of a free rigid body. 

The motion turns out to have two frequencies. 
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A Euler's equations 

Consider the motion of a rigid body around a stationary point O . Let M be the angular momentum 

vector of the body relative to 0 in the body, Ω  the angular velocity vector in the body, and A the inertia 

operator ( MΩ A ); the vectors Ω  and M belong to the moving coordinate system K (Section 26). The 

angular momentum vector of the body relative to O in space, Mm B , is preserved under the motion 

(Section 28B). Therefore, the vector M in the body ( KM ) must move so that  does not change 

when t changes. 

)(tBt Mm 

Theorem. 

(1)     ΩM,
M


dt

d
. 

PROOF. We apply formula (5), Section 26 for the velocity of the motion of the "point" Kt )(M  with 

respect to the stationary space k. We get 

   )( MΩ,Mmω,Mm   BB . 

But since the angular momentum m with respect to the space is preserved ( 0m ), 

  0 MΩ,M . 

Relation (1) is called the Euler equations. Since ΩM A ,  (1) can be viewed as a differential equation 
for M (or for Ω ). If 

31 eeeΩ 3221    and  31 eeeM 3221 MMM 

are the decompositions of Ω  and M with respect to the principal axes at O, then and (1) 

becomes the system of three equations 
iii IM 

(2)  321
1 MMa

dt

dM
 ,  132

2 MMa
dt

dM
 ,  213

3 MMa
dt

dM
 , 

where , , and , or, in the form of a system of three 

equations for the three components of the angular velocity, 
32321 /)( IIIIa  13132 /)( IIIIa  21213 /)( IIIIa 

3232
1

1 )( 
II

dt

d
I  , 

1313
2

2 )( 
II

dt

d
I  , 

1121
3

3 )( 
II

dt

d
I  . 

Remark. Suppose that outside forces act on the body, the sum of whose moments with respect to O is equal 

to n in the stationary coordinate system and N in the moving system (n = BN). Then 

nm   
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and the Euler equations take the form 

  NΩM,
M


dt

d
. 

B Solutions of the Euler equations 

Lemma. The Euler equations (2) have two quadratic first integrals 

3

2
3

2

2
2

1

2
12

I

M

I

M

I

M
E  , and . 2

3
2
2

2
1

2 MMMM 

PROOF. E is preserved by the law of conservation of energy, and M2 by the law of conservation of angular 

momentum m, since . 222 M Mm

Thus, M lies in the intersection of an 

ellipsoid and a sphere. In order to study the 

structure of the curves of intersection we 

will fix the ellipsoid E > 0 and change the 

radius M of the sphere (Figure 121).  

We assume that I 1 > I2 > I3 . The 

semiaxes of the ellipsoid will be 

321 222 EIEIEI  . If the radius M of the sphere is less than the smallest semiaxes or larger than the 

largest ( 32EIM   or 12EIM  ), then the intersection is empty, and no actual motion corresponds to 

such values of E and M. If the radius of the sphere is equal to the smallest semiaxes, then the intersection 

consists of two points. Increasing the radius, so that 23 22 EIMEI  , we get two curves around the 

ends of the smallest semiaxes. In exactly the same way, if the radius of the sphere is equal to the largest 

semiaxes we get their ends, and if it is a little smaller we get two closed curves close to the ends of the largest 

semiaxes. Finally, if 22EIM  , the intersection consists of two circles. Each of the six ends of the semiaxes 

of the ellipsoid is a separate trajectory of the Euler equations (2) - a stationary position of the vector M. It 

corresponds to a fixed value of the vector of angular velocity directed along one of the principal axes ;  

during such a motion, 

ie

Ω  remains collinear with M. Therefore, the vector of angular velocity retains its 

position  in  space collinear with m: the body simply rotates with fixed angular velocity around the 

principal axis of inertia , which is stationary in space. 

ω

ie

Definition. A motion of a body, under which its angular velocity remains constant ( , constω constΩ ) is 

called a stationary rotation. 

We have proved: 

Theorem. A rigid body fixed at a point 0 admits a stationary rotation around any of the three principal axes e1, 
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e2 , and e3 . 

If, as we assumed, / 1 > / 2 > / 3 , then the right-hand side of the Euler equations does not become 0 

anywhere else, i.e., there are no other stationary rotations. 

We will now investigate the stability (in the sense of Liapunov) of solutions to the Euler equations. 

Theorem. The stationary solutions M=M1e1 and M=M3 e3 of the Euler equations corresponding to 

the largest and smallest principal axes are stable, while the solution corresponding to the middle axis 

(M= M2 e2) is unstable. 

PROOF. For a small deviation of the initial condition from M1e1 or M3 e3 , the trajectory will be a 

small closed curve, while for a small deviation from M 2 e2  it will be a large one. 

PROBLEM. Are stationary rotations of the body around the largest and smallest principal axes Liapunov stable? 

ANSWER. No. 

 

C Poinsot's description of the motion 

It is easy to visualize the motion of the angular momentum and angular velocity vectors in a body 

(M and Ω ) - they are periodic if iEIM 2 . 

In order to see how a body rotates in space, we look at its inertia ellipsoid. 

  KAE  1),(: ΩΩΩ , 

where  is the symmetric operator of inertia of the body fixed at O . MΩ:A

At every moment of time the ellipsoid E occupies a position  in the stationary space k. EBt

Theorem (Poinsot). The inertia ellipsoid rolls without slipping along a stationary plane perpendicular to the 

angular momentum vector m (Figure 122).  

PROOF. Consider a plane   perpendicular to 

the momentum vector m and tangent to the 

inertia ellipsoid . There are two such 

planes, and at the point of tangency the normal 

to the ellipsoid is parallel to m. 

EBt

But the inertia ellipsoid E has normal 

 at the point MΩΩΩ 22),(  AAgrad Ω . 

Therefore, at the points T2/ω

EBt

  of the  

axis, the normal to  is collinear with m. 

ω

So the plane   is tangent to  at the points EBt   on the instantaneous axis of rotation. But the 
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scalar product of   with the stationary vector m is equal to TT 2)(2/1(  ωm, ,  and is 

therefore constant. So the distance of the plane   from O does not change, i.e.,   is stationary. 

Since the point of tangency lies on the instantaneous axis of rotation, its velocity is equal to zero. This 

implies that the ellipsoid  rolls without slipping along EBt  . ( The plane   is sometimes called the 

invariable plane.) 

Corollary. Under initial conditions close to a stationary rotation around the large (or small) axis of inertia, 

the angular velocity always remains close to its initial position, not only in the body Ω  but also in 

space . ω

We now consider the trajectory of the point of tangency in the stationary plane  . When the point of tangency 

makes an entire revolution on the ellipsoid, the initial conditions are repeated except that the body has 

turned through some angle   around the m axis. The second revolution will be exactly like the first; if 

)/(2 qp  , the motion is completely 

periodic; if the angle is not commensurable 

with 2 , the body will never return to its 

initial state. 

In this case the trajectory of the point of 

tangency is dense in an annulus with center 0' 

in the plane (Figure 123).  

PROBLEM. Show that the connected components of the invariant two- dimensional manifold (Section 28B) 

in the six-dimensional space TS0(3) are tori, and that one can choose coordinates  and 

cV

1 2 2mod  on 

them so that  and . )(1 c

tB

1   )(22 c 

Hint. Take the phase of the periodic variation of M as . 1

We now look at the important special case when the inertia ellipsoid is an ellipsoid of revolution: 

12 II 3I

1e

. 

In this case the axis of the ellipsoid  the 

instantaneous axis of rotation , and the vector m always 

lie in one plane. The angles between them and the length 

of the vector  are preserved; the axes of rotation 

(  ) and symmetry (  ) sweep out cones around the 

angular momentum vector m with the same angular velocity 

(Figure 124).  This motion around m is called precession. 

1etB

ω

ω

ω 1e

PROBLEM. Find the angular velocity of precession. 

ANSWER. Decompose the angular velocity vector  into components in the directions of the angular 

momentum vector m and the axis of the body . The first component gives the angular velocity of precession, 

ω

tB
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Hint. Represent the motion of the body as the product of a rotation around the axis of momentum and a 

subsequent rotation around the axis of the body. The sum of the angular velocity vectors of these rotations is 

equal to the angular velocity vector of the product. 

Remark. In the absence of outside forces, a rigid body fixed at a point 0 is represented by a lagrangian system 

whose configuration space is a group, namely SO(3), and the lagrangian function is invariant under left 

translations. One can show that a significant part of Euler's theory of rigid body motion uses only this property 

and therefore holds for an arbitrary left-invariant lagrangian system on an arbitrary Lie group. In particular, by 

applying this theory to the group of volume-preserving diffeomorphisms of a domain Din a riemannian 

manifold, one can obtain the basic theorems of the hydrodynamics of an ideal fluid. (See Appendix 2.) 

 

30 Lagrange's top 
We consider here the motion of an axially symmetric rigid body fixed at a stationary point in a uniform force field. This motion is 

composed of three periodic processes: rotation, precession, and nutation. 

 

A Euler angles 

Consider a rigid body fixed at a stationary point O and subject to 

the action of the gravitational force mg. The problem of the motion 

of such a "heavy rigid body" has not yet been solved in the general 

case and in some sense is unsolvable. 

In this problem with three degrees of freedom, only two first 

integrals are known: the total energy E=T+U, and the projection 

Mz of the angular momentum on the vertical. There is an 

important special case in which the problem can be completely solved-the case of a symmetric top. A 

symmetric or lagrangian top is a rigid body fixed at a stationary point O whose inertia ellipsoid at O is an 

ellipsoid of revolution and whose center of gravity lies on the axis of symmetry e3 (Figure 125). In this case, a 

rotation around the e3 axis does not change the 

lagrangian function, and by Noether's theorem there 

must exist a first integral in addition to E and Mz (as 

we will see, it turns out to be the projection M 3 of the 

angular momentum vector on the e3 axis). 

If we can introduce three coordinates so that the angles 

of rotation around the z axis and around the axis of 

the top are among them, then these coordinates will 

be cyclic, and the problem with three degrees of 

freedom will reduce to a problem with one degree of 

freedom (for the third coordinate). 

Such a choice of coordinates on the configuration space SO(3) is possible; these coordinates  ,,  are called the 
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Euler angles and form a local coordinate system in SO(3) similar to geographical coordinates on the sphere: they 

exclude the poles and are multiple-valued on one meridian. 

We introduce the following notation (Figure 126):  

zyx e,e,e : the unit vectors of a right-handed cartesian stationary coordinate system at the stationary 

point O ; 

321 e,e,e : the unit vectors of a right moving coordinate system connected to the body, directed 

along the principal axes at O; 

132 III  : are the moments of inertia of the body at O; 
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Ne : the unit vector of the axis ,  called the "line of nodes" (all vectors are in the "stationary 

space" k ). 

 3z e,e

In order to carry the stationary frame  into the moving frame , we must perform 

three rotations: 

)( zyx e,e,e )( 321 e,e,e

1. Through an angle   around the  axis. Under this rotation,  remains fixed, and  goes to . ze ze xe Ne

2. Through an angle  around the  axis. Under this rotation,  goes to , and  remains fixed. Ne ze 3e Ne

3. Through an angle   around the  axis. Under this rotation,  goes to , and  stays fixed. 3e Ne 1e 3e

After all three rotations,  has gone to  and  to , therefore,  goes to  xe 1e ze 3e ye 2e

The angles  ,    and   are called the Euler angles. It is easy to prove: 

Theorem. To every triple of numbers  ,,  the construction above associates a rotation of three-dimensional 

space, )3(),,( SOB  , taking the frame  into the frame . In addition, the mapping )zyx e,e,(e )( 321 e,e,e

),,(),,(  B  gives local coordinates 

 20  ,   20  ,   0  

on SO(3), the configuration space of the top. Like geographical longitude,   and   can be considered as angles 

2mod ; for 0  or    the map B),,(   has a pole-type singularity. 

 

B Calculation of the lagrang ian function 

We will express the lagrangian function in terms of the coordinates  ,, and their derivatives. 

The potential energy, clearly, is equal to 

cos0 mglmgzzgdmU    



 

where z 0 is the height of the center of gravity above 0 (Figure 125). 

We now calculate the kinetic energy. A small trick is useful here: we consider the particular case when 

0 . 

Lemma. The angular velocity of a top is expressed in terms of the derivatives of the Euler angles by the formula 

321 eee )cos()sin(     

if 0 . 

PROOF. We look at the velocity of a point of the top occupying the position rat time t. After time dt this point 

takes the position (within (dt)2) 

r),,(),,( 1   BdddB  

where dtd   ,  and dtd   dtd   . 

Consequently, to the same accuracy the displacement vector is the sum of the three terms 

 dtBdB r,ωrr    ),,(),,( 1  

 dtBdB r,ωrr    ),,(),,( 1 , 

 dtBdB r,ωrr    ),,(),,( 1  

(the angular  velocities , , and  are defined by these formulas). ω ω ω

Therefore, the velocity of the point r is  r,ωωωv ψθ   , so the angular velocity of the body is 

ψθ ωωωω    

where the terms are defined by the formulas above. 

It remains to decompose the vectors , , and  with respect to ,  , and . We have not 

yet used the fact that 

ω ω ω 1e 2e 3e

0 . If 0 , then 

),,(),,( 1   BdB  

is simply a rotation around the axis  through an angle ze d , so 

ze ω  

Furthermore,  is simply a rotation around the axis  through an 

angled 

),,(),,( 1   BdB 1exN  ee

d  in the case 0 , so 

1e
ω . 

Finally,  is a rotation through an angle ),,(),,( 1   BdB d  around the axis  , so 3e
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3e ω . 

In short, for 0  we have 

31 eeez     

But, clearly, for 0  

 sincos 23z eee   

So the components of the angular velocity along the principal axes , , and  are 1e 2e 3e

 1 ,  ,  .  sin2   cos3  

Since , the kinetic energy for )(2/1 2
33

2
22

2
11  IIIT  0  is given by the formula 

232221 )cos(
2

)sin(
2

  
II

T . 

But the kinetic energy cannot depend on   and  : these are cyclic coordinates, and by a choice of origin of 

reference for   and   which does not change T we can always make 0  and 0 . Thus the 

formula we got for the kinetic energy is true for all   and  . 

In this way we obtain the lagrangian function 

 cos)cos(
2

)sin(
2

232221 mgl
II

L   . 

 

C Investigation of the motion 

To the cyclic coordinates   and   there correspond the first integrals 




cos)cossin( 3
2

3
2

1 IIIM
L

z 






, 

333 cos IIM
L 









. 

Theorem. The inclination   of the axis of the top to the vertical changes with time in the same way as in 

the one-dimensional system with energy 

)(
2

21  effU
I

E   , 

where the effective potential energy is given by the formula 





cos
sin2

)cos(
2

1

2
3 mgl

I

MM
U z

eff 


 . 

PROOF. Following the general theory, we express   and   in terms of  and . We get the 

total energy of the system as 

3M zM




2
1

2
3

3

2
321

sin2

)cos(
cos

22 I

MM
mgl

I

MI
E z   
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


2
1

3

sin

cos

I

MM z  . 

The number , independent EEIM 3
2
3 2/   , does not affect the equation for  . 

In order to study the one-dimensional system above it is convenient to make the substitution 

ucos , . 11  u

We also write 

a
I

M z 
1

, b
I

M


1

3 , 


1

2

I

E
. 

Then we can rewrote the law of conservation of energy E  as 

)(2 ufu  , 

where , and the law of variation of the azimuth 22 )()1)(()( buauuuf     as 

21 u

bua




 . 

We notice that  is a polynomial of degree 3, 

, and  if 

)(uf

(f)(f 0)()1  ba  ba  . On 

the other hand, actual motions correspond to constants 

,,ba  and   for which   f or some 

.  Thus  has exactly two real roots  

and   on the interval  (and one for u > 1, 

Figure 127). Therefore, the  inclination 

0)(uf

11  u

11  u

2u

)(uf 1u

  of the axis of the top changes periodically between two limit 

values  and  (Figure 128). This periodic change in inclination is called nutation. 1 2

We now consider the motion of the azimuth of the axis of the top. The point of intersection of the axis with 

the unit sphere moves in the ring between the parallels  and . The variation of the azimuth of the axis is 

determined by the equation 

1 2
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21 u

bua




 . 

If the root u' of the equation a= bu lies outside of , then the angle ),( 21 uu   varies monotonically and the 

axis traces a curve like a sinusoid on the unit sphere (Figure l28(a)). If the root  u'  of the equation a = 

bu lies inside ,  then the rate of change of ),( 21 uu   is in opposite directions on the parallels  and  

,and the axis traces a looping curve in the sphere (Figure 128(b)). 

1 2

If the root u' of a = bu lies on the boundary (e.g., u' = u 2), then the axis traces a curve with cusps (Figure 

128(c)). 

The last case, although exceptional, is observed every time we release the axis of a top launched at 

inclination  without initial velocity; the top first falls, but then rises again. 2

The azimuthal motion of the top is called precession. The complete motion of the top consists of rotation 

around its own axis, nutation, and precession. Each of the three motions has its own frequency. If he 

frequencies are incommensurable, the top never returns to its initial position, although it approaches it 

arbitrarily closely. 

31 Seeping tops and fast tops 
 

The formulas obtained in Section 30 reduce the solution of the equations of motion of a top to elliptic integrals. However, qualitative 

information about the motion is usually easy to obtain without turning to quadrature. In this paragraph we investigate the stability of a 

vertical top and give approximate formulas for the motion of a rapidly spinning top. 

 

A  Sleeping tops 
 

We consider first the particular solution of the equations of motion in which the axis of the top is 

always vertical ( 0 ) and the angular velocity is constant (a "sleeping" top). In this case, clearly, 

 (Figure 129).  333 IMM z 

We will look at the motion of the axis of the top, and not of the top itself. Will 

the axis of the top stably remain close to the vertical, i.e., will   remain 

small? Expressing the effective potential energy of the system 





cos
sin2

)cos(
2

1

2
3 mgl

I

MM
U z

eff 


  

as a power series in  ,  we find 

  2
2

2
1

42
3

2
3

22

)4/( 



ACmgl
I

I
Ueff , 

28 1

2
3

2
3 mgl

I

I
A 


. 

If A > 0, the equilibrium position 0  of the one-dimensional system is stable, and if A < 0 it is 
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unstable. Thus, the condition for stability has the form 

2
3

12
3

4

I

mglI
 . 

When friction reduces the velocity of a sleeping top to below this limit, the top wakes up. 

 
PROBLEM.  Show that, for ,  the axis of a sleeping top is stable with respect to 

perturbations which change the values of , and , as well as 

2
31

2
3 /4 ImglI

zM 3M  . 

 

B Fast tops 
 

A top is called fast if the kinetic energy of its rotation is large in comparison with its potential energy: 

mglI 2
332

1   

It is clear from a similarity argument that multiplying the angular velocity by N is exactly equivalent to 

dividing the weight by N 2 .  

Theorem. If, while the initial position of a top is preserved, the angular velocity is multiplied by N, then the 

trajectory of the top will be exactly the same as if the angular velocity remained as it was and the 

acceleration of gravity g were divided by N 2 . In the case of large angular velocity the trajectory clearly 

goes N times faster. 

In this way we can study the case  and apply the results to study the case 0g  .  

To begin, we consider the case , i.e., the motion of a symmetric top in the absence of gravity. We 

compare two descriptions of this motion: Lagrange's (Section 30C) and Poinsot's (Section 29C). 

0g

We first consider Lagrange's equation for the variation of the angle of inclination   of the top's axis. 

Lemma. In the absence of gravity, the angle  satisfying  is a stable equilibrium 

position of the equation of motion of the top's axis. The frequency of small oscillations of 

0 03 cosMM z 

  near this 

equilibrium position is equal to 

1

33

I

I
nut

  . 

PROOF.  In the absence of gravity the effective potential energy reduces to 




2
1

2
3

sin2

)cos(

I

MM
U z

eff


  

This nonnegative function has the minimum value of zero 

for the angle  determined by the condition 

 (Figure 130). Thus, the angle of 

0 

03 cosMM z 
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inclination  of the top's axis to the vertical is stably stationary: for small deviations of the initial angle 0

  from , there will be periodic oscillations of 0   near    (nutation). The frequency of these 

oscillations is easily determined by the following general formula: the frequency 

0

  of small 

oscillations in a one-dimensional system with energy 

)(
2

2

xU
xa

E 


,   )min)0 xx  (U(U

is given (Section 22D) by the formula 
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1 

a

U (x )02 
 . 

The energy of the one-dimensional system describing oscillations of the inclination of the top's axis is 

I 21

2
  effU

0 For  we find  x )(sincos((coscos 2
03033 xOxMMMM z   ))x0







2
12I

z 
2

32
2

1

2
3

sin

)cos(
)

sin2

)cos( MM

I

MM
U z

eff 


 (xo , 

from which we obtain the expression for the frequency of nutation 

1

3

I

I 3
nut

  . 

From the formula  it is clear that, for  , the azimuth of the axis 

does not change with time: the axis is stationary. The azimuthal motion of the axis under small 

deviations of 

 2
13 sin/)cos( IMM z  0 

  from  could also be studied with the help of this formula, but we will deal with it 

differently. 

0

The motion of a top in the absence of 

gravity can be considered in Poinsot's 

description. Then the axis of the top rotates 

uniformly around the angular momentum 

vector, preserving its position in space. 

Thus, the axis of the top describes a circle 

on the sphere whose center corresponds to 

the angular momentum vector (Figure 131).  

Remark. Now the motion of the top's axis, which according to Lagrange was called nutation, is called 

precession in Poinsot's description of motion. 

This means that the formula obtained above for the frequency of a small nutation,   agrees 

with the formula for the frequency of precession  in Poinsot's description:  when the amplitude of 

13Inut   3 / I

1I /M



 

nutation approaches zero, . MI 33
 

C  A top in a weak field 

We go now to the case when the force of gravity is not absent, but is very small (the values of Mz and M 3 

are fixed). In this case a term cosmgl , small together with its derivatives, is added to the effective potential 

energy. We will show that this term slightly changes the frequency of nutation. 
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Lemma. Suppose that the function f(x) has a minimum at x  = 0 and Taylor expansion ,  

. Suppose that the function h(x) has Taylor expansion 

 2/)( 2Axxf

0A  CxBxh )( .  Then, for sufficiently small 

 , the function has a  

minimum at the point (Figure 132)  

)(xhfc )()( xfx 

 

9

)( 2
 A

C
x  O

)

CAx  

)

)( 0U 

, 

which is close to zero. In 

addition, . ()(  OAxf 

PROOF. We have , and the result is obtained by applying the implicit 

function theorem to .    

)()()( 2 xOxOcf  

(xf

By the lemma, the effective potential energy for small g has a minimum  close to , and at this point 

  differs slightly from . Therefore, the frequency of a small nutation near   is close to that 

obtained for g = 0: 

g 0

0U 

3
1

3

0
lim 

I

I
nut

g



. 

 

D A rapidly thrown top 

We now consider the special initial conditions when we release the axis of the top without an initial 

push from a position with inclination  to the vertical. 0

Theorem. If the axis of the top is stationary at the initial moment ( ) and the top is rotating 

rapidly around its axis ( ), which is inclined from the vertical with angle  ( ), 

then asymptotically, as , 

0 

3

3

0 03 cosMM z 



1. the nutation frequency is proportional to the angular velocity; 

2. the amplitude of nutation is inversely proportional to the square of the angular velocity; 

3. the frequency of precession is inversely proportional to the angular velocity; 

4. the following asymptotic formulas hold (as ): 3

3
1

3 
I

I
nut  ,  02

3
2
3

1 sin
I

mglI
anut  ,  

33


I

mgl
prec   



 

(here  if ). )()( 33  gf  1)/(lim
3




gf


For the proof, we look at the case when the initial angular velocity is fixed, but g . Then by 

interpreting the formulas with the aid of a similarity argument (cf. Section B), we obtain the theorem. 

We already know from Section 30C that under our initial conditions the axis of the top traces a curve with cusps 

on the sphere. 

We apply the lemma to locate the minimum point  of the 

effective potential energy. We set (Figure 133)  

g

x 0 ,  .  00 sincoscos  x

Then we obtain, as above, the Taylor expansion in x  at : 0




2

1

2
3

2
3

0 2
x

I

I
U

geff


,  .  00 sincoscos  xmglmglmgl

Applying the lemma to 
0


geffUf , g , , we find that the minimum of the effective 

potential energy  is attained at angle of inclination: 

)cos( 0 xmlh  

effU

gg x 0 ,  )(
sin 2

2
3

2
3

01 gOg
I

mlI
xg 




. 

Thus the inclination   of the top's axis will oscillate near 

(Figure 134). But, at the initial moment,   and . 

This means that  corresponds to the highest position of the axis 

of the top. Thus, for small g, the amplitude of nutation is 

asymptotically equal to 

g 0  0

0

g
I

mlI
xa gnut 2

3
2
3

01 sin




   ( ). 0g

We now find the precession at motion of the axis. From the general formula 




2
1

3
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I

MM z   

for   and , we find that , so 03 cosMM z  x 0  033 sincos  xMMM z

 
xI
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3
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 . 
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But x oscillates harmonically between 0 and  (up to O(g2 )). Therefore, the average value of the velocity 

of precession over the period of nutation is asymptotically equal to 

gx2

1
sin 3301

3 



I

mgl
x

I

M
g . 

PROBLEM. Show that 

1
/

)0()(
limlim

330
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Itmgl

t
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END OF CHAPTER 6 

 

 


