PART III HAMILTONIAN MECHANICS

Hamiltonian mechanics is geometry in phase space. Phase space has the structure of a
symplectic manifold. The group of symplectic diffeomorphisms acts on phase space. The
basic concepts and theorems of hamiltonian mechanics (even when formulated in terms
of local symplectic coordinates) are invariant under this group (and under the larger
group of transformations which also transform time).

A hamiltonian mechanical system is given by an even-dimensional manifold
(the "phase space"), a symplectic structure on it (the "Poincaré integral invariant") and
a function on it (the "hamiltonian function"). Every one-parameter group of
symplectic diffeomorphisms of the phase space preserving the hamiltonian
function is associated to a first integral of the equations of motion.

Lagrangian mechanics is contained in hamiltonian mechanics as a special case
(the phase space in this case is the cotangent bundle of the configuration space, and the
hamiltonian function is the Legendre transform of the lagrangian function).

The hamiltonian point of view allows us to solve completely a series of
mechanical problems which do not yield solutions by other means (for example, the
problem of attraction by two stationary centers and the problem of geodesics on the
triaxial ellipsoid). The hamiltonian point of view has even greater value for the
approximate methods of perturbation theory (celestial mechanics), for
understanding the general character of motion in complicated mechanical systems
(ergodic theory, statistical mechanics) and in connection with other areas of

mathematical physics (optics, quantum mechanics, etc.).



Chapter 7. Differential forms
Exterior differential forms arise when concepts such as the work of a field along a path and
the flux of a fluid through s surface are generalized to higher dimensions.
Hamiltonian mechanics cannot be understood without differential forms. The information
we need about differential forms involve exterior multiplication, exterior differentiation,

integration, and Stokes’ formula.

32. Exterior forms
Here we define exterior algebraic forms.
A. I-forms
Let R"be an n-dimensional real vector space. We will denote vectors in the space by
&, ..
Definition. A form of degree 1 (or a 1-form) is a linear function w:R" — R, i.e.,
oL &+ ¢ =Ao(E D)+ oE;), 4,2, eR and &;,&, eR".
We recall the basic facts about 1-forms from linear algebra. The set of all 1-forms
becomes a real vector space if we define the sum of two forms by
(@0 +@,)(&) = @, () + @, (S) ,
and scalar multiplication by
(Ao)(&) = Ao(S) -
The space of I-forms on R" is itself n-dimensional, and is also called the dual space
(R")*.

Suppose that we have chosen a linear coordinate system x,,...,x, on R". Each
coordinate x; is itself a 1-form. These n 1-forms are linearly independent. Therefore,
every l-form @ has the form

w=ax +-+a,x,, a;€R.
The value of @ onavector ¢ isequal to
(&) =a,x (&) ++a,x, (&),
where x,($),...,x, (&) are the components of ¢ in the chosen coordinate system.

Example. If a uniform force field F is given

F (force)
. 3 .
on euclidean R” , its work A on the w(f) = (F, B)
displacement ¢ is a 1-form acting on ¢
(Figure 135). £ (displacement)

Figure 135. The work of a force is a

B. 2-forms 1-form acting on the displacement.

Definition. An exterior form of degree 2 (or a

2-form) is a function on pairs of vectors @?:R" xR" — R, which is bilinear and skew



symmetric:
0 (M€ +2262.85) = L0? (§1.65)+ 2,07 (6.45)
@' (&1 +&) =0 (& +&)
VA, 4, €R, &;,&,,E;€R".
Example 1. Let S(&;,&,) be the oriented area of the parallelogram constructed on the

vectors &;and &, of the oriented euclidean plane R?, i.e.,

‘fl 1 él 2
521 5322

where &; =¢&je;+8,e,, &, =8e;+8ne;,,

with e;,e, a basis giving the orientation on

S(élsgz):

>

R? . Ttis easy to see that S(&,;,&,) is a 2-form
(Figure 136). Figure 136 Oriented area is a 2-form.
Example 2. Let v be a uniform velocity vector field for a fluid in three-dimensional

oriented euclidean space (Figure 137). Then the flux
of the fluid over the area of the parallelogram ¢&,,¢&,
is a bilinear skew symmetric function of &, and
¢, ,i.e.,a2-form defined by the triple scalar product
@’ (1,€2) =mé1,¢5)

Example 3. The oriented area of the projection of the

J
parallelogram with sides &, and &, on the Figure 137 Flux of a fluid
through a surface is a 2-form.
X;,X,-plane in euclidean R’ is a 2-form.
Problem 1. Show that for every 2-form > on R”" we have
@*(EE)=0, VEeR"
Solution. By skew symmetry, o’ &é) = —w? &%)
The set of all 2-forms on R" becomes a real vector space if we define the addition of
forms by the formula
(@ +@,)(§1,62) =01(S1,82)+ @, (E4,62)
and multiplication by scalars by theformula
(Aw)(€1:62) = Aw(&,65) -

Problem 2. Show that this space is finite-dimensional, and find its dimension.

Answer. n(n-1)/2. A basis is shown below.

C. k-forms
Definition. An exterior form of degree k, or a k-form, is a function of k vectors which is

k-linear and antisymmetric:

O(A4E 1 +4,8"" 1,82, S ) = (€', 855, 6k ) A o(E" ", 65,5 8)



a)(fza---:fk):(—1)Va)(51a---a‘fk),

where

{O _ if the permutation 7,,...,i; is even;

1_if the permutation i,,...,i; isodd;
Example 1. The oriented volume of the parallelepiped with edges ¢&,;,...,&, in oriented

euclidean space R” is an n-form (Figure 138).

St S .
V(gl""’gn): : R y
anl égnn
3
where &, =&,e;,+---+&,e, and e;,...,e, g
&

are a basis of R". ) )

Figure 138 Oriented volume is a 3-form.
Example 2. Let R* be an oriented k-plane in
n-dimensional euclidean space R". Then the k-dimensional oriented volume of the
projection of the parallelepiped with edges ¢&;,...,&, € R” onto R* isak-formon R".

The set of all k-forms in form a real vector space if we introduce operations of addition

(@ +0,)E) =0 () +,(E), E=1E,...6 L& eR",

and multiplication by scalars
(Ao)(&) = Aa(S) .
Problem 3. Show that this vector space is finite-dimensional and find its dimension.

Answer. C,Il‘ . A basis is shown below.

D. The exterior product of two 1-forms
We now introduce one more operation: exterior multiplication of forms. If ®* is a
k-form and @' is an l-form on R”, then their
exterior product " Ao will be a
(k+1)-form. We first define the exterior product

of I1-forms, which associates to every pair of

l-forms @,,®w, on R" a 2-form w, A®, on

R}’l
Let £be a vector in R" . Given two

l-forms @, and ,, we can define a mapping 921 w(Ey)

of R" to the plane RxR by associating to
w(Eﬂ

£eR" the vector w(£) with components .
o

(&) and w,(§) in the plane with

coordinates @,,, (Figure 139). Figure 139 Definition of exterior

product of two 1-forms



Definition. The value of the exterior product @, A®, on the pair of vectors

&,&, € R" s the oriented area of the image of the parallelogram with sides , (&)

and @,($) onthe w,,®, -plane:

o (§))  @,(&)

(o, Ay ) (&1, E,) = w, (&) w,(&)
1(&2 2152

Problem 4. Show that really is a 2-form.
Problem 5. Show that the mapping
(@), 0,) > & A,
is bilinear and skew symmetric:
O AWy =—0y NO,
Ao+ 1"0," Y Ao, = A o' oy + A" 0" A,
Hint. The determinant is bilinear and skew symmetric not only with respect to rows, but
also with respect to columns.
Now suppose we have chosen a system of linear coordinates on R”, i.e., we are given n
independent 1-forms x,,...,x,. We will call these forms basic.
The exterior product of the basic forms are the 2-forms x; A x;. By skew-symmetry,
x; Ax; =0 and x; Ax; =-x; Ax;. The geometric meaning of the form x; Ax; is very
simple: its value on the pair of vectors &;,¢&, is equal to the oriented area of the image of

the parallelogram ¢&,,¢&, on the coordinate plane x;, x;

; under the projection parallel to

the remaining coordinate directions.

Problem 6. Show that the CnZ:n(n—l)/2 forms x; Ax; (i<j) are linearly

independent.

In particular, in three-dimensional euclidean space (x;,x,,x;), the area of the
projection on the (x;,x,)-plane is x; Ax,, onthe (x,,x;)-plane itis x, Ax;, and on
the (x;,x;)-planeitis x; Ax;.

Problem 7. Show that every 2-form in the three-dimensional space (x;,x,,x3;) 1is the
form

Pxy AXxy+0x3 AXp+Rx; AXy
Problem 8. Show that every 2-form on the n-dimensional space with coordinate x,...,x,

can be uniquely represented in the form

2 _
o = E apXx; AX; .

i<j

Hint. Let be the i-th basis vector, i.e., x;(e;)=1, x;(e;)=0 for i= j. Look at the

value of the form @ on the pair e; ,e . Then



2
a; =w"(e;,e;).

E. Exterior monomials
Suppose that we are given k I-forms w,...,w,. We define their exterior product
Oy AN AD .
Definition. Set
o (&) o op(§)
() A Ao )&, E) =] .
o (§p) - @Sy
In other word, the value of a product of 1-form on the parallelepiped ¢&,...,&, 1is equal to
the oriented volume of the image of the parallelepiped in the oriented euclidean coordinate
space R*under the mapping & = (@, (E),...,w; (£)) .
Problem 9. Show that @, A---A @, is a k-form.
Problem 10. Show that the operation of exterior product of 1-form gives a multi-linear
skew-symmetric mapping

(0,....,0,) >0 ANy
In other words,

A" +A" D" YAOy A A0 = A O A0y A AO, A O Ay A A0,

and
o, A Ao, = (D) op A Ay
where
0 _if the permutation i,,...,i; is even;
1_if the permutation i,,...,i; isodd;
Now consider a coordinate system on R" given by the basic forms x,...,x, . The

exterior product of k basic forms
Xp Acexg o, 1<i, <n,

is the oriented volume of the image of a k-parallelepiped on the k-plane (x; ,...,x; )
under the projection parallel to the remaining coordinate directions.
Problem 11. Show that, if two of the indices i,...,i; are the same, then the form
X Ao X; 1S Zero.
Problem 12. Show that the forms

X; Ao AX; , where 1<i) <iy <---<iy <n,
are linearly independent.

The number of such forms is clearly C* . We call them basic k-forms.

Problem 13. Show that every k-form on R" can be uniquely represented as a linear



combination of basic forms:

@ = E a; i Xip NcANX
Lol 70 ke
1<ij<--<iy <n

Hint. a;

k
ioiy =@ (eil sees € ) -

It follows as a result of this problem that the dimension of the vector space of k-forms
on R" isequal to C,f . In particular, for k=n, C,I,‘ =1, from which follows:
Corollary. Every n-form on R" is either the oriented volume of a parallelepiped with
some choice of unit volume, or zero:

" =a-x A AX,.

Problem 14. Show that every k-formon R" with k>n is zero.

We now consider the product of a k-form " and an l-form @' . First suppose that
we are given two monomials

w* =w; A-Aw and o' =Wp AN ADpy

! to be the monomial

where @, ,...,w,,, are I-forms. We define their product ©* A ®
(O A ANOIAN( Oy A ADp ) = O A ANDf ANDp g AN Dy -
Problem 15. Show that the product of monomials is associative:
(@ Ao Y Ao™ = 0" A& A™)
and skew-commutative:
o' no' = (—l)kla)l Aok,
Hint. In order to move each of the | factors of @' forward, we need k inversions with the &
factors of " .

Remark. It is useful to remember that skew-commutativity means commutativity only if

one of the degrees k and / is even, and anti-comutativity if both degree & and / are odd.

33 Exterior multiplication

We define here the operation of exterior multiplication of forms and show that it is
skew-commutative, distributive, and associative.

A Definition of exterior multiplication

We now define the exterior multiplication of an arbitrary k-form @® by an arbitrary

1

I-form @' . The result " A@' will be a (k+I)-form. The operation of multiplication

turns out to be:

1. skew-commutative: o A’ = (—l)kla)[ Aok

2. distributive: (ﬂla)lk +/12a)2k)/\a)l = ﬂla)lk Ao’ +/12a)2k Ao’
3. associative: (0* A@' ) A@™ = 0" A0 Ao™)

/

Definition. The exterior product w* Aw' of a k-foom @* on R" with an /-form



o' on R" is the (k+l)-form on R" whose value on the (k+]) vectors

ElrersEpyErntsrEpp €R" is equal to
(1) (@ A& )& E) = D (D 0 € E )0 E 0 E )

where i <---<i, and j, <---<j;; (,..-,ix,ji»---»j;) 1S a permutation of the
numbers (1,2,...,k+17) and
1 _if this permutation is_odd;

- {0 __if this_permutation_is_even.
In other words, every partition of the k+/ vectors &,,...,&,,, into two groups (of k and of
[ vectors) gives one term in our sum (1). This term is equal to the product of the value of
the k-form @* on the k vectors of the first group with the value of the /-form @' on the /
vectors of the second group, with sign + or — depending on how the vectors are ordered in
the group. If they are ordered in such a way that the k£ vectors of the first group and the /
vectors of the second group written in succession form an even permutation of the vectors
&rs..» gy » then we take the sign to be +, and if they form an odd permutation we take the
sign to be -.
Example. If k=I=1, then there are just two partitions: &,,&, and &,,¢,. Therefore,

(@) Ay )(&1,65) =01 (8)),(85) — @, (&))@ (S,),

which agrees with the definition of multiplication of 1-form in Section 32.
Problem1. Show that the definition above actually defines a (k+/)-form (i.c., that the value

of (0 Ao’ )(&,-..,¢pyy) depends linearly and skew-symmetrically on the vectors &).

B Properties of the exterior product

Theorem. The exterior multiplication of forms defined above is skew-commutative,
distributive, and associative. For monomials it coincides with the multiplication defined in
Section 32.

The proof of skew-commutativity is based on the simplest properties of even and odd
permutations (cf. the problem at the end of Section 32) and will be left to the reader.

Distributivity follows from the fact that every term in (1) is linear with respect to @*
and o' .

The proof associativity requires a little more combinatorics. Since the corresponding
arguments are customarily carried out in algebra course for the proof of Laplace’s theorem
on the expansion of a determinant by column minors, we may use this theorem.

We begin with the following observation: if associativity is proved for the terms of a

sum, then it is also true for the sum, i.e.,



(@' \ Ny ) N O3 = Oy Ny A @3) A
(0" | ")) ANy = 0" | N0y A0y )} implies
(@ 40" ) A0y A @y = (@10} ) A (@3 A ws)
For, by distributivity, which has already been proved, we have
(0" +0" ) Awy) Ay = (0 A0y) A3 + (0" Ay) Ay,
(01 +0" | )N (W) Aw3) = O\ N0y AW3)+ 0" | A0y A@3) .
We already know from Section 32 (Problem 13) that every form on R” is a sum of
monomials; therefore, it is enough to show associativity for multiplication of monomials.
Since we have not yet proved the equivalence of the definition in Section 32 of
multiplication of £ 1-forms with the general definition (1), we will temporarily denote the
multiplication of k£ 1-forms by the symbol A , so that our monomials have the form
o =0y AAw, and o' =0, A Ao,
where @,,...,o;,,; are 1-forms.
Lemma. The exterior product of two monomials is a monomial.
(O N NN Oy N AW )= Oy N ANOf NOpyg N+ N Oy -
Proof. We calculate the values of the left and right sides on k+/ vectors &,...,&;,,. The
value of the left side, by formula (1), is equal to the sum of the products

Dk detloy (£ det [ (&)

k<i<k+l

of the minors of the first k columns of the determinant of order k+I and the remaining
minors. Laplace7s theorem on the expansion by minors of the first k columns asserts

exactly that this sum, with the same rule of sign choice as in Definition (1), is equal to the

determinant det|a),- (&, )| .

It follows from the lemma that the operations A and A coincide: we get, in turn,
O NOy =0 A@D,,
O Ny Ny = (0 AOy) AWy = (0] AWy) A3,
Oy N0y N A, = (0 A AN ABy) .

The associativity of A -multiplication of monomials therefore follows from the obvious
associativity of A -multiplication of 1-forms. Thus, in view of the observation made above,
associativity is proved in the general case.

Problem 2. Show that the exterior square of a 1-form, or, in general, of a form of odd order,
is equal to zero: @* A" =0 ifkis odd.

Example 1. Consider a coordinate system p,,...,p,. ¢;,-...4, on R*" and the 2-form

n-



2 n
o =2 PiNd: -

[Geometrically, this form signifies the sum of the oriented areas of the projection of a
parallelogram on the n two-dimensional coordinate plane (p,,q,),...,(p,,q,) . Later, we
will see that the 2-form > has a special meaning for hamiltonian mechanics. it can be
shown that every nondegenerate 2-form on R”" has the form ®? in some coordinate
system (p,...,q,) -]
Problem 3. Find the exterior square of the 2-form @?.
Answer.

o’ A o? :—2Zpl- AD; NG NG

i>j
Problem 4. Find the exterior k-th power of @?.
Answer.
0* A0* A0 =+ Zpﬂ AN ADg AN A NGy -
il<--<ik

In particular,

2

0’ A©? - A0? =xnlp, A AD, NG A NG,
-

n

is, up to a factor, the volume of a 2n-dimensional parallelepiped in R*".
Example 2. Consider the oriented euclidean space R>. Every vector 4 R> determines
a l-form a)l1 , by a)l1 (&)=(A4,¢) (scalar product) and a 2-form a)f1 by
a)f, (&1,8,)=(A,¢&,,&,) (triple scalar product).
Problem 5. Show that the maps 4 — ! and 4— a)f1 establish isomorphisms of the
linear space R® of vectors A with the linear spaces of 1-forms on R® and 2-forms on
R* . If we choose an orthonormal oriented coordinate system (x;,x,,X3) on R? , then
a)l, = A x|+ Ayx, + A3x5
and
a)f1 = A1 xy ANx3 + Ay x5 AX|+A3x AX,.
Remark. Thus the isomorphisms do not depend on the choisce of the orthonormal oriented
coordinate system (x;,X,,x;). But they do depend on the choice of the euclidean
structure on R*, and the isomorphism A — a)f, also depends on the orientation (coming
implicitly I the definition of triple scalar product).
Problem 6. Show that, under the isomorphisms established above, the exterior product of
1-form becomes the vector product in R?,i.e., that
o\ Aoy = a)[zAjB] forany A,BeR’.

In this way the exterior product of 1-forms can be considered as an extension of the

10



vector product in R to higher dimensions. However, in the n-dimensional case, the
product is not a vector in the same space; the space of 2-forms on R" is isomorphic to
R" only for n=3.

Problem 7. Show that, under the isomorphisms established above, the exterior product of a
1-form and a 2-form becomes the scalar product of vectors in R> :

1 1
Wy~ =(A,B)xX; "Xy AX5.

C Behavior under mappings
Let /:R™ — R" be a linear map, and @* an exterior k-form on R". Then there is a
k-form f*a)k on R™, whose value on the k vectors &,...,&, € R™ is equal to the
value of @* on their images:

(f*O N &) = 0" (e fE0) -
Problem 8. Verify that f* " is an exterior form.
Problem 9. Verify that f* is a linear operator from the space of k-forms on R” to the
space of k-forms on R™ (the star superscript means that f* acts in the opposite
direction from f").
Problem 10. Let f/:R™ — R" and g:R" — R’ . Verifythat (go f)*= f*og*.
Problem 11. Verify that f* preserves exterior multiplication:

f*@* rno')=(f*o" A (f*a').

34 Differential forms
We give here the definition of differential forms on differentiable manifolds.

A Differential 1-forms

The simplest example of a differential form is the differential of a function.

Example. Consider the function y = f(x)=x>. Its differential df =2xdx depends on
the point x and on the “increment of the

I
argument,” i.e., on the tangent vector £ to the x

axis. We fix the point x. Then the differential of
df
the function atx, df | . » depends linearly on & So,

£

x

if x=1 and the coordinate of the tangent vector &

is equal to 1, then df =2, and if the coordinate of
¢ isequalto 10, then df =20 (Figure 140).

Figure 140 Differential of a function

Let f:M — R be adifferentiable function on the manifold M (we can imagine a

“function of many variables” f :R" — R). The differential df |x of f atxisalinear

11



map
df,:TM, > R
of the tangent space to M at x into the real line. We recall from Section 18F the definition
of this map:
Let £ eTM, be the velocity vector of the curve x(t): R - M ; x(0)=x and
x(0) = &. Then, by definition,
d @O =2 Fxto).
dt|,_,
Problem 1. Let £ be the velocity vector of the plane
curve x(t)=cost, y(t)=sint at =0 . Calculate the
values of the differentials dx and dy of the functions x and y ¢ on
the vector & (Figure 141).
Answer.

x

Figure 141 Problem 1

dif | (£)=0. &, (&)=1.

Note that the differential of a function f'at a point x € M is a l-form gf_on the tangent
space TM -

The differential df of f on the manifold M is a smooth map of the tangent bundle 7M

to the line
df :TM — R (TM:UTMX).

This map is differentiable and is linear on each tangent space TM, < TM .
Definition. 4 differential form of degree 1 (or a 1-form) on a manifold M is a smooth
map
o:TM - R

of the tangent bundle of M to the line, linear on each tangent space TM , .

One could say that a differential I1-form on M is an algebraic I-form on TM , which
is “differentiable with respect to x.”
Problem 2. Show that every differential 1-form on the line is the differential of some
function.
Problem3. Find differential 1-forms on the circle and the plane which are not the

differential of any function.

B The general form of a differential 1-form on R"

We take as our manifold M a vector space with coordinates x,...,x,. Recall that the

components &,...,&, of a tangent vector & e TR, are the values of the differentials

n

12



dxy,...,dx, on the vector &¢. These n 1-forms on TR are linearly independent. Thus
the 1-forms dx,,...,dx, form a basis for the n-dimensional space of 1-forms on 7R , and

every 1-form on 7R; can be uniquely written in the form a,dx, +---+ a,dx, , where the

nos
a; are real coefficients. Now let @ be an arbitrary differential 1-form on R". At every

pount x it can be expanded uniquely in the basis dx,,...,dx, .From this we get:

Theorem. Every differential 1-form on the space R" with a given coordinate system

Xy,...,%, can be written uniquely in the form
w=a,(x)dx; +---+a,(x)dx,,
where the coefficients a;(x) are smooth functions.

Problem 4. Calculate the value of the forms @, =dx,,

x2
W, =dx, , and ; =dr* (r*=x{+x3) on the
£ £
vectors ¢&;,&, and &; (Figure 142). 2 : 2
Answer. 1
& & & uf o
o, 0 -1 1 il 1 2 3
a) ) ) Figure 142 Problem 4
2
N 0 -8 0

Problem 5. Let x;,...,x, be functions on a manifold M forming a local coordinate

system in some region. Show that every 1-form on this region ca be uniquely written in the

form w=a(x)dx; +---+a,(x)dx,.

C Differential k-forms

Definition. A differential k-form ©*| at a point x of a manifold M 1is an exterior
X

k-form on the tangent space TM , to M atx, i.e., a k-linear skew-symmetric function of

k vectors &,...,&, tangentto M atx.

In such a form ® is given at every point x of the manifold M and if it is
differentiable, then we say that we are given a k-form " on the manifold M .

Problem 6. Put a natural differentiable manifold structure on the set whose elements are
k-tuples of vectors tangent to M at some point X.

A differential k-form is a smooth map from the manifold of Problem 6 to the line.
Problem 7. Show that the k-forms on M form a vector space (infinite-dimensional if k
does not exceed the dimension of M).

Differential forms ca be multiplied by functions as well as by numbers. Therefore, the
set of C” differential k-forms has a natural structure as a module over therng of infinitely

differentiable real functions on M .

D The general form of a differential k-form on R"

13



Take as the manifold M the vector space R" with fixed coordinate functions
Xi,..-»%, :R" = R. Fix a point x. We saw above that the n 1-forms forms dx,,...,dx,
form a basis of the space of 1-forms on the tangent space 7Ry .
Consider exterior products of the basic forms:
dxyg Ao ndxy,  il<--<ik .
In Section 32 we saw that these C) k-forms form a basis of the space of exterior A-forms
on TR, . Therefore, every exterior k-formon 7R, can be written uniquely in the form

zail,“.,ik dxj Ao ndxy, .

il<--<ik
Now let @ be an arbitrary differential A&~form on R". At every point X it can be
uniquely expressed in terms of the basis above. From this follows:

Theorem. Every differential k-form on the space R" with a given coordinate system

Xi,...,%, can be written uniquely in the form
o = Zail,.‘.,ik (X)dxy ANy
il<--<ik
where the a;; ., (x) are smooth functions on R". X2
Problem 8. Calculate the value of the forms @, =dx; Adx,, 3
W,y =x1dx; Adxy —X,dx, Adx; , and @3 =rdr Andp (where £ 1
2 n
x,=rcosep and x, =rsingp 9 on the pairs of vectors JL|1I r
2
(S1>m) s (82,12),and (&3,773) (Figure 143). ! &
3
Answer. 0 ’ 1 X1
(S1.m) | (&2,12) | ($3,773) Figure 143 Problem 8
o} 1 1 -1
@, 2 1 -3
0N 1 1 -1

Problem 9. Calculate the value of the forms @, =dx, Adx;, @, =x,dx3 Adx,, and
Wy =dxy A ar* (? = xl2 +x§ +x32), on the pair of vectors &=(1,1,1), n=(1,2,3) at
the point x =(2,0,0) .
Answer. o =1, @, =-2, w; =-8.
Problem 10. Let x,...,x,:M — R be functions on a manifold which form a local
coordinate system on some region. Show that every differential form on this region ca be
written uniquely in the form
o* = Zail,...,ik (X)dxy A Ay

il<--<ik
Example. Change of variables in a form. Suppose that we are given two coordinate systems
on R®:x,x,,x; and y,,y,,y;.Let @ bea2-formon R*. Then, by the theorem

above, @ can be written in the system of x-coordinates as
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o= X dx, Ndxy+ Xydxy Adx) + Xsdx Adx,,
where X,,X,,and X; are functionsof x;,x, and x;, and in the system of
y-coordinates as
@ =Ydy, ndyy +Yydys ndy, +Ysdyy Ady, ,
where 1,,Y,,and Y; are functionsof y,,y, and y;.
Problem 11. Given the form written in the x-coordinates (i.e., the X;) and the change of
variables formulas x = x(y) , write the form in y-coordinates, i.e., find Y.

Solution. We have dx; = (0x; / Oy, )dy, +(Ox; / Oy, )dy, + (Ox; / Oy3)dys . Therefore,

dxy Adxy = aﬁdyl +ax—2dy2 +ax—2dy3 A aﬁdyl +%dy2 +%dy3 ,
M o 3 M o s

from which we get

D@, x)| [P | |POnx)

,=X )
’ l|D(y1»yz)| 2|D(y1,y2)| 3|D(J’1»J’2)|

etc.

E Appendix. Differential forms in three-dimensional spaces
Let M be a three-dimensional oriented Riemannian manifold (in all future examples M
will be euclidean three-space R*).Let x,,x, and x5 be local coordinates, and let the
square of the length element have the form

ds® = E\dx} + Edx; + E3a’)c32

(i.e., the coordinate system is triply orthogonal).

Problem 12. Find E|,E, and E; for cartesian K

coordinates x,y,z for cylindrical coordinates r,p,z and

for spherical coordinates R, @, in the euclidean space “' ¥
N

R® (Figure 144).

Figure 144 Problem 12
Answer.
ds* = dx* +dy* +dz* =dr* + r’de* +dz* = dR* + R* cos® dp” + R*d6* .

Welet e;,e, and e; denote the unit vectors in the coordinate directions. These three
vectors form a basis of the tangent space.

Problem 13. Find the values of the forms dx,,dx, and dx; on the vectors e;,e, and

e3 .
Answer. dx;(e;)=1/4/E; , the rest are zero. In particular, for

cartesian coordinates dx(e, ) = dx(e,) = dx(e,)=1; for
cylindrical coordinates dr(e,)=dz(e,)=1 and
do(e,)=1/r (Figure 145), for spherical coordinates
dR(eg) =1, dop(e,)=1/(Rcos®) and db(ey)=1/R.

L r

Figure 145  Problem 13
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The metric and orientation on the manifold M furnish the tangent space to M at
evey point with the structure of an oriented euclidean three-dimensional space. In terms of
this structure, we can talk about scalar, vector, and triple scalar products.

Problem 14. Calculate [e;e,], (eg,ey) and (e..e,.e)).
Answer. e;.0. 1.

In an oriented euclidean three-space every vector 4 corresponds to a 1-form a)l1 and a

2-form @7 , defined by the conditions

04 (&) = (4,8, 0i(En=(A4En), &nekR’.
The correspondence between vector fields and forms does not depend on the system of
coordinates, but only on the euclidean structure and orientation. Therefore, every vector
field 4 on our manifold M corresponds to a differential 1-form @' on M and a
differential 2-form % on M .

The formulas for changing from fields to forms and back have a different form in each
coordinate system. Suppose that in the coordinates x;,x, and x; described above, the
vector field has the form

A=Ae; +A4,e, + Aze;
(the components A4; are smooth functions on M ). The corresponding 1-form a)l1

decomposes over the basis dx; , and the corresponding 2-form over the basis dx; Adx; .

Problem 15. Given the components of the vector field A, find the decompositions of the

l1-form ! and the 2-form @7 .

Solution. We have ',(e;) = (A,e;) = 4, . Also,

(aydx; + aydx, + asdxs;)(e)) = aydx (e;) =a, /E,| .
From this we get that a; = 4,,/E; , so that

oy = AH/E_ldxl +A2\/E_2dx2 +A3\/E_3dx3.

In the same way, we have a)i (ey,e3)=(A,e,,e3) = 4,. Also,
1

(aydxy Ndxy +aydxy Adx) +asdx; Adxy)(ey,e3) =0 —.

Hence, a; = 4,+/E,E; ,i.e.,
@} = A EyEydxy Adxy + Ay ESE  dxsy A dxy + Ay E\Eydx; Adx, .

In particular, in cartesian, cylindrical and spherical coordinates on R* the vector field
A=A, +Aye, +A.e. =A.e +A,e,+A.e. = Agep + Aye, + 4 ¢,

16



corresponds to the 1-form
@) = Adx+ A dy + A dz = A, dr +rA,dp+ A.dz = AgdR + Rcos 04,dp + RA,d0

and the 2-form
a)f1 = A dy ndz+ Aydz Adx+ A.dx Ady
=rd, dp ndz+ A,dz ndr +1A.dr ndp
=R? cosdrdp AdO+ RA,dO AdR + RcosG4.dR ndg

An example of a vector field on a manifold M is the gradient of a function

f:M —> R . Recall that the gradient of a function is the vector field gradf

corresponding to the differential:

gy =df i, df(E) = (gradf &), VE.

Problem 16. Find the components of the gradient of a function in the basis e;,e,,e;.
Solution. We have df = (0f/0x|)dx, +(0f /Ox,)dx, +(0f / Ox3)dx; . By the problem

above

1 of 1 o 1 of
gradf =———e; + —e, + ——e;
/E1 ox, /Ez 0x,y /E3 0Ox5
In particular, in cartesian, cylindrical and spherical coordinates

o, o, o

radf =—e +—e, +—e
gradf =7 Cex ey o e

L, AT, o,
or rop 7 oz
VLT, 1T
OR Rcosé Op R 060

35 Integration of differential forms
WE define here the concepts of a chain, the boundary of a chain and the integration of a
form over a chain.

The integral of a differential form is a higher-dimensional generalization of such ideas

as the flux of a fluid across a surface or the work of a force along a path.

A The integral of a 1-form along a path

We begin by integrating a 1-form ®' on a

manifold M . Let
y: [0t > M

T
be a smooth map (the “path of integration™). The /‘ A

o
integral of the form @' on the path y is I

Figure 146 Integrating a 1-form along a path
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defined as a limit of Riemann sums. Every Riemann sum consists of the values of the form
o' on some tangent vectors &; (Figure 146):
1 -
Jo' = gg})zljw ).
The tangent vectors ¢&; are constructed in the following way. The interval 0<¢<1 is
divided into parts 4; :¢; <t <t,,, by the points ¢;. The interval 4, can be looked at as a

tangent vector 4, to the 7 axis at the point ¢;. Its image in the tangent space to M at the

point y(¢;) is
& = d7|ti (4)e TM}/([,») .

The sum has a limit as the largest of the intervals A, tends to zero. It is called the
integral of the 1-form along the path y.

The definition of the integral of a k-form along a k-dimensional surface follows an
analogous pattern. The surface of integration is partitioned into small curvilinear
k-dimensional parallelepipeds (Figure 147);
these  parallelepipeds are replaced by
parallelepipeds in the tangent space. The sum of
the values of the form on the parallelepipeds in
the tangent space approaches the integral as the
Figure 147 Integrating a 2-form over a surface

partition is refined. We will first consider a

particular case.

B The integral of a k-form on oriented euclidean space RY

Let x,,...,x;, be an oriented coordinate system on R*. Then every k-form on R* is
proportional to the form dx; A---Adx;, ie., it has the form o* = @(x)dx; A+ Ndxy,
where ¢(x) isa smooth function.

Let D be a bounded convex polyhedron in R* (Figure 148). By definition, the integral

of the form @ on D is the

integral of the function:

[po" =1, p(x)dx -dx, , N

where the integral on the right is

understood to be the usual limit of  Figure 148 Integrating a k-form in k-dimensional space
Riemann sums.

Such a definition follows the pattern outlined above, since in this case the tangent space
to the manifold is identified with the manifold.

Problem 1. Show that |, " depends linearly on "
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Problem 2. Show that if we divide D into two distinct polyhedra D1 and D2, then
[po" = [p 0" +[50" .

In the general case (a k-form on an n-dimensional space) it is not so easy to identify the
elements of the partition with tangent parallelepipeds; we will consider this case below.
C The behavior of differential forms under maps
Let f:M — N be a differentiable map of a smooth manifold M to a smooth manifold
N, and let @ be a differential k-form on N (Figure 149). Then, a well-defined k-form
arises also on M : it is denoted by f*w
and is defined by the relation

(f*0)G1s-s64) = O(fs&ys..s f1S))
for any tangent vectors ¢&,...,& €TM .
Here f. is the differential of the map f .

f*w

In other words, the value of the form f * @
on the vectors ¢&,...,¢&, is equal to the Figure 145 A form on N induces a form on M.
value of @ on the images of these vectors.
Example. If y = f(x,x,) = xl2 + x% and o =dy,then
f*o=2xdx; +2x,dx, .

Problem 3. Show that f*® isak-formon M .
Problem 4. Show that the map f * preserves operations on forms:

fH oy + o)) =4 f* (@) + 4, f *(@,),

S ¥y nay) = fH(@) A f*(w).

Problem 5. Let g:L — M be a differentiable map. Show that (fg)*=g* f *.
Problem 6. Let D1 and D2 be two compact, convex polyhedra in the oriented
k-dimensional space R* and f:D, —> D, a differentiable map which is an

orientation-preserving diffeomorphism of the interior of D1 onto the interior of D2. Then,

for any differential k-form o* onD2,

f*a)k =|o" .
DI D2

Hint. This is the change of variables theorem for a multiple integral:

JD] 6(X1,...,xn)¢(y(x))dxl dx,, = [, p(¥)dv, -~ dy, .

D Integration of a k-form on an n-dimensional manifold

Let w be a differential k-form on an n-dimensional manifold M . Let D be a bounded

convex k-dimensional polyhedron in k-dimensional euclidean space R’ (Figure 150).

The role of “path of integration” will be played by a k-dimensional cell o of M
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represented by a triple o = (D, f,0r) consisting of

1. a convex polyhedron D c R*,
2. a differentiable map f:D — M ,and

3. an orientation on R, denoted by Or.

Definition. The integral of the k-form @ over Figure 150 Singular kdimensional polyhedron

the k-dimensional call o is the integral of the corresponding form over the polyhedron D

o=, f*o.

Problem 7. Show that the integral depends linearly on the form:

lo e + Aoy = 4 [, 0 + A5 [, 0,
The k-dimensional cell which differs from o only by o —g
p— S

the choice of orientation is called the negative of o and is

. Figure 151 Problem 8
denoted by —o or —1-o (Figure 151).

Problem 8. Show that, under a change of orientation, the integral changes sign:

fo=-]e.

E Chains

The set f(D) is not necessarily a smooth submanifold of M . It could have
“self-intersections” or “folds” and could even be reduced to a point. However, even in the
one-dimensional case, it is clear that it is inconvenient to restrict ourselves to contours of
integration consisting of one piece: it is useful to be able to consider contours consisting of
several pieces which can be traversed in either direction, perhaps more than once. The
analogous concept in higher dimensions is called a chain.

Definition. A chain of dimension k on a manifold M consists of a finite collection of
called

k-dimensional oriented cells o,,...,0, in M and integers my,...,m

.
multiplicities (the multiplicities can be positive, negative or zero).

A chain is denoted by

Cp =mo|+-+m,o,.
We introduce the natural identifications
myo+myo =(m; +m,)o,
MmOy +Mmy0, =My0, + M0y,
0oc=0,
¢, +0=cy.

Problem 9. Show that the set of all k-chains on M forms a commutative group if we
define the addition of chains by the formula
(mo,+--+m.o.)+(m o\ +-+m', 0" )=mo, +---+m.oc,. +m' o'\ +--+m', o',

F Example: the boundary of a polyhedron
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Let D be a convex oriented k-dimensional polyhedron in

k-dimensional euclidean space R’ . The boundary of D
is the (k-1)-chain 6D on R* defined in the following
way (Figure 152).

The «cells o; of the chain 0D are the

1

(k-1)-dimensional faces D, of the polyhedron D,

1

Figure 152 Oriented boundary
together with maps f; : D; — R* embedding the faces

in R* and orientations Or; defined below; the multiplicities are equal to 1:
D=0, o,=(D.f.0n).

Rule of orientation of the boundary. Let e,,...,e; be an oriented frame in R . Let D,
be one of the faces of D. We choose an interior point of D; and there construct a vector
n outwardly normal to the polyhedron D. An orienting frame for the face D, will be a
frame f,..., fy_; on D, such that the frame (m, f;,..., f;_;) 1s oriented correctly
(i.e., the same way as the frame e,,...,e;).

The boundary of a chain is defined in an analogous way. Let o = (D, f,0r) bea
k-dimensional cell in the manifold M . Its boundary 0o is the (k-1) chain: do = Zo-i

consisting of the cells o; =(D;, f;,0r;), where D; are the (k-/)-dimensional faces of D,

Or; are orientations chosen by the rule above,

a -
and f; are the restrictions of the mapping T .
f:D—>M totheface D;. / \
The boundary Oc, of the k~dimensional

i)

chain ¢, in M is the sum of the boundaries of Figure 153 Boundary of a chain
the cells of ¢, with multiplicities (Figure 153):
oc, =0(mo, +---+m,0,)=moo, +--+m.00,.
Obviously, Oc, isa (k-I)-chainon M .
Problem 10. Show that the boundary of the boundary of any chain is zero: ¢, =0.
Hint. By the linearity of 0 it is enough to show that 00D =0 for a convex polyhedron D.
It remains to verify that every (k-2)-dimensional face of D appears in 00D twice, with

opposite signs. It is enough to prove this for k=2 (planar cross-sections).

G The integral of a form over a chain

k

Let " beak-formon M ,and ¢, ak-chainon M, ¢, = Zm,-ai . The integral of

the form @* over the chain ¢, 1s the sum of the integrals on the cells, counting
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multiplicities:
k k
o =) m|o".
ot =2om ]

Problem 11. Show that the integral depends linearly on the form:

k k _ k k
J-a)1+a)2—J-a)l+J.a)2.
c; cx [

Problem 12. Show that integration of a fixed form ®* on chains ¢, defines a
homomorphism from the group of chains to the line.
Example 1. Let M be the plane {(p,q)}, o' the
form pdg, and ¢, the chain consisting of one cell

o with multiplicity 1:
[

t
<t< = =si
[0<t<27]—>(p =cost,g =sint). X7 py

Then J. pdq = . In general, if a chain ¢ 4
| : u

represents the boundary of a region G (Figure 154), Figure 154 The integral of the

) o form pdg over the boundary of a
then J. pdq is equal to the area of G with sign + or o

¢ region is equal to the area of the
— depending on whether the pair of vectors (outward ~ region.
normal, oriented boundary vector) has the same or opposite orientation as the pair (p axis, g
axis).
Example 2. Let M be the oriented three-dimensional euclidean space R> . Then every

I-formon M corresponds to some vector field A (' = a)l1 ), where

@) =(4,8).
The integral of a)l1 on achain c¢; representingacurve [ is called the circulation of

the field A over the curve I :
j o = j(A,dl).
c| !

Every 2-form on M also corresponds to some field A( o’ = a)f1 , Where

@3 (&) = (AEm).
The integral of the form a)i on a chain ¢, representing an oriented surface S is

called the flux of the field A through the surface S:
2
j > =j (A,dn).
¢,y S
Problem 13. Find the flux of the field A=(1/ R? )er over the surface of the sphere

x?+y? +2z% =1, oriented by the vectors e.,e, atthe point z=1. Find the flux of the

y
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same field over the surface of the ellipsoid (x2 /az)+(y2 /172)+z2 =1 oriented the
same way.

Hint. Cf. Section 36H.

Problem 14. Suppose the, in the 2n-dimensional space R = {(pl yeeos Pidl ,...,qn)} , We
are given a 2-chain ¢, representing a two-dimensional oriented surface S with boundary /.

Find
J. dp, ndg, +---+dp, ndg, and J.[pldql +-+p,dq, .
€2

Answer. The sum of the oriented areas of the projection of S on the two-dimensional

coordinate planes p,,q;.

36 Exterior differentiation

We define here exterior differentiation of k-form and prove Stokes’ theorem; the integral of
the derivative of a form over a chain is equal to the integral of the form itself over the
boundary of the chain.

A Example: the divergence of a vector field

The exterior derivative of a k-form @ on a manifold M is a (k+/)-form dw on the
same manifold. Going from a form to its exterior derivative is analogous to forming the
differential of a function or the divergence of a vector field. We recall the definition of
divergence.

Let A be a vector field on the oriented euclidean three-space R®, and le S be the

boundary of a parallelepiped /7 with edges ¢&;,&, and &; at the vertex x (Figure 155).
Consider the (“outward”) flux of the field

A through the surface S:

F(IT) = L (A, dn).

If the parallelepiped /7 is very small, Figure 155 Definition of divergence of a vector field
the flux F'is approximately proportional to the product of the volume of the parallelepiped,

V =1(&,¢,,&5) , and the “source density” at the point x. This is the limit

limM

e>0 g3V
where &/7 is the parallelepiped with edges &&,,&&,,&&;. This limit does not depend on
the choice of the parallelepiped 77 but only on the point X, and is called the divergence,
divA , of the field A at x.

To go to higher-dimensional cases, we note that the “flux of A through a surface

element” is the 2-form which we called a)f1 . The divergence, then, is the density in the
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expression for the 3-form
® = divAdx A dyndz,
@ (&80, 63) =divA V(£1.6.63)

characterizing the “source in an elementary parallelepiped.”
The exterior derivative do® of a k-foom @' on an n-dimensional manifold M

may be defined as the principal multilinear part of the integral of @* over the boundaries

of (k+1)-dimensional parallelepipeds.
B Definition of the exterior derivative

We define the value of the form dw on k+1 vectors &,...,&,, tangentto M atx. To
do this, we choose some coordinate system in a neighborhood of x on M, ie., a

differentiable map f of a neighborhood of the point 0 in euclidean space R" to a
neighborhood of x in M (Figure 156).

g

n

Figure 156 The curvilinear parallelepiped I1.

The pre-images of the vectors &,...,&,,; € TM . under the differential of f lie in the

tangent space to R" at 0. This tangent space can be naturally identified with R", so we

may consider the pre-images to be vectors

.
&L é RN

We take the parallelepiped 77 * in R" spanned by these vectors (strictly speaking,

we must look at the standard oriented cube in  R¥*! and its linear map onto /7 *, taking

the edges e;,...,e;.; to &),....¢ ., as a (k+1)-dimensional cell on M (a “curvelinear
parallelepiped”). The boundary of the cell /7 is a k-chain, 0/7 . Consider the integral of
the form ®® on the boundary 077 of I7:

F(é}!""ékﬂ) :J-agk .

Example. We will call s smooth function ¢: M — R a O-form on M . The integral of
the O-form ¢ on the O-chainc, :zmiAl- (where the m; are integers and the 4;

points of M )is

[ o=2mota).
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Then the definition above gives the
“increment” F'(&)) = ¢(x;) — p(x) (Figure 157) of
the function ¢, and the principal linear part of
F (&) at0 is simply the differential of ¢.
Problem 1. Show that the function

F(&,....,&) 1s skew-symmetric with respect to
£.

It turns out that the principal (k+1)-linear part

Figure 157 The integral over the
boundary of a  one-dimensional
of the “increment” F(&,...,&,,;) 1s an exterior parallelepiped is the change in the
(k+1)-form on the tangent space TM , to M at function.

x. This form does not depend on the coordinate system that was used to define the
curvilinear parallelepiped /7 . It is called the exterior derivative, or differential, of the

form " (at point x) and is denoted by deo" .

C A theorem on exterior derivatives

Theorem. There is a unique (k+1)-form €2 on TM . which is the principal (k+1)-linear
part at 0 of the integral over the boundary of a curvilinear parallelepiped, F(&,,...,&1 )
ie.,

(1) F(&),06500) = 61Q(E . &) +o(") (6 50).

The form €2 does not depend on the choice of coordinates involved in the definition of F.

1If, in the local coordinate system x,,...,x, on M, the form * s written as

n
o = Zdail,...,ikdxil AN dxy

then £ is written as

2 Q=do* =Zdail’_“,ik ANdyg AN ndy

We will carry out the proof of this theorem for the case of a form @' = a(x,,x, )dx,
on the x;,x, plane. The proof in the general case is entirely analogous, but the
calculations are somewhat longer.

We calculate F(&,7), i.e., the integral of @' on the boundary of the parallelogram
17T with sides & and 7 and vertex at 0 *2
(Figure 158). The chain 077 is given by the n+E
mappings of the interval 0<¢<1 to the
plane t > &, t>&+mt, t >n+& with

multiplicities, 1, 1, -1 and -1. Therefore, -
]

Xy

Figure 158 Theorem on exterior derivatives
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[ = j;{[a(gt) —a(& +mé ~[atge) - aGpe + )y, et |

where & =dx,(§), n, =dx,(n), & =dx,(&) and 7, =dx,(n) are the components of
the vectors £ and 7. But
Oa Oa
a(G+m) —a@)=—=m +——n +0&"n")
0Ox, 0x,
(the derivatives are taken at x; =x, =0). In the same way,

a(m+5>—a(m>=§7"a +§7“§2 FOEL D).
1 2

By using these expressions in the integral, we find that
Oa
FEm = [0 ==&, ~&m) +o(n").
arr Ox,

The principal bilinear part of F, as promised in (1), turns out to be the value of the exterior
2-form

Q= 6_adx2 A dx,
0x,

on the pair of vectors &,7 . Thus the form obtained is given by formula (2),

da A dx, :%dxl A dx; +ai—azdx2 A dx, =ai—azdx2 Adx .
Finally, if the coordinate system x;,x, 1is ,
changed to another (Figure 159), the parallelogram !
Il is changed to a nearby curvilinear |

parallelogram 77', so that the difference in the

values of the integrals, J‘a)1 —|®' will be small
o1 Jarr

of more than second order (prove it!). Figure 159 Independence of the

Problem 2. Carry out the proof of the theorem in (o500 Gerivative from  the

the general case. coordinate system
Problem 3. Prove the formulas for differentiating a
sum and a product:
d(o), +w,)=do, +dw, ,
d(0* Ao')=do* A o' +(-D)' 0" Ado'.

Problem 4. Show that the differential of a differential is equal to zero: dd =0 .

D Stokes’ formula

One of the most important corollaries of the theorem on exterior derivatives is the
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Newton-Leibniz-Gauss-Green-Ostrogradskii-Stokes-Poincaré formula:

where c is any (k+1)-chain on a manifold M and @ is A | L

any k-formon M . 1.

To prove this formula it is sufficient to prove it for the

case when the chain consists of one cell o . We assume

first that this cell o is given by an oriented Figure 160 Proof of

parallelepiped 77 = R**! (Figure 160). Stokes’ formula for a
We partition /7 into N**' small equal parallelepipeds parallelepiped
1, similar to 77 . Then, clearly,

1

Nk+l
a):ZF,-, where F,-=J.a).
Oc a orl;

By formula (1) we have

Fy=do(&,....E0) +o(N ")y,

. . NEH . . . .
where £&/,...,&,, are the edges of /7;. But Z 1 dw(é),...,&,) is a Riemann sum
i=

for J‘dw. It is easy to verify that o(N %"V is uniform, so
bg

Nk+l Nk+l
lim S F = lim S da(& ... & :J‘dw.
, N%; (&fnndhan) =] a

N—oowo “
i=1

Finally, we obtain

wo=) F.=lim FA:J.da).
o1t Z’ N Yoo

Formula (3) follows automatically from this for any chain whose polyhedra are

parallelepipeds.

To prove formula (3) for any convex polyhedron p
D, it is enough to prove it for simplex, since D can
always be partitioned into simplices (Figure 161):

D=Y'D;, 8D=) aD; .

We will prove formula (3) for a simplex. Notice  polyhedron into simplices

Figure 161 Division of a convex

that a k-dimensional oriented cube can be mapped
onto a k-dimensional simplex so that:
1. The interior of the cube goes diffeomorphically, with its orientation preserved, onto the

interior of the simplex;
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2. The interior of some (k-1)-dimensional faces of the cube go diffeomorphically, with their
orientations preserved, onto the interiors of the faces of the simplex; the images of the
remaining (k-7)-dimensional faces of the cube lie in the (k-2)-dimensional faces of the
simplex.

For example, for k=2 such a map of the cube 0<x;,x, < onto the triangle is given by

the formula y,=x, , V) =X1X,
(Figure 162). Then, formula (3) for the
simplex follows from formula (3) for the
cube and the change of wvariables
theorem (cf. Section 35C). Figure 162  Proof of Stokes’ formula for a simplex

Example 1. Consider the 1-form
a)l :pldql +“'+pndqn :pdq
on R?" with coordinates Pl>-->Pus9q1>---»4, - Then
do' =dp, ndq, +---+dp, ndq, =dp ndq ,

SO

J‘.[Q dp 1 dq = .[%2 pdq

In particular, if ¢, is a closed surface (Oc, =0), then

IdepAdqzo.

E Example 2 — Vector analysis
In a three-dimensional oriented Riemannian space M , every vector field corresponds to a
l-form ! and a 2-form a)f1 . Therefore, exterior differentiation can be considered as an
operation on vectors.

Exterior differentiation of 0-orms (functions), 1-forms and 2-forms correspond to the

operations of gradient, curl and divergence defined by the relations
1 2 2 2 . 3
df = wgradf ’ de = Ocyrig de = (dZVA)w

(the form @> is the volume element on M ). Thus it follows from (3) that

f(y)—f(x):_[[gradfdl, if dl=y-x,

jAdl:jJ'curzA-dn,if oS =1,

ILAdn = J‘J‘J.D (divA)o® if aD=S.
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Problem 6. Show that
div[A, B] = (curlA, B) — (curlB, A),

curlaA =[grada, A1+ acurlA ,
divaA = (grada, A) + adivA .
Hint. By the formula for differentiating the product of forms,
d(of, 5) =d (@} Aop)=doy roy -0y Adoy .
Problem 7. Show that
curl - grad =div - curl =0.

Hint. dd =0.

F Appendix I: Vector operations in triply orthogonal systems
Let x;,x,,x; be a triply orthogonal coordinate system on M ,
ds® :Ela’xl2 + Ezdx§ + E3dx32
and e; the coordinate unit vectors (cf. Section 34E).
Problem 8. Given the components of a vector field 4= A4,e; + 4,e, + Ase;, find the

components of its curl.

Solution. According to Section 34E,

o)) :AH/E_ldxl +A2\/E_2dx2 +A3JE_3dx3.

Therefore,

ol _[6A31/E3 04, E,
Wy = -
3

dxy Adxy + =%y
0x, Ox

According to Section 34E, we have

1 6A3\/E_3 3 5A2\/E—2 -
/ E,E, ox, 0x3 !

curld =

VE ¢, E,e, Ese;
_ 1 0 0 0

CJEEE | o 0, ox
4B, aE, 4,\E;]

In particular, in cartesian, cylindrical and spherical coordinates on R*

04, 04, 0A, 04, 04, 04,
curlA| =|—- e, + —-——=le, +|———-—= e,
cart oy 0z oz ox )7 ox Oy
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1(04, ord, 0A, 0A, 1(ord, o4,
curlA| =— - e, +|——— e, +— e,
oyl 0p Oz 0z  oOr r\ or 6;0

1

04,

A 0A, cosf A RA ORA
curl4 ! [69— 4 ]eR+ [aR 2 gJe(p+l( LA

Ph " ReosO| op 00 060 R R

Problem 9. Find the divergence of the field 4= A4,e, + 4,e, + 4;e;5.
Solution. ®?% = A\|E;Esdx, A dxy +--- . Therefore,

=— ( A AESEy )dx1 Adxy Adxs +-

By definition of divergence,

dw? = divA\|E,E, Es dx, A dx, A dx,.

This means
1 0 0 0
divA=——=|—A|\|E,E; + — A, E;E, +— A3 |E\E, |.
m(axl 1 2+3 axz 21 3+1 5)63 3 1 Zj
In particular, in cartesian, cylindrical and spherical coordinates on R*;
04, 04, o4
dlvA| =24 Xz

cart  ox Oy Oz

04
dsz| ord, L —2 |+ 04, ,
or op 0z
2 ORA
divd| =— 1 OR" cos 64, . " +6Rcos6A9 ‘
P R< cos@ OR 5§0 00

Problem 10. The Laplace operator on M is the operator A= divgrad . Find its

expression in coordinates Xx;.

1 o [ [ELE; of
Af = 2 / g
f ’E1E2E3 [axl ( El axl j"r ]

8f o’ f af
cart 62 axz 62’
2 2 2
af JLair 13 o

Cyl 7 ar r2 a¢)2 d22 ’

Answer.

In particular, on R? s

4]

4]

Af| S i(chosﬁi +i L 7 +—(cos€'i
Ph R2 cos@| OR OR) 0p\cos@dp) 00 kd®
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G Appendix 2: Closed forms and cycles
The flux of an incompressible fluid (without sources) across the boundary of a region D is
equal to zero. We will formulate a higher-dimensional analogue to this obvious assertion.
The higher-dimensional analogue of an incompressible fluid is called a closed form. The
field 4 has no sources if div4=0.
Definition. A differential form @ on a manifold M is closed if its exterior derivative is
zero: dw=0.

In particular, the 2-form a)i corresponding to a field A without sources is closed. Also,
we have, by Stokes’ formula (3):

Theorem. The integral of a closed form ®* over the boundary of any (k+1)-dimensional

chain c,,, is equal to zero:

o* =0,if do* =0.

ackﬂ

Problem 11. Show that the differential of a form is always closed.

On the other hand, there are closed forms which are not differentials. For example, take
for M the three-dimensional euclidean space R> without O:
M =R?-0, with the 2-form being the flux of the field
A :(I/Rz)eR (Figure 163). It is easy to convince oneself that
divA =0, so that our 2-form a)f1 is closed. At the same time,
the flux over any sphere with center O is equal to 47z . We will
show that the integral of the differential of a form over the sphere Figure 163 The field A
must be zero.

Definition. A cycle on a manifold M is a chain whose boundary is equal to zero.
The oriented surface of our sphere can be considered to be a cycle. It immediately

follows from Stokes’ formula (3) that:

Theorem. The integral of a differential over any cycle is equal to zero:

do* =0, if éc,,, =0.

Ck+1
Thus, our 2-form a)i is not the differential on any 1-form.

The existence of closed forms on M which are not differentials is related to the

topological properties of M . One can show that every closed k-form on a vector space is
the differential of some (k-1)-form (Poincaré’s lemma).

Problem 12. Prove Poincaré’s lemma for 1-forms.
x1 1

Hint. Consider I o =¢(x;).
x0

Problem 13. Show that in a vector space the integral of a closed form over any cycle is

31



Zero.
Hint. Construct a (k+7)-chain whose boundary is the
given cycle (Figure 164).

Namely, for any chain ¢ consider the “cone over ¢

with vertex 0.” If we denote the operation of

constructing a cone by p, then

dop+pod=1 (the identity map). Figure 164 Cone over a cycle
Therefore, if the chain c is closed, d(pc)=c.
Problem. Show that every closed form on a vector space is an exterior derivative.

k

Hint. Use the cone construction. Let @" be a differential k-form on R”. We define a

(k-1)-form (the “co-cone over @ ) pa)k in the following way: for any chain c;_,
J- po* =|o".
Cr-1

P

It is easy to see that the (k-1)-form pa)k exists and is unique; its value on the vectors

&l,...,& tangentto R" atx, is equal to

(P@)(Epserr o) = Llwm (L&, 1E, )t .

It is easy to see that
dop+ pod=1 (theidentity map).
Therefore, if the form @* is closed, d(pa)k )= " .
Problem. Let X be a vector field on M and @ a differential k-form. We define a
differential (k-1)-form iy (the interior derivative of @ by X) by the relation
(ix@0)(&1seesGp) = (X, 6y G y) -
Prove the homotopy formula
iyd+diy =Ly,
where L, is the differentiation operator in the direction of the field X.
[The action of Ly on a form is defined, using the phase flow {g’} of the field X, by the
relation

(g:&) .

(Lyo)(&) = %
=0

Ly is called the Lie derivative or fisherman’s derivative: the flow carries all possible
differential geometric objects past the fisherman, and the fisherman sits there and
differentiates them.]

Hint. We denote by H the “homotopy operator” associating to t k-chain y:0 — M the

(k+1)-chain Hy:(Ixoc)— M according to the formula (Hy)(t,x)=g'y(x) (where
1=[0,1]). Then
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g'y—y=0"Hy)+H(®y).
Problem. Prove the formula for differentiating a vector product on three-dimensional
euclidean space (or on a Riemannian manifold):
curlla,b] = {a,b} + adivb — bdiva
(where {a,b}: L,b is the Poison bracket of the vector field, cg. Section 39).
Hint. If 7 is the volume element, then
Leurtfapy T = digip7, diva=di,r and {a,b}: L,b;
by using these relations and the factor that dz =0, it is easy to derive the formula for

curlla,b] from the homotopy formula.

H Appendix 3: Cohomology and homology
The set of all k-forms on M is a vector space, the closed k-forms a subspace and the
differentials of (k-1)-forms a subspace of closed forms. The quotient space

% - H*"(M,R)
is called the k-th cohomology group of the manifold M . An element of this group is a
class forms differing from one another only by a differential.
Problem 14. Show that for the circle S' we have H'(S',R)=R.

The dimension of the space H k (M,R) is called the k-th Betti number of M .
Problem 15. Find the first Betti number of the torus 72 = §' x S

The flux of an incompressible fluid (without sources) over the surface of two concentric

spheres is the same. In general, when integrating a closed form over a k-dimensional cycle,

we can replace the cycle with another

one provided that their difference is \\

. O
the boundary of a (k+1)-chain (Figure N
165, .&\\\\%\‘L\

E;
J‘ ok = J‘ ok , igure 165 Homologous cycles
a b

if a—b=dc,,, and do* =0.

Poincaré called two such cycles a and b lomologous.

With a suitable definition of the group of chains on a manifold M and its subgroup of
cycles and boundaries (i.e., cycles homologous to zero), the quotient group

(cycles) — H (M)
(boundaries)

is called the k-th homology group of M .

An element of this group is a class of cycles homologous to one another.
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The rank of this group is also equal to the k-th Betti number of M (“De Rham’s
Theorem”).

(End of Chapter 7)
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