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PART III HAMILTONIAN MECHANICS 

 

Hamiltonian mechanics is geometry in phase space. Phase space has the structure of a 

symplectic manifold. The group of symplectic diffeomorphisms acts on phase space. The 

basic concepts and theorems of hamiltonian mechanics (even when formulated in terms 

of local symplectic coordinates) are invariant under this group (and under the larger 

group of transformations which also transform time). 

A hamiltonian mechanical system is given by an even-dimensional manifold 

(the "phase space"), a symplectic structure on it (the "Poincaré integral invariant") and 

a function on it (the "hamiltonian function"). Every one-parameter group of 

symplectic diffeomorphisms of the phase space preserving the hamiltonian 

function is associated to a first integral of the equations of motion. 

Lagrangian mechanics is contained in hamiltonian  mechanics as a special case 

(the phase space in this case is the cotangent bundle of the configuration space, and the 

hamiltonian function is the Legendre transform of the lagrangian function). 

The hamiltonian point of view allows us to solve completely a series of 

mechanical problems which do not yield solutions by other means (for example, the 

problem of attraction by two stationary centers and the problem of geodesics on the 

triaxial ellipsoid). The hamiltonian point of view has even greater value for the 

approximate methods of perturbation theory (celestial mechanics), for 

understanding the general character of motion in complicated mechanical systems 

(ergodic theory, statistical mechanics) and in connection with other areas of 

mathematical physics (optics, quantum mechanics, etc.). 
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Chapter 7. Differential forms 

Exterior differential forms arise when concepts such as the work of a field along a path and 

the flux of a fluid through s surface are generalized to higher dimensions. 

Hamiltonian mechanics cannot be understood without differential forms. The information 

we need about differential forms involve exterior multiplication, exterior differentiation, 

integration, and Stokes’ formula. 

 

32. Exterior forms 

Here we define exterior algebraic forms. 

A. 1-forms 

Let nR be an n-dimensional real vector space. We will denote vectors in the space by 

Kη,ξ,  

Definition. A form of degree 1 (or a 1-form) is a linear function RR n →:ω , i.e., 

)()()( 1111 1111 ξξξξ ωλωλλλω +=+ ,  R∈21 ,λλ  and nR∈21 ξ,ξ . 

We recall the basic facts about 1-forms from linear algebra. The set of all 1-forms 

becomes a real vector space if we define the sum of two forms by 

)()())(( 2121 ξξξ ωωωω +=+ , 

and scalar multiplication by 

)())(( ξξ λωλω = . 

The space of 1-forms on nR  is itself n-dimensional, and is also called the dual space 

*)( nR . 

Suppose that we have chosen a linear coordinate system nxx ,,1 K  on nR . Each 

coordinate ix  is itself a 1-form. These n 1-forms are linearly independent. Therefore, 

every 1-form ω  has the form 

nn xaxa ++= L11ω ,  Rai ∈ . 

The value of ω  on a vector ξ  is equal to 

)()()( 11 ξξξ nn xaxa ++= Lω , 

where )(,),(1 ξξ nxx K  are the components of ξ  in the chosen coordinate system. 

Example. If a uniform force field F is given 

on euclidean 3R , its work A on the 

displacement ξ  is a 1-form acting on ξ  

(Figure 135).  

 

B. 2-forms 

Definition. An exterior form of degree 2 (or a 

2-form) is a function on pairs of vectors RRR nn →×:2ω , which is bilinear and skew 

Figure 135. The work of a force is a 

1-form acting on the displacement. 
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symmetric: 

),(),(),( 2
2

2
2

1221
2

33131 ξξξξξξξ ωλωλλλω +=+  

)()( 12
2

2
2 ξξξξ 1 +−=+ ωω  

R∈∀ 21 ,λλ , nR∈321 ξ,ξ,ξ . 

Example 1. Let )( 21 ξ,ξS  be the oriented area of the parallelogram constructed on the 

vectors 1ξ and 2ξ of the oriented euclidean plane 2R , i.e., 

2221

1211
21 ),(

ξξ
ξξ

ξξ =S , 

where 211 eeξ 1211 ξξ += , 21 eeξ 22212 ξξ += , 

with 21 ee ,  a basis giving the orientation on 

2R . It is easy to see that )( 21 ξ,ξS  is a 2-form 

(Figure 136).  

Example 2. Let v be a uniform velocity vector field for a fluid in three-dimensional 

oriented euclidean space (Figure 137). Then the flux 

of the fluid over the area of the parallelogram 1ξ , 2ξ  

is a bilinear skew symmetric function of 1ξ  and 

2ξ  , i.e., a 2-form defined by the triple scalar product 

)()(2
2121 ξ,ξv,ξ,ξ =ω  

Example 3. The oriented area of the projection of the 

parallelogram with sides 1ξ  and 2ξ  on the 

21 , xx -plane in euclidean 3R  is a 2-form. 

Problem 1. Show that for every 2-form 2ω  on nR  we have 

0)(2 =ξξ,ω ,  
n

R∈∀ξ  

Solution. By skew symmetry, )()( 22 ξξ,ξξ, ωω −= . 

The set of all 2-forms on nR  becomes a real vector space if we define the addition of 

forms by the formula 

)()())(( 2121 212121 ξ,ξξ,ξξ,ξ ωωωω +=+  

and multiplication by scalars by theformula 

)())(( 2121 ξ,ξξ,ξ λωλω = . 

Problem 2. Show that this space is finite-dimensional, and find its dimension. 

Answer. n(n-1)/2. A basis is shown below. 

 

C. k-forms 

Definition. An exterior form of degree k, or a k-form, is a function of k vectors which is 

k-linear and antisymmetric: 

),,,(),,,(),,,( 2121 k21k21k211 ξξ'ξ'ξξξ'ξξ'ξ'ξ' KKK ωλωλλλω +=+  

Figure 137 Flux of a fluid 

through a surface is a 2-form. 
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),,()1(),,( k1k1 ξξξξ KK ωω ν−= , 

where 





=
odd; is  n permutatio  theif_1

even; is n  permutatio  theif_0

k1

k1

,i,i

,i,i

K

K
ν  

Example 1. The oriented volume of the parallelepiped with edges n1 ξ,,ξ K  in oriented 

euclidean space nR  is an n-form (Figure 138).  

nnn

n

nV

ξξ

ξξ
ξξ

L

MM

L

K

1

111

1 ),,( = . 

where n1 eeξ inii ξξ ++= L1  and n1 e,,e K  

are a basis of nR . 

Example 2. Let kR  be an oriented k-plane in 

n-dimensional euclidean space nR . Then the k-dimensional oriented volume of the 

projection of the parallelepiped with edges n
k R∈ξ,,ξ1 K  onto kR  is a k-form on nR . 

The set of all k-forms in form a real vector space if we introduce operations of addition 

)()())(( 2121 ξωξωξωω +=+ ,  { } n
jk R∈= ξξξξ ,,,1 K , 

and multiplication by scalars 

)())(( ξλωξλω = . 

Problem 3. Show that this vector space is finite-dimensional and find its dimension. 

Answer. k
nC . A basis is shown below. 

 

D. The exterior product of two 1-forms 

We now introduce one more operation: exterior multiplication of forms. If kω  is a 

k-form and lω  is an l-form on nR , then their 

exterior product lk ωω ∧  will be a 

(k+l)-form. We first define the exterior product 

of 1-forms, which associates to every pair of 

1-forms 21 ,ωω  on nR  a 2-form 21 ωω ∧  on 

nR . 

Let ξ  be a vector in nR . Given two 

1-forms 1ω  and 2ω , we can define a mapping 

of nR  to the plane RR×  by associating to 

nR∈ξ  the vector )(ξω  with components 

)(1 ξω  and )(2 ξω  in the plane with 

coordinates 21 ,ωω  (Figure 139).  
Figure 139 Definition of exterior 

product of two 1-forms 
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Definition. The value of the exterior product 21 ωω ∧  on the pair of vectors 

nR∈21 ,ξξ  is the oriented area of the image of the parallelogram with sides )(1 ξω  

and )(2 ξω  on the 21 ,ωω  -plane: 

)()(

)()(
),)((

2221

1211
2121 ξωξω

ξωξω
ξξωω =∧ . 

Problem 4. Show that really is a 2-form. 

Problem 5. Show that the mapping 

2121 ),( ωωωω ∧→  

is bilinear and skew symmetric: 

1221 ωωωω ∧−=∧  

2121211 '''''')''''''( ωωλωωλωωλωλ ∧+∧=∧+  

Hint. The determinant is bilinear and skew symmetric not only with respect to rows, but 

also with respect to columns. 

Now suppose we have chosen a system of linear coordinates on nR , i.e., we are given n 

independent 1-forms nxx ,,1 K . We will call these forms basic. 

The exterior product of the basic forms are the 2-forms ji xx ∧ . By skew-symmetry, 

0=∧ ii xx  and ijji xxxx ∧−=∧ . The geometric meaning of the form ji xx ∧  is very 

simple: its value on the pair of vectors 1ξ , 2ξ  is equal to the oriented area of the image of 

the parallelogram 1ξ , 2ξ  on the coordinate plane ix , jx  under the projection parallel to 

the remaining coordinate directions. 

Problem 6. Show that the 2/)1(2 −= nnCn  forms ji xx ∧  )( ji <  are linearly 

independent. 

In particular, in three-dimensional euclidean space ),,( 321 xxx , the area of the 

projection on the ),( 21 xx -plane is 21 xx ∧ , on the ),( 32 xx -plane it is 32 xx ∧ , and on 

the ),( 13 xx –plane it is 13 xx ∧ . 

Problem 7. Show that every 2-form in the three-dimensional space ),,( 321 xxx  is the 

form 

211332 xRxxQxxPx ∧+∧+∧  

Problem 8. Show that every 2-form on the n-dimensional space with coordinate nxx ,,1 K  

can be uniquely represented in the form 

∑
<

∧=
ji

jiij xxa
2ω . 

Hint. Let be the i-th basis vector, i.e., 1)( =ieix , 0)( =iejx  for ji ≠ . Look at the 

value of the form 2ω  on the pair ji e,e . Then 
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)(
2

ji e,eω=ija . 

E. Exterior monomials 

Suppose that we are given k 1-forms kωω ,,1 K . We define their exterior product 

kωω ∧∧L1 . 

Definition. Set 

)()(

)()(

),,)((

1

111

11

kkk

k

kk

ξωξω

ξωξω
ξξωω

L

MM

L

KL =∧∧ . 

In other word, the value of a product of 1-form on the parallelepiped kξξ ,,1 K  is equal to 

the oriented volume of the image of the parallelepiped in the oriented euclidean coordinate 

space kR under the mapping ))(,),(( 1 ξωξωξ kK→ . 

Problem 9. Show that kωω ∧∧L1  is a k-form. 

Problem 10. Show that the operation of exterior product of 1-form gives a multi-linear 

skew-symmetric mapping 

kk ωωωω ∧∧→ LK 11 ),,( . 

In other words, 

kkk ωωωλωωωλωωωλωλ ∧∧∧+∧∧∧=∧∧∧+ LLL 2121211 '''''')''''''(  

and 

kii k
ωωωω ν ∧∧−=∧∧ LL 1)1(

1
 

where 





=
odd; is  n permutatio  theif_1

even; is n  permutatio  theif_0

k1

k1

,i,i

,i,i

K

K
ν  

Now consider a coordinate system on nR  given by the basic forms nxx ,,1 K . The 

exterior product of k basic forms 

kii xx L∧
1

,  nim ≤≤1 , 

is the oriented volume of the image of a k-parallelepiped on the k-plane ),,(
1 kii xx K  

under the projection parallel to the remaining coordinate directions. 

Problem 11. Show that, if two of the indices kii ,,1 K  are the same, then the form 

kii xx L∧
1

 is zero. 

Problem 12. Show that the forms 

kii xx ∧∧L
1

, where niii k ≤<<<≤ L211 , 

are linearly independent. 

The number of such forms is clearly k
nC . We call them basic k-forms. 

Problem 13. Show that every k-form on nR  can be uniquely represented as a linear 
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combination of basic forms: 

∑
≤<<≤

∧∧=
nii

iiii
k

k

kk
xxa

L

K L

1

11

1

,,ω . 

Hint. ),,(
11 ,, kk ii

k
ii eea KK ω= . 

It follows as a result of this problem that the dimension of the vector space of k-forms 

on nR  is equal to k
nC . In particular, for k=n, 1=k

nC , from which follows: 

Corollary. Every n-form on nR  is either the oriented volume of a parallelepiped with 

some choice of unit volume, or zero: 

n
n xxa ∧∧⋅= L1ω . 

Problem 14. Show that every k-form on nR  with k>n is zero. 

We now consider the product of a k-form kω  and an l-form lω . First suppose that 

we are given two monomials 

k
k ωωω ∧∧= L1  and lkk

l
++ ∧∧= ωωω L1 , 

where lk+ωω ,,1 K  are 1-forms. We define their product lk ωω ∧  to be the monomial 

lkkklkkk ++++ ∧∧∧∧∧=∧∧∧∧∧ ωωωωωωωω LLLL 1111 )()( . 

Problem 15. Show that the product of monomials is associative: 

)()( mlkmlk ωωωωωω ∧∧=∧∧  

and skew-commutative: 

klkllk ωωωω ∧−=∧ )1( . 

Hint. In order to move each of the l factors of lω  forward, we need k inversions with the k 

factors of kω . 

Remark. It is useful to remember that skew-commutativity means commutativity only if 

one of the degrees k and l is even, and anti-comutativity if both degree k and l are odd. 

 

33 Exterior multiplication 

We define here the operation of exterior multiplication of forms and show that it is 

skew-commutative, distributive, and associative. 

A Definition of exterior multiplication 

We now define the exterior multiplication of an arbitrary k-form kω  by an arbitrary 

l-form lω . The result lk ωω ∧  will be a (k+l)-form. The operation of multiplication 

turns out to be: 

1. skew-commutative: klkllk ωωωω ∧−=∧ )1(  

2. distributive: lklklkk ωωλωωλωωλωλ ∧+∧=∧+ 22112211 )(  

3. associative: )()( mlkmlk ωωωωωω ∧∧=∧∧  

Definition. The exterior product lk ωω ∧  of a k-form kω  on nR  with an l-form 
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lω on nR  is the (k+l)-form on nR  whose value on the (k+l) vectors 

n
lkkk R∈++ ξξξξ ,,,,, 11 KK  is equal to 

(1) ),,(),,()1(),,)((
1111 lk jj

l
ii

k
k

lk ξξωξξωξξωω ν KKK ∑ −=∧ +  

where kii <<L1  and ljj <<L1 ; ),,,,,( 11 lk jjii KK  is a permutation of the 

numbers ),,2,1( lk +K and 





=
.is_evenrmutation_if_this_pe_0

is_odd;rmutation_if_this_pe_1
ν  

In other words, every partition of the k+l vectors lk+ξξ ,,1 K  into two groups (of k and of 

l vectors) gives one term in our sum (1). This term is equal to the product of the value of 

the k-form kω  on the k vectors of the first group with the value of the l-form lω  on the l 

vectors of the second group, with sign + or – depending on how the vectors are ordered in 

the group. If they are ordered in such a way that the k vectors of the first group and the l 

vectors of the second group written in succession form an even permutation of the vectors 

lk+ξξ ,,1 K , then we take the sign to be +, and if they form an odd permutation we take the 

sign to be -. 

Example. If k=l=1, then there are just two partitions: 21 ,ξξ  and 12 ,ξξ . Therefore, 

)()()()(),)(( 211222112121 ξωξωξωξωξξωω −=∧ , 

which agrees with the definition of multiplication of 1-form in Section 32. 

Problem1. Show that the definition above actually defines a (k+l)-form (i.e., that the value 

of ),,)(( 1 lk
lk

+∧ ξξωω K  depends linearly and skew-symmetrically on the vectors ξ ). 

 

B Properties of the exterior product 

Theorem. The exterior multiplication of forms defined above is skew-commutative, 

distributive, and associative. For monomials it coincides with the multiplication defined in 

Section 32. 

The proof of skew-commutativity is based on the simplest properties of even and odd 

permutations (cf. the problem at the end of Section 32) and will be left to the reader. 

Distributivity follows from the fact that every term in (1) is linear with respect to kω  

and lω . 

The proof associativity requires a little more combinatorics. Since the corresponding 

arguments are customarily carried out in algebra course for the proof of Laplace’s theorem 

on the expansion of a determinant by column minors, we may use this theorem. 

We begin with the following observation: if associativity is proved for the terms of a 

sum, then it is also true for the sum, i.e., 
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



∧∧=∧∧

∧∧=∧∧

)('')''(

)(')'(

321321

321321

ωωωωωω
ωωωωωω

  implies 

)()'''())'''(( 32113211 ωωωωωωωω ∧∧+=∧∧+  

For, by distributivity, which has already been proved, we have 

3213213211 )''()'())'''(( ωωωωωωωωωω ∧∧+∧∧=∧∧+ , 

)('')(')()'''( 3213213211 ωωωωωωωωωω ∧∧+∧∧=∧∧+ . 

We already know from Section 32 (Problem 13) that every form on nR  is a sum of 

monomials; therefore, it is enough to show associativity for multiplication of monomials. 

Since we have not yet proved the equivalence of the definition in Section 32 of 

multiplication of k 1-forms with the general definition (1), we will temporarily denote the 

multiplication of k 1-forms by the symbol ∧  , so that our monomials have the form 

k
k ωωω ∧∧= L1  and lkk

l
++ ∧∧= ωωω L1 , 

where lk+ωω ,,1 K  are 1-forms. 

Lemma. The exterior product of two monomials is a monomial. 

lkkklkkk ++++ ∧∧∧∧∧=∧∧∧∧∧ ωωωωωωωω LLLL 1111 )()( . 

Proof. We calculate the values of the left and right sides on k+l vectors lk+ξξ ,,1 K . The 

value of the left side, by formula (1), is equal to the sum of the products 

)(det)(det
1

ji
lkik

ii
ki

ξωξω
+≤<≤≤

⋅±∑  

of the minors of the first k columns of the determinant of order k+l and the remaining 

minors. Laplace7s theorem on the expansion by minors of the first k columns asserts 

exactly that this sum, with the same rule of sign choice as in Definition (1), is equal to the 

determinant )(det ji ξω . 

 

It follows from the lemma that the operations ∧  and ∧  coincide: we get, in turn, 

2121 ωωωω ∧=∧ , 

321321321 )()( ωωωωωωωωω ∧∧=∧∧=∧∧ , 

)))((( 32121 kk ωωωωωωω ∧∧∧∧=∧∧∧ LLL . 

The associativity of ∧ -multiplication of monomials therefore follows from the obvious 

associativity of ∧ -multiplication of 1-forms. Thus, in view of the observation made above, 

associativity is proved in the general case. 

Problem 2. Show that the exterior square of a 1-form, or, in general, of a form of odd order, 

is equal to zero: 0=∧ kk ωω  if k is odd. 

Example 1. Consider a coordinate system npp ,,1 K . nqq ,,1 K  on nR 2  and the 2-form 
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∑ =
∧=

n

i
ii qp

1

2ω . 

[Geometrically, this form signifies the sum of the oriented areas of the projection of a 

parallelogram on the n two-dimensional coordinate plane ),(,),,( 11 nn qpqp K . Later, we 

will see that the 2-form 2ω  has a special meaning for hamiltonian mechanics. it can be 

shown that every nondegenerate 2-form on nR 2  has the form 2ω  in some coordinate 

system ),,( 1 nqp K .] 

Problem 3. Find the exterior square of the 2-form 2ω . 

Answer. 

∑
>

∧∧∧−=∧
ji

jiji qqpp2
22 ωω . 

Problem 4. Find the exterior k-th power of 2ω . 

Answer. 

∑
<<

∧∧∧∧∧±=∧∧
iki

ikiiki

k

qqppk

L

LL44 344 21 L
1

11
222 !ωωω . 

In particular, 

nn

n

qqppn ∧∧∧∧∧±=∧∧ LL44 344 21 L 11
222 !ωωω  

is, up to a factor, the volume of a 2n-dimensional parallelepiped in nR 2 . 

Example 2. Consider the oriented euclidean space 3R . Every vector 3R∈A  determines 

a 1-form 1
Aω , by ),()(1 ξξω A=A  (scalar product) and a 2-form 2

Aω  by 

),,(),( 2121
2 ξξξξω A=A  (triple scalar product). 

Problem 5. Show that the maps 1
Aω→A  and 2

Aω→A  establish isomorphisms of the 

linear space 3R  of vectors A  with the linear spaces of 1-forms on 3R  and 2-forms on 

3R . If we choose an orthonormal oriented coordinate system ),,( 321 xxx  on 3R , then 

332211
1 xAxAxAA ++=ω  

and 

213132321
2 xxAxxAxxAA ∧+∧+∧=ω . 

Remark. Thus the isomorphisms do not depend on the choisce of the orthonormal oriented 

coordinate system ),,( 321 xxx . But they do depend on the choice of the euclidean 

structure on 3R , and the isomorphism 2
Aω→A  also depends on the orientation (coming 

implicitly I the definition of triple scalar product). 

Problem 6. Show that, under the isomorphisms established above, the exterior product of 

1-form becomes the vector product in 3R , i.e., that 

[ ]
2

,
11

BABA ωωω =∧  for any 
3

R∈BA, . 

In this way the exterior product of 1-forms can be considered as an extension of the 
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vector product in 3R  to higher dimensions. However, in the n-dimensional case, the 

product is not a vector in the same space; the space of 2-forms on nR  is isomorphic to 

nR  only for n=3. 

Problem 7. Show that, under the isomorphisms established above, the exterior product of a 

1-form and a 2-form becomes the scalar product of vectors in 3R : 

321
11 )( xxxBA ∧∧=∧ BA,ωω . 

 

C Behavior under mappings 

Let nm RRf →:  be a linear map, and kω  an exterior k-form on nR . Then there is a 

k-form kf ω*  on mR , whose value on the k vectors m
k R∈ξξ ,,1 K  is equal to the 

value of kω  on their images: 

),,(),,)(*( 11 k
k

k
k fff ξξωξξω KK = . 

Problem 8. Verify that kf ω*  is an exterior form. 

Problem 9. Verify that *f  is a linear operator from the space of k-forms on nR  to the 

space of k-forms on mR  (the star superscript means that *f  acts in the opposite 

direction from f ). 

Problem 10. Let nm RRf →:  and pn RRg →: . Verify that **)*( gffg oo = . 

Problem 11. Verify that *f  preserves exterior multiplication: 

)*()*()(* lklk fff ωωωω ∧=∧ . 

 

34 Differential forms 

We give here the definition of differential forms on differentiable manifolds. 

A Differential 1-forms 

The simplest example of a differential form is the differential of a function. 

Example. Consider the function 2)( xxfy == . Its differential xdxdf 2=  depends on 

the point x  and on the “increment of the 

argument,” i.e., on the tangent vector ξ  to the x 

axis. We fix the point x. Then the differential of 

the function at x, 
x

df , depends linearly on ξ . So, 

if x=1 and the coordinate of the tangent vector ξ  

is equal to 1, then 2=df , and if the coordinate of 

ξ  is equal to 10, then 20=df  (Figure 140).  

 

Let RMf →:  be a differentiable function on the manifold M  (we can imagine a 

“function of many variables” RRf n →: ). The differential 
x

df  of f  at x is a linear 
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map 

RTMdf xx →:  

of the tangent space to M at x into the real line. We recall from Section 18F the definition 

of this map: 

Let xTM∈ξ  be the velocity vector of the curve MRtx →:)( ; xx =)0(  and 

ξ=)0(x& . Then, by definition, 

))(()(
0

txf
dt

d
df

t

x

=

=ξ . 

Problem 1. Let ξ  be the velocity vector of the plane 

curve ttx cos)( = , tty sin)( =  at 0=t . Calculate the 

values of the differentials dx and dy of the functions x and y on 

the vector ξ (Figure 141).  

Answer. 

0)(
)0.1(

=ξdx , 1)(
)0.1(

=ξdy . 

Note that the differential of a function f at a point Mx∈  is a 1-form 
xdf  on the tangent 

space 
xTM . 

The differential df of f on the manifold M  is a smooth map of the tangent bundle TM 

to the line 

RTMdf →:   




 ∪= x

x
TMTM . 

This map is differentiable and is linear on each tangent space TMTM x ⊂ . 

Definition. A differential form of degree 1 (or a 1-form) on a manifold M  is a smooth 

map 

RTM →:ω  

of the tangent bundle of M  to the line, linear on each tangent space xTM . 

One could say that a differential 1-form on M  is an algebraic 1-form on xTM  which 

is “differentiable with respect to x.” 

Problem 2. Show that every differential 1-form on the line is the differential of some 

function. 

Problem3. Find differential 1-forms on the circle and the plane which are not the 

differential of any function. 

 

B The general form of a differential 1-form on nR  

We take as our manifold M  a vector space with coordinates nxx ,,1 K . Recall that the 

components nξξ ,,1 K  of a tangent vector n
xTR∈ξ  are the values of the differentials 
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ndxdx ,,1 K  on the vector ξ . These n 1-forms on n
xTR  are linearly independent. Thus 

the 1-forms ndxdx ,,1 K  form a basis for the n-dimensional space of 1-forms on n
xTR , and 

every 1-form on n
xTR  can be uniquely written in the form nndxadxa ++L11 , where the 

ia  are real coefficients. Now let ω  be an arbitrary differential 1-form on nR . At every 

pount x it can be expanded uniquely in the basis ndxdx ,,1 K .From this we get: 

Theorem. Every differential 1-form on the space nR  with a given coordinate system 

nxx ,,1 K  can be written uniquely in the form 

nn dxxadxxa )()( 11 ++= Lω , 

where the coefficients )(xai  are smooth functions. 

Problem 4. Calculate the value of the forms 11 dx=ω , 

22 dx=ω , and 2
3 dr=ω  )( 2

2
2
1

2 xxr +=  on the 

vectors 21 ,ξξ  and 3ξ  (Figure 142).  

Answer. 

 
1ξ  2ξ  3ξ  

1ω  0 -1 1 

2ω  0 -2 -2 

3ω  0 -8 0 

Problem 5. Let nxx ,,1 K  be functions on a manifold M  forming a local coordinate 

system in some region. Show that every 1-form on this region ca be uniquely written in the 

form nn dxxadxxa )()( 11 ++= Lω . 

 

C Differential k-forms 

Definition. A differential k-form 
x

kω  at a point x of a manifold M  is an exterior 

k-form on the tangent space xTM  to M  at x, i.e., a k-linear skew-symmetric function of 

k vectors nξξ ,,1 K  tangent to M  at x. 

In such a form kω  is given at every point x of the manifold M  and if it is 

differentiable, then we say that we are given a k-form kω  on the manifold M . 

Problem 6. Put a natural differentiable manifold structure on the set whose elements are 

k-tuples of vectors tangent to M  at some point x. 

A differential k-form is a smooth map from the manifold of Problem 6 to the line. 

Problem 7. Show that the k-forms on M  form a vector space (infinite-dimensional if k 

does not exceed the dimension of M). 

Differential forms ca be multiplied by functions as well as by numbers. Therefore, the 

set of ∞C differential k-forms has a natural structure as a module over therng of infinitely 

differentiable real functions on M . 

D The general form of a differential k-form on nR  
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Take as the manifold M  the vector space nR  with fixed coordinate functions 

RRxx n
n →:,,1 K . Fix a point x. We saw above that the n 1-forms forms ndxdx ,,1 K  

form a basis of the space of 1-forms on the tangent space n
xTR . 

Consider exterior products of the basic forms: 

iki dxdx ∧∧L1 ,  iki <<L1 . 

In Section 32 we saw that these k
nC  k-forms form a basis of the space of exterior k-forms 

on n
xTR . Therefore, every exterior k-form on n

xTR  can be written uniquely in the form 

∑
<<

∧∧
iki

ikiiki dxdxa

L

K L
1

1,,1 . 

Now let ω  be an arbitrary differential k-form on nR . At every point x it can be 

uniquely expressed in terms of the basis above. From this follows: 

Theorem. Every differential k-form on the space nR  with a given coordinate system 

nxx ,,1 K  can be written uniquely in the form 

∑
<<

∧∧=
iki

ikiiki
k dxdxxa

L

K L
1

1,,1 )(ω , 

where the )(,,1 xa iki K  are smooth functions on nR . 

Problem 8. Calculate the value of the forms 211 dxdx ∧=ω , 

1222112 dxdxxdxdxx ∧−∧=ω , and ϕω drdr ∧=3  (where 

ϕcos1 rx =  and ϕsin2 rx = 9 on the pairs of vectors 

),( 11 ηξ , ),( 22 ηξ , and ),( 33 ηξ  (Figure 143). 

Answer. 

 ),( 11 ηξ  ),( 22 ηξ  ),( 33 ηξ  

1ω  1 1 -1 

2ω  2 1 -3 

3ω  1 1 -1 

Problem 9. Calculate the value of the forms 321 dxdx ∧=ω , 2312 dxdxx ∧=ω , and 

2
33 drdx ∧=ω  )( 2

3
2
2

2
1

2 xxxr ++= , on the pair of vectors )1,1,1(=ξ , )3,2,1(=η  at 

the point )0,0,2(=x . 

Answer. 11 =ω , 22 −=ω , 83 −=ω . 

Problem 10. Let RMxx n →:,,1 K  be functions on a manifold which form a local 

coordinate system on some region. Show that every differential form on this region ca be 

written uniquely in the form 

∑
<<

∧∧=
iki

ikiiki
k dxdxxa

L

K L
1

1,,1 )(ω . 

Example. Change of variables in a form. Suppose that we are given two coordinate systems 

on 321
3 ,,: xxxR  and 321 ,, yyy . Let ω  be a 2-form on 3R . Then, by the theorem 

above, ω  can be written in the system of x-coordinates as 
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213132321 dxdxXdxdxXdxdxX ∧+∧+∧=ω , 

where 21, XX , and 3X  are functions of 21, xx  and 3x , and in the system of 

y-coordinates as 

213132321 dydyYdydyYdydyY ∧+∧+∧=ω , 

where 21,YY , and 3Y  are functions of 21, yy  and 3y . 

Problem 11. Given the form written in the x-coordinates (i.e., the iX ) and the change of 

variables formulas )(yxx = , write the form in y-coordinates, i.e., find Y . 

Solution. We have 332211 )/()/()/( dyyxdyyxdyyxdx iiii ∂∂+∂∂+∂∂= . Therefore, 










∂
∂

+
∂
∂

+
∂
∂

∧








∂
∂

+
∂
∂

+
∂
∂

=∧ 3
3

3
2

2

3
1

1

3
3

3

2
2

2

2
1

1

2
32 dy

y

x
dy

y

x
dy

y

x
dy

y

x
dy

y

x
dy

y

x
dxdx , 

from which we get 

),(

),(

),(

),(

),(

),(

21

21
3

21

13
2

21

32
13

yyD

xxD
X

yyD

xxD
X

yyD

xxD
XY ++= , etc. 

 

E Appendix. Differential forms in three-dimensional spaces 

Let M  be a three-dimensional oriented Riemannian manifold (in all future examples M  

will be euclidean three-space 3R ). Let 21 , xx  and 3x  be local coordinates, and let the 

square of the length element have the form 

2
33

2
22

2
11

2 dxEdxEdxEds ++=  

(i.e., the coordinate system is triply orthogonal). 

Problem 12. Find 21,EE  and 3E  for cartesian 

coordinates zyx ,,  for cylindrical coordinates zr ,,ϕ  and 

for spherical coordinates θϕ,,R  in the euclidean space 

3R  (Figure 144).  

Answer. 

22222222222222 cos θϕϕ dRdRdRdzdrdrdzdydxds ++=++=++= . 

We let 21 e,e  and 3e  denote the unit vectors in the coordinate directions. These three 

vectors form a basis of the tangent space. 

Problem 13. Find the values of the forms 21 ,dxdx  and 3dx  on the vectors 21 e,e  and 

3e . 

Answer. ii Edx /1)( =ie , the rest are zero. In particular, for 

cartesian coordinates 1)()()( === xxx eee dxdxdx ; for 

cylindrical coordinates 1)()( == zr ee dzdr  and 

red /1)( =ϕϕ  (Figure 145), for spherical coordinates 

1)( =RedR , )cos/(1)( θϕ ϕ Rd =e  and Red /1)( =θθ . 
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The metric and orientation on the manifold M  furnish the tangent space to M  at 

evey point with the structure of an oriented euclidean three-dimensional space. In terms of 

this structure, we can talk about scalar, vector, and triple scalar products. 

Problem 14. Calculate ][ 21,ee , ),( θeeR  and ),,( yxz eee . 

Answer. 3e . 0. 1. 

In an oriented euclidean three-space every vector A corresponds to a 1-form 1
Aω  and a 

2-form 2
Aω , defined by the conditions 

)()(1 ξA,ξ =Aω ,  ),()(2 ηξA,ηξ, =Aω ,  3R∈ηξ, . 

The correspondence between vector fields and forms does not depend on the system of 

coordinates, but only on the euclidean structure and orientation. Therefore, every vector 

field A on our manifold M  corresponds to a differential 1-form 1
Aω  on M  and a 

differential 2-form 2
Aω  on M . 

The formulas for changing from fields to forms and back have a different form in each 

coordinate system. Suppose that in the coordinates 21 , xx  and 3x  described above, the 

vector field has the form 

321 eeeA 321 AAA ++=  

(the components iA  are smooth functions on M ). The corresponding 1-form 1
Aω  

decomposes over the basis idx , and the corresponding 2-form over the basis ji dxdx ∧ . 

Problem 15. Given the components of the vector field A, find the decompositions of the 

1-form 1
Aω  and the 2-form 2

Aω . 

Solution. We have 1
1 )()( AA == 11 eA,eω . Also, 

11111332211 /)())(( Eadxaedxadxadxa ==++ 1e . 

From this we get that 111 EAa = , so that 

333222111
1 dxEAdxEAdxEAA ++=ω . 

In the same way, we have 122
2 ),()( AA == 33 eeA,e,eω . Also, 

32

1213132321

1
))((

EE
dxdxdxdxdxdx αααα =∧+∧+∧ 32 e,e . 

Hence, 3211 EEA=α , i.e., 

212131313232321
2 dxdxEEAdxdxEEAdxdxEEAA ∧+∧+∧=ω . 

In particular, in cartesian, cylindrical and spherical coordinates on 3R  the vector field 

ψψϕϕϕϕ eAeAeAeAeAeAeAeAeAA RRzzrrzzyyxx ++=++=++=  
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corresponds to the 1-form 

θϕθϕω θϕϕ dRAdARdRAdzAdrAdrAdzAdyAdxA RzrzyxA ++=++=++= cos
1

 

and the 2-form 

ϕθθθϕθ

ϕϕ

ω

ϕ

ϕ

ddRARdRdRAddAR

ddrrAdrdzAdzdrA

dydxAdxdzAdzdyA

zR

zr

zyxA

∧+∧+∧=

∧+∧+∧=

∧+∧+∧=

coscos
2

2

. 

An example of a vector field on a manifold M  is the gradient of a function 

RMf →: . Recall that the gradient of a function is the vector field fgrad  

corresponding to the differential: 

dfgradf =1ω , i.e., ),()( ξξ fdf grad= ,  ξ∀ . 

Problem 16. Find the components of the gradient of a function in the basis 321 e,e,e . 

Solution. We have 332211 )/()/()/( dxxfdxxfdxxfdf ∂∂+∂∂+∂∂= . By the problem 

above 

321 eeegrad
332211

111

x

f

Ex

f

Ex

f

E
f

∂
∂

+
∂
∂

+
∂
∂

= . 

In particular, in cartesian, cylindrical and spherical coordinates 

θϕ

ϕ

θϕθ

ϕ

eee

eee

eeegrad

∂
∂

+
∂
∂

+
∂
∂

=

∂
∂

+
∂
∂

+
∂
∂

=

∂
∂

+
∂
∂

+
∂
∂

=

f

R

f

RR

f

z

ff

rr

f

z

f

y

f

x

f
f

R

zr

zyx

1

cos

1

1
. 

 

35 Integration of differential forms 

WE define here the concepts of a chain, the boundary of a chain and the integration of a 

form over a chain. 

The integral of a differential form is a higher-dimensional generalization of such ideas 

as the flux of a fluid across a surface or the work of a force along a path. 

 

A The integral of a 1-form along a path 

We begin by integrating a 1-form 1ω  on a 

manifold M . Let 

Mt →≤≤ ]10[:γ  

be a smooth map (the “path of integration”). The 

integral of the form 1ω  on the path γ  is 
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defined as a limit of Riemann sums. Every Riemann sum consists of the values of the form 

1ω  on some tangent vectors iξ  (Figure 146):  

∑∫
=

→
=

n

i

i

1

1

0

1
)(lim ξωω

∆γ
. 

The tangent vectors iξ  are constructed in the following way. The interval 10 ≤≤ t  is 

divided into parts 1: +≤≤ iii ttt∆  by the points it . The interval i∆  can be looked at as a 

tangent vector i∆  to the t axis at the point it . Its image in the tangent space to M  at the 

point )( itγ  is 

)()(
ii
titi TMd γ∆γξ ∈= . 

The sum has a limit as the largest of the intervals i∆  tends to zero. It is called the 

integral of the 1-form along the path γ . 

The definition of the integral of a k-form along a k-dimensional surface follows an 

analogous pattern. The surface of integration is partitioned into small curvilinear 

k-dimensional parallelepipeds (Figure 147); 

these parallelepipeds are replaced by 

parallelepipeds in the tangent space. The sum of 

the values of the form on the parallelepipeds in 

the tangent space approaches the integral as the 

partition is refined. We will first consider a 

particular case. 

 

B The integral of a k-form on oriented euclidean space kR  

Let kxx ,,1 K  be an oriented coordinate system on kR . Then every k-form on kR  is 

proportional to the form kdxdx ∧∧L1 , i.e., it has the form k
k dxdxx ∧∧= L1)(ϕω , 

where )(xϕ  is a smooth function. 

Let D be a bounded convex polyhedron in kR (Figure 148). By definition, the integral 

of the form kω  on D is the 

integral of the function: 

∫ ∫D kD
k dxdxx L1)(ϕω = , 

where the integral on the right is 

understood to be the usual limit of 

Riemann sums. 

Such a definition follows the pattern outlined above, since in this case the tangent space 

to the manifold is identified with the manifold. 

Problem 1. Show that ∫D
kω depends linearly on kω . 
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Problem 2. Show that if we divide D into two distinct polyhedra D1 and D2, then 

∫ ∫ ∫ 21 D
k

D
k

D
k ωωω += . 

In the general case (a k-form on an n-dimensional space) it is not so easy to identify the 

elements of the partition with tangent parallelepipeds; we will consider this case below. 

C The behavior of differential forms under maps 

Let NMf →:  be a differentiable map of a smooth manifold M  to a smooth manifold 

N , and let ω  be a differential k-form on N  (Figure 149). Then, a well-defined k-form 

arises also on M : it is denoted by ω*f  

and is defined by the relation 

),,(),,)(*( *1*1 kk fff ξξωξξω KK =  

for any tangent vectors xk TM∈ξξ ,,1 K . 

Here *f  is the differential of the map f . 

In other words, the value of the form ω*f  

on the vectors kξξ ,,1 K  is equal to the 

value of ω  on the images of these vectors. 

Example. If 2
2

2
121 ),( xxxxfy +==  and dy=ω , then 

2211 22* dxxdxxf +=ω . 

Problem 3. Show that ω*f  is a k-form on M . 

Problem 4. Show that the map *f  preserves operations on forms: 

)(*)(*)(* 22112211 ωλωλωλωλ fff +=+ , 

)(*)(*)(* 2121 ωωωω fff ∧=∧ . 

Problem 5. Let MLg →:  be a differentiable map. Show that **)*( fgfg = . 

Problem 6. Let D1 and D2 be two compact, convex polyhedra in the oriented 

k-dimensional space kR  and 21: DDf →  a differentiable map which is an 

orientation-preserving diffeomorphism of the interior of D1 onto the interior of D2. Then, 

for any differential k-form kω  on D2, 

∫∫ =
21

*
D

k

D

k
f ωω . 

Hint. This is the change of variables theorem for a multiple integral: 

∫ 2 1

1

1
1

1 )())((
),,(

),,(
D n

D

n
n

n dydyydxdxxy
xx

yy
LL

K

K
ϕϕ =

⌡

⌠
∂
∂

. 

 

D Integration of a k-form on an n-dimensional manifold 

Let ω  be a differential k-form on an n-dimensional manifold M . Let D be a bounded 

convex k-dimensional polyhedron in k-dimensional euclidean space kR (Figure 150).  

The role of “path of integration” will be played by a k-dimensional cell σ  of M  
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represented by a triple ),,( OrfD=σ  consisting of 

1. a convex polyhedron kRD ⊂ , 

2. a differentiable map MDf →: , and 

3. an orientation on kR , denoted by Or . 

Definition. The integral of the k-form ω  over 

the k-dimensional call σ  is the integral of the corresponding form over the polyhedron D 

∫ ∫D f ωωσ *= . 

Problem 7. Show that the integral depends linearly on the form: 

∫ ∫ ∫σσσ ωλωλωλωλ 22112211 +=+  

The k-dimensional cell which differs from σ  only by 

the choice of orientation is called the negative of σ  and is 

denoted by σ−  or σ⋅−1  (Figure 151).  

Problem 8. Show that, under a change of orientation, the integral changes sign: 

∫∫ −=
− σσ

ωω . 

E Chains 

The set )(Df  is not necessarily a smooth submanifold of M . It could have 

“self-intersections” or “folds” and could even be reduced to a point. However, even in the 

one-dimensional case, it is clear that it is inconvenient to restrict ourselves to contours of 

integration consisting of one piece: it is useful to be able to consider contours consisting of 

several pieces which can be traversed in either direction, perhaps more than once. The 

analogous concept in higher dimensions is called a chain. 

Definition. A chain of dimension k on a manifold M  consists of a finite collection of 

k-dimensional oriented cells rσσ ,,1 K  in M  and integers rmm ,,1 K  called 

multiplicities (the multiplicities can be positive, negative or zero). 

A chain is denoted by 

rrk mmc σσ ++= L11 . 

We introduce the natural identifications 

σσσ )( 2121 mmmm +=+ , 

11222211 σσσσ mmmm +=+ , 

00 =σ , 

kk cc =+ 0 . 

Problem 9. Show that the set of all k-chains on M  forms a commutative group if we 

define the addition of chains by the formula 

111111111111 '''')''''()( rrrrrrrr mmmmmmmm σσσσσσσσ +++++=+++++ LLLL  

F Example: the boundary of a polyhedron 
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Let D be a convex oriented k-dimensional polyhedron in 

k-dimensional euclidean space kR . The boundary of D 

is the (k-1)-chain D∂  on kR  defined in the following 

way (Figure 152).  

The cells iσ  of the chain D∂  are the 

(k-1)-dimensional faces iD  of the polyhedron D, 

together with maps k
ii RDf →:  embedding the faces 

in kR  and orientations iOr  defined below; the multiplicities are equal to 1: 

∑=∂ iD σ ,  ),,( iiii OrfD=σ . 

Rule of orientation of the boundary. Let k1 e,,e K  be an oriented frame in kR . Let iD  

be one of the faces of D. We choose an interior point of iD  and there construct a vector 

n  outwardly normal to the polyhedron D. An orienting frame for the face iD  will be a 

frame 1k1 f,,f −K  on iD  such that the frame )( 1k1 f,,fn, −K  is oriented correctly 

(i.e., the same way as the frame k1 e,,e K ). 

The boundary of a chain is defined in an analogous way. Let ),,( OrfD=σ  be a 

k-dimensional cell in the manifold M . Its boundary σ∂  is the (k-1) chain: ∑= id σσ  

consisting of the cells ),,( iiii OrfD=σ , where iD  are the (k-1)-dimensional faces of D, 

iOr  are orientations chosen by the rule above, 

and if  are the restrictions of the mapping 

MDf →:  to the face iD . 

The boundary kc∂  of the k-dimensional 

chain kc  in M  is the sum of the boundaries of 

the cells of kc  with multiplicities (Figure 153):  

rrrrk mmmmc σσσσ ∂++∂=++∂=∂ LL 1111 )( . 

Obviously, kc∂  is a (k-1)-chain on M . 

Problem 10. Show that the boundary of the boundary of any chain is zero: 0=∂∂ kc . 

Hint. By the linearity of ∂  it is enough to show that 0=∂∂D  for a convex polyhedron D. 

It remains to verify that every (k-2)-dimensional face of D appears in D∂∂  twice, with 

opposite signs. It is enough to prove this for k=2 (planar cross-sections). 

 

G The integral of a form over a chain 

Let kω  be a k-form on M , and kc  a k-chain on M , ∑= iik mc σ . The integral of 

the form kω  over the chain kc  is the sum of the integrals on the cells, counting 
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multiplicities: 

∫∑∫ =
ik

k
i

c

k
m

σ
ωω . 

Problem 11. Show that the integral depends linearly on the form: 

∫∫∫ +=+
kkk c

k

c

k

c

kk
2121 ωωωω . 

Problem 12. Show that integration of a fixed form kω  on chains kc  defines a 

homomorphism from the group of chains to the line. 

Example 1. Let M  be the plane { }),( qp , 1ω  the 

form pdq, and 1c  the chain consisting of one cell 

σ  with multiplicity 1: 

)sin,cos(]20[ tqtpt
t

==→≤≤ π . 

Then π=∫
1c
pdq . In general, if a chain 1c  

represents the boundary of a region G (Figure 154), 

then ∫
1c
pdq  is equal to the area of G with sign + or 

– depending on whether the pair of vectors (outward 

normal, oriented boundary vector) has the same or opposite orientation as the pair (p axis, q 

axis). 

Example 2. Let M  be the oriented three-dimensional euclidean space 3R . Then every 

1-form on M  corresponds to some vector field A ( 11
Aωω = ), where 

)()(1 ξA,=ξωA . 

The integral of 1
Aω  on a chain 1c  representing a curve l  is called the circulation of 

the field A over the curve l : 

∫∫ =
lc

A dl),(
1

1
Aω . 

Every 2-form onM also corresponds to some field A( 22
Aωω = , where 

)()(2 ηξ,A,ηξ, =Aω ). 

The integral of the form 2
Aω  on a chain 2c  representing an oriented surface S is 

called the flux of the field A through the surface S: 

∫∫ =
Sc

A d ),(
2

2
nAω . 

Problem 13. Find the flux of the field ReA )/1( 2R=  over the surface of the sphere 

1222 =++ zyx , oriented by the vectors yx e,e  at the point z=1. Find the flux of the 

Figure 154 The integral of the 

form pdq over the boundary of a 

region is equal to the area of the 

region. 
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same field over the surface of the ellipsoid 1)/()/( 22222 =++ zbyax  oriented the 

same way. 

Hint. Cf. Section 36H. 

Problem 14. Suppose the, in the 2n-dimensional space { }),,;,,( 11
2

nn
n qqppR KK= , we 

are given a 2-chain 2c  representing a two-dimensional oriented surface S with boundary l. 

Find 

∫ ∧++∧
2

11
c

nn dqdpdqdp L  and ∫ ++
l

nndqpdqp L11 . 

Answer. The sum of the oriented areas of the projection of S on the two-dimensional 

coordinate planes ii qp , . 

 

36 Exterior differentiation 

We define here exterior differentiation of k-form and prove Stokes’ theorem; the integral of 

the derivative of a form over a chain is equal to the integral of the form itself over the 

boundary of the chain. 

A Example: the divergence of a vector field 

The exterior derivative of a k-form ω  on a manifold M  is a (k+1)-form ωd  on the 

same manifold. Going from a form to its exterior derivative is analogous to forming the 

differential of a function or the divergence of a vector field. We recall the definition of 

divergence. 

Let A be a vector field on the oriented euclidean three-space 3R , and le S be the 

boundary of a parallelepiped Π  with edges 21,ξξ  and 3ξ  at the vertex x (Figure 155). 

Consider the (“outward”) flux of the field 

A through the surface S:  

∫=
S

dF ),()( nAΠ . 

If the parallelepiped Π  is very small, 

the flux F is approximately proportional to the product of the volume of the parallelepiped, 

),,( 321 ξξξ=V , and the “source density” at the point x. This is the limit 

V

)(
lim

30 ε
Πε

ε

F

→
 

where Πε  is the parallelepiped with edges 321 ,, εξεξεξ . This limit does not depend on 

the choice of the parallelepiped Π  but only on the point x, and is called the divergence, 

Adiv , of the field A at x. 

To go to higher-dimensional cases, we note that the “flux of A through a surface 

element” is the 2-form which we called 2
Aω . The divergence, then, is the density in the 
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expression for the 3-form 

dzdydxdiv ∧∧= A3ω , 

),,(),,( 321321
3 ξξξξξξω Vdiv ⋅= A , 

characterizing the “source in an elementary parallelepiped.” 

The exterior derivative kdω  of a k-form kω  on an n-dimensional manifold M  

may be defined as the principal multilinear part of the integral of kω  over the boundaries 

of (k+1)-dimensional parallelepipeds. 

B Definition of the exterior derivative 

We define the value of the form ωd  on k+1 vectors 11 ,, +kξξ K  tangent to M  at x. To 

do this, we choose some coordinate system in a neighborhood of x on M , i.e., a 

differentiable map f of a neighborhood of the point 0 in euclidean space nR  to a 

neighborhood of x in M  (Figure 156). 

The pre-images of the vectors xk TM∈+11 ,, ξξ K  under the differential of f lie in the 

tangent space to nR  at 0. This tangent space can be naturally identified with nR , so we 

may consider the pre-images to be vectors 

n
k R∈+1

*
1 ,, ξξ K . 

We take the parallelepiped *Π  in nR  spanned by these vectors (strictly speaking, 

we must look at the standard oriented cube in 1+kR  and its linear map onto *Π , taking 

the edges 1k1 e,,e +K  to 11 ,, +kξξ K , as a (k+1)-dimensional cell on M  (a “curvelinear 

parallelepiped”). The boundary of the cell Π  is a k-chain, Π∂ . Consider the integral of 

the form kω  on the boundary Π∂  of Π : 

∫∂+ =
Π
ωξξ k

kF ),,( 11 K . 

Example. We will call s smooth function RM →:ϕ  a 0-form on M . The integral of 

the 0-form ϕ  on the 0-chain ∑= ii Amc0  (where the im  are integers and the iA  

points of M ) is 

∑∫ = )(
0

ii
c

Am ϕϕ . 
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Then the definition above gives the 

“increment” )()()( 11 xxF ϕϕξ −= (Figure 157) of 

the functionϕ , and the principal linear part of 

)( 1ξF  at 0 is simply the differential of ϕ . 

Problem 1. Show that the function 

),,( 11 +kF ξξ K  is skew-symmetric with respect to 

ξ . 

It turns out that the principal (k+1)-linear part 

of the “increment” ),,( 11 +kF ξξ K  is an exterior 

(k+1)-form on the tangent space xTM  to M  at 

x. This form does not depend on the coordinate system that was used to define the 

curvilinear parallelepiped Π . It is called the exterior derivative, or differential, of the 

form kω  (at point x) and is denoted by kdω . 

 

C A theorem on exterior derivatives 

Theorem. There is a unique (k+1)-form Ω  on xTM  which is the principal (k+1)-linear 

part at 0 of the integral over the boundary of a curvilinear parallelepiped, ),,( 11 +kF ξξ K ; 

i.e., 

(1)  )(),,(),,( 1
11

1
11

+
+

+
+ += k

k
k

k oF εξξΩεεξεξ KK   )0( →ε . 

The form Ω  does not depend on the choice of coordinates involved in the definition of F. 

If, in the local coordinate system nxx ,,1 K  on M , the form kω  is written as 

∑ ∧∧= ikiiki
k

dxdxda LK 1,,1ω , 

then Ω  is written as 

(2)  ∑ ∧∧∧== ikiiki
k

dddad LK 1,,1ωΩ . 

We will carry out the proof of this theorem for the case of a form 121
1 ),( dxxxa=ω  

on the 21 , xx  plane. The proof in the general case is entirely analogous, but the 

calculations are somewhat longer. 

We calculate ),( ηξF , i.e., the integral of 1ω  on the boundary of the parallelogram 

Π  with sides ξ  and η  and vertex at 0 

(Figure 158). The chain Π∂  is given by the 

mappings of the interval 10 ≤≤ t  to the 

plane tt ξ→ , tt ηξ +→ , tt ξη +→  with 

multiplicities, 1, 1, -1 and -1. Therefore, 

Figure 157 The integral over the 

boundary of a one-dimensional 

parallelepiped is the change in the 

function. 
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{ }∫∫ +−−+−=
∂

1

0
11

1
)]()([)]()([ dttatatata ηξηηξηξξω

Π
, 

where )(11 ξξ dx= , )(11 ηη dx= , )(22 ξξ dx=  and )(22 ηη dx=  are the components of 

the vectors ξ  and η . But 

),()()(
22

2
2

1
1

ηξηηξηξ O
x

a

x

a
tata +

∂
∂

+
∂
∂

=−+  

(the derivatives are taken at 021 == xx ). In the same way, 

),()()(
22

2
2

1
1

ηξξξηξη O
x

a

x

a
tata +

∂
∂

+
∂
∂

=−+ . 

By using these expressions in the integral, we find that 

),()(),(
22

1122
2

1 ηξηξηξωηξ
Π

o
x

a
F +−

∂
∂

== ∫∂ . 

The principal bilinear part of F, as promised in (1), turns out to be the value of the exterior 

2-form 

12
2

dxdx
x

a
∧

∂
∂

=Ω  

on the pair of vectors ηξ , . Thus the form obtained is given by formula (2), 

12
2

12
2

11
1

1 dxdx
x

a
dxdx

x

a
dxdx

x

a
dxda ∧

∂
∂

=∧
∂
∂

+∧
∂
∂

=∧ . 

Finally, if the coordinate system 21 , xx  is 

changed to another (Figure 159), the parallelogram 

Π  is changed to a nearby curvilinear 

parallelogram 'Π , so that the difference in the 

values of the integrals, ∫∫ ∂∂
−

'

11

ΠΠ
ωω  will be small 

of more than second order (prove it!).  

Problem 2. Carry out the proof of the theorem in 

the general case. 

Problem 3. Prove the formulas for differentiating a 

sum and a product: 

2121 )( ωωωω ddd +=+ , 

lkklklk ddd ωωωωωω ∧−+∧=∧ )1()( . 

Problem 4. Show that the differential of a differential is equal to zero: 0=dd . 

 

D Stokes’ formula 

One of the most important corollaries of the theorem on exterior derivatives is the 

Figure 159 Independence of the 

exterior derivative from the 

coordinate system 
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Newton-Leibniz-Gauss-Green-Ostrogradskii-Stokes-Poincaré formula: 

(3)  ∫∫ =
∂ cc

dωω , 

where c is any (k+1)-chain on a manifold M  and ω  is 

any k-form on M . 

To prove this formula it is sufficient to prove it for the 

case when the chain consists of one cell σ . We assume 

first that this cell σ  is given by an oriented 

parallelepiped 1+⊂ kRΠ  (Figure 160). 

We partition Π  into 1+kN  small equal parallelepipeds 

iΠ  similar to Π . Then, clearly, 

∑∫
+

=
∂

=
1

1

kN

i

i
c

Fω ,  where ∫∂=
i

iF
Π
ω . 

By formula (1) we have 

)(),,( )1(
11

+−
+ += ki

k
i

i NodF ξξω K , 

where i
k

i
11 ,, +ξξ K  are the edges of iΠ . But ∑

+

= +

1

1
11 ),,(

kN

i

i
k

id ξξω K  is a Riemann sum 

for ∫Π ωd . It is easy to verify that )( )1( +− kNo  is uniform, so 

∫∑∑ ==
++

=
+

∞→
=

∞→ Π
ωξξω ddF

kk N

i

i
k

i

N

N

i

i
N

11

1

11

1

),,(limlim K . 

Finally, we obtain 

∫∑∑∫ ===
∞→∂ ΠΠ

ωω dFF i
N

i lim . 

Formula (3) follows automatically from this for any chain whose polyhedra are 

parallelepipeds. 

To prove formula (3) for any convex polyhedron 

D, it is enough to prove it for simplex, since D can 

always be partitioned into simplices (Figure 161):  

∑= iDD , ∑∂=∂ iDD . 

We will prove formula (3) for a simplex. Notice 

that a k-dimensional oriented cube can be mapped 

onto a k-dimensional simplex so that: 

1. The interior of the cube goes diffeomorphically, with its orientation preserved, onto the 

interior of the simplex; 

Figure 160 Proof of 

Stokes’ formula for a 

parallelepiped 

Figure 161 Division of a convex 

polyhedron into simplices 
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2. The interior of some (k-1)-dimensional faces of the cube go diffeomorphically, with their 

orientations preserved, onto the interiors of the faces of the simplex; the images of the 

remaining (k-1)-dimensional faces of the cube lie in the (k-2)-dimensional faces of the 

simplex. 

For example, for k=2 such a map of the cube ≤≤ 21 ,0 xx  onto the triangle is given by 

the formula 11 xy = , 212 xxy =  

(Figure 162). Then, formula (3) for the 

simplex follows from formula (3) for the 

cube and the change of variables 

theorem (cf. Section 35C). 

Example 1. Consider the 1-form 

qpddqpdqp nn =++= L11
1ω  

on nR 2  with coordinates nn qqpp ,,,,, 11 KK . Then 

qp dddqdpdqdpd nn ∧=∧++∧= L11
1ω , 

so 

∫∫∫ ∂
=∧

22 cc
ddd qpqp . 

In particular, if 2c  is a closed surface ( 02 =∂c ), then  

0
2

=∧∫∫c dd qp . 

 

E Example 2 – Vector analysis 

In a three-dimensional oriented Riemannian space M , every vector field corresponds to a 

1-form 1
Aω  and a 2-form 2

Aω . Therefore, exterior differentiation can be considered as an 

operation on vectors. 

Exterior differentiation of 0-orms (functions), 1-forms and 2-forms correspond to the 

operations of gradient, curl and divergence defined by the relations 

1
gradfdf ω= ,  22

curlAAd ωω = ,  32 )( ωω divAd A =  

(the form 3ω  is the volume element on M ). Thus it follows from (3) that 

∫=−
l

fdxfyf lgrad)()( , if xyl −=∂ , 

∫∫∫ ⋅= ncurlAlA dd , if lS =∂ , 

∫∫∫∫∫ =
DS

divd
3)( ωAnA  if SD =∂ . 
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Problem 6. Show that 

)(),(][ AcurlB,BcurlABA, −=div , 

 

curlAAgradAcurl aaa += ],[ , 

AgradAdiv adivAaa += ),( . 

Hint. By the formula for differentiating the product of forms, 

1111112
],[ )()( BABABABA dddd ωωωωωωω ∧−∧=∧= . 

Problem 7. Show that 

0=⋅=⋅ curlgradcurl div . 

Hint. 0=dd . 

 

F Appendix I: Vector operations in triply orthogonal systems 

Let 321 ,, xxx  be a triply orthogonal coordinate system on M , 

2
33

2
22

2
11

2 dxEdxEdxEds ++=  

and ie  the coordinate unit vectors (cf. Section 34E). 

Problem 8. Given the components of a vector field 32 eeeA 3211 AAA ++= , find the 

components of its curl. 

Solution. According to Section 34E, 

333222111
1 dxEAdxEAdxEAA ++=ω . 

Therefore, 

2
32

3

22

2

331
curlAA dxdx

x

EA

x

EA
d ωω =+∧















∂

∂
−

∂

∂
= L . 

According to Section 34E, we have 

332211

321

33221

321

1
3

22

2

33

32

1

1

EAEAEA

xxx

EEE

EEE

x

EA

x

EA

EE
A

∂
∂

∂
∂

∂
∂

=

+














∂

∂
−

∂

∂
=

eee

ecurl

1

L

 

In particular, in cartesian, cylindrical and spherical coordinates on 3R , 

z
xy

y
zxyz

cart y

A

x

A

x

A

z

A

z

A

y

A
A eeecurl x 











∂
∂

−
∂

∂
+








∂
∂

−
∂
∂

+










∂

∂
−

∂
∂

=  
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z
rzr

r
z

cyl

A

r

rA

rr

A

z

A

z

rAA

r
A eeecurl 









∂
∂

−
∂

∂
+








∂
∂

−
∂
∂

+








∂

∂
−

∂
∂

=
ϕϕ

ϕ
ϕ

ϕ 11
 

 

θ
ϕ

ϕ
θϕθ

ϕθθθ

θ

ϕθ
eeecurl 









∂
∂

−
∂

∂
+








∂

∂
−

∂
∂

+








∂

∂
−

∂
∂

= RR
Rsph

A

R

RA

RR

RAA

R

AA

R
A

cos

111cos

cos

1

Problem 9. Find the divergence of the field 32 eeeA 3211 AAA ++= . 

Solution. L+∧= 32321
2 dxdxEEAAω . Therefore, 

( ) L+∧∧
∂
∂

= 321321
1

2
dxdxdxEEA

x
d Aω . 

By definition of divergence, 

321321
2 dxdxdxEEEdivAd A ∧∧=ω . 

This means 










∂
∂

+
∂
∂

+
∂
∂

= 213
3

1321
2

321
1321

1
EEA

x
EEA

x
EEA

xEEE
divA . 

In particular, in cartesian, cylindrical and spherical coordinates on 3R ; 

z

A

y

A

x

A
div zyx

cart ∂
∂

+
∂

∂
+

∂
∂

=A , 

z

AA

r

rA

r
div zr

cyl ∂
∂

+








∂

∂
+

∂
∂

=
ϕ
ϕ1

A , 












∂
∂

+
∂

∂
+

∂
∂

=
θ
θ

ϕ
θ

θ
θϕ ARRA

R

AR

R
div R

sph

coscos

cos

1
2

2
A . 

Problem 10. The Laplace operator on M  is the operator graddiv=∆ . Find its 

expression in coordinates ix . 

Answer. 












+











∂
∂

∂
∂

= L
11

32

1321

1

x

f

E

EE

xEEE
f∆ . 

In particular, on 3R , 

2

2

2

2

2

2

x

f

x

f

x

f
f

cart ∂

∂
+

∂

∂
+

∂

∂
=∆ , 

2

2

2

2

2

2

2

2
11

dz

ff

rr

f

rr

f
f

cyl

∂
+

∂

∂
+

∂
∂

+
∂

∂
=

ϕ
∆ , 
















 ∂
∂
∂

+







∂
∂

∂
∂

+







∂
∂

∂
∂

=
θ

θ
θϕθϕ

θ
θ

∆
kd

ff

R

f
R

RR
f

sph
cos

cos

1
cos

cos

1 2

2
. 
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G Appendix 2: Closed forms and cycles 

The flux of an incompressible fluid (without sources) across the boundary of a region D is 

equal to zero. We will formulate a higher-dimensional analogue to this obvious assertion. 

The higher-dimensional analogue of an incompressible fluid is called a closed form. The 

field A has no sources if 0=Adiv . 

Definition. A differential form ω  on a manifold M  is closed if its exterior derivative is 

zero: 0=ωd . 

In particular, the 2-form 2
Aω  corresponding to a field A without sources is closed. Also, 

we have, by Stokes’ formula (3): 

Theorem. The integral of a closed form kω  over the boundary of any (k+1)-dimensional 

chain 1+kc  is equal to zero: 

0
1

=∫
+∂ kc

kω , if 0=kdω . 

Problem 11. Show that the differential of a form is always closed. 

On the other hand, there are closed forms which are not differentials. For example, take 

for M  the three-dimensional euclidean space 3R  without O: 

ORM −= 3 , with the 2-form being the flux of the field 

ReA )/1( 2R=  (Figure 163). It is easy to convince oneself that 

0=Adiv , so that our 2-form 2
Aω  is closed. At the same time, 

the flux over any sphere with center O is equal to π4 . We will 

show that the integral of the differential of a form over the sphere 

must be zero. 

Definition. A cycle on a manifold M  is a chain whose boundary is equal to zero. 

The oriented surface of our sphere can be considered to be a cycle. It immediately 

follows from Stokes’ formula (3) that: 

Theorem. The integral of a differential over any cycle is equal to zero: 

0
1

=∫
+kc

k
dω , if 01 =∂ +kc . 

Thus, our 2-form 2
Aω  is not the differential on any 1-form. 

The existence of closed forms on M  which are not differentials is related to the 

topological properties of M . One can show that every closed k-form on a vector space is 

the differential of some (k-1)-form (Poincaré’s lemma). 

Problem 12. Prove Poincaré’s lemma for 1-forms. 

Hint. Consider )( 1

1

0

1
x

x

x
ϕω =∫ . 

Problem 13. Show that in a vector space the integral of a closed form over any cycle is 
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zero. 

Hint. Construct a (k+1)-chain whose boundary is the 

given cycle (Figure 164). 

Namely, for any chain c consider the “cone over c 

with vertex 0.” If we denote the operation of 

constructing a cone by p, then 

1=∂+∂ oo pp  (the identity map). 

Therefore, if the chain c is closed, cpc =∂ )( . 

Problem. Show that every closed form on a vector space is an exterior derivative. 

Hint. Use the cone construction. Let kω  be a differential k-form on nR . We define a 

(k-1)-form (the “co-cone over ω ”) kpω  in the following way: for any chain 1−kc  

∫∫
−−

=
11 kk pc

k

c

k
p ωω . 

It is easy to see that the (k-1)-form kpω  exists and is unique; its value on the vectors 

11 ,, −kξξ K  tangent to nR  at x, is equal to 

∫ −− =
1

0
1111 ),,,(),,()( dtttxp ktxkx ξξωξξω KK . 

It is easy to see that 

1=+ dppd oo  (the identity map). 

Therefore, if the form kω  is closed, kkpd ωω =)( . 

Problem. Let X be a vector field on M  and ω  a differential k-form. We define a 

differential (k-1)-form ωXi  (the interior derivative of ω  by X) by the relation 

),,,(),,)(( 1111 −− = kkX Xi ξξωξξω KK . 

Prove the homotopy formula 

XXX Ldidi =+ , 

where XL  is the differentiation operator in the direction of the field X. 

[The action of XL  on a form is defined, using the phase flow { }tg  of the field X, by the 

relation 

)())(( *

0

ξωξω t

t

X g
dt

d
L

=

= . 

XL  is called the Lie derivative or fisherman’s derivative: the flow carries all possible 

differential geometric objects past the fisherman, and the fisherman sits there and 

differentiates them.] 

Hint. We denote by H the “homotopy operator” associating to t k-chain M→σγ :  the 

(k+1)-chain MIH →× )(: σγ  according to the formula )(),)(( xgxtH tγγ =  (where 

]1,0[=I ). Then 
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)()'1 γγγγ ∂+∂=− HHg . 

Problem. Prove the formula for differentiating a vector product on three-dimensional 

euclidean space (or on a Riemannian manifold): 

{ } abbaba,ba,curl divdiv −+=][  

(where { } bba, aL=  is the Poison bracket of the vector field, cg. Section 39). 

Hint. If τ  is the volume element, then 

ττ bab]curl[a, idii = ,  τaa didiv =   and  { } bba, aL= ; 

by using these relations and the factor that 0=τd , it is easy to derive the formula for 

][ ba,curl  from the homotopy formula. 

 

H Appendix 3: Cohomology and homology 

The set of all k-forms on M  is a vector space, the closed k-forms a subspace and the 

differentials of (k-1)-forms a subspace of closed forms. The quotient space 

),(
)(

)_(
RMH

alsdifferenti

formsclosed k=  

is called the k-th cohomology group of the manifold M . An element of this group is a 

class forms differing from one another only by a differential. 

Problem 14. Show that for the circle 1S  we have RRSH =),( 11 . 

The dimension of the space ),( RMH k  is called the k-th Betti number of M . 

Problem 15. Find the first Betti number of the torus 112 SST ×= . 

The flux of an incompressible fluid (without sources) over the surface of two concentric 

spheres is the same. In general, when integrating a closed form over a k-dimensional cycle, 

we can replace the cycle with another 

one provided that their difference is 

the boundary of a (k+1)-chain (Figure 

165):  

∫∫ =
b

k

a

k ωω , 

if 1+∂=− kcba  and 0=kdω . 

Poincaré called two such cycles a and b homologous. 

With a suitable definition of the group of chains on a manifold M  and its subgroup of 

cycles and boundaries (i.e., cycles homologous to zero), the quotient group 

)(
)(

)(
MH

boundaries

cycles
k=  

is called the k-th homology group of M . 

An element of this group is a class of cycles homologous to one another. 
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The rank of this group is also equal to the k-th Betti number of M  (“De Rham’s 

Theorem”). 

(End of Chapter 7) 


