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CHAPTER II 

General Theory of Partial Differential Equations of First Order 

§1. General Information about the Variety of Solutions 

 

The main result of this chapter will be the equivalence of a first order 

partial differential equation with a certain system of ordinary 

differential equations. The key to the theory is the concept of 

characteristics, which will play a decisive part also in higher order 

problems. 

 

§1. Geometric Theory of Quasi-Linear Differential Equations in 

Two Independent Variables 

1. Characteristic Curves. We shall briefly review quasi-linear 

differential equations which were treated in Ch. I, §5. First we 

consider an equation in two independent variables x, y: 

(1)  cbuau yx =+ , 

where a, b, c are given functions of x, y, u which, in the region 

considered, are assumed to be continuous together with their first 

derivatives and to satisfy 022 ≠+ ba . 

This partial differential equation may be interpreted geometrically 

as follows: The integral surface ),( yxu  of the differential equation is 

required to possess at the point, P:(x,y,u), a tangent plane whose 

normal has direction numbers pu x = , qu y =  and - 1 connected by 

the linear equation cbqap =+ . According to this equation the 

tangent planes of all integral surfaces through the point (x,y,u) belong 

to a single pencil of planes whose axis is given by the relations 

(2)  cbadudydx :::: =  

at the point P; these pencils and their axes are called Monge pencils 

and Monge axes. 

The point P together with the direction of the Monge axis through 

P constitutes a characteristic line element. 

The directions of the Monge axes form a direction field in the x, y, 

u-space; the integral curves of this direction field are defined by the 

system of ordinary differential equations (2) and are called the 

characteristic curves of our partial differential equation. If we 

introduce a parameter s along the characteristic curves the differential 

equations become 
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(2’)  a
ds

dx
= , b

ds

dy
= , c

ds

du
= . 

The projections of the characteristic curves on the x, y-plane are 

called “characteristic base curves”. 

To integrate the partial differential equation (1) is the same as to 

find surfaces which “fit” the Monge field at every point, i.e., surfaces 

whose tangent plane at every point belongs to the Monge pencil or, in 

other words, surfaces which are at every point tangent to the Monge 

axis. Thus we see: 

Every surface u(x,y) generated by a one-parameter family of 

characteristic curves is an integral surface of the partial differential 

equation. 

Conversely, every integral surface u(x,y) is generated by a 

one-parameter family of characteristic curves. 

The last statement is easily verified: On every integral surface 

u(x,y) of the differential equation (l), a one-parameter family of curves 

x = x(s), y = y(s), u = u(x(s), y(s)) can be defined by the differential 

equations 

a
ds

dx
= , b

ds

dy
= , 

where the function u(x, y) is to be substituted for u in a and b. 

Along such a curve, the partial differential equation (1) goes over 

into the statement du/ds = c. Thus our one-parameter family satisfies 

the relations (2’) and, hence, consists of characteristic curves. Note 

that the parameter s does not appear explicitly in the differential 

equations, so that the same integral curves are obtained if s + const. is 

substituted for s. In this sense, an additive constant in the parameter s 

is to be considered inessential. 

Since the solutions of the system of differential equations (2’) are 

uniquely determined by the initial values of x, y, u for s = 0, we obtain 

the following theorem: 

Every characteristic curve which has one point in common with an 

integral surface lies entirely on the integral surface. 

Moreover, every integral surface is generated by a one-parameter 

family of characteristic curves. 

2. Initial Value Problem. 

3. Examples 

1) To illustrate our results, we consider the differential equation 
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(4)  1=+ yx uuu  

(a special case of example 5 in Ch. I, §1). The corresponding 

characteristic differential equations are 

(5)  














=

=

=

1

1

ds

du
ds

dy

u
ds

dx

; 

they are solved by 

  








+=

+=

++=

suu

syy

ssuxx

0

0

2
00 2/

, 

where 000 ,, uyx  are arbitrary constants of integration. In particular, 

the family of characteristics intersecting a given initial curve C: 

)(0 tx φ= , )(0 ty ψ= , )(0 tu χ=  

is given by 

(6)  








+=

+=

++=

sttsu

sttsy

stsxtsx

)(),(

)(),(

2/)()(),( 2

χ
ψ
χφ

. 

The determinant 

ttttstts syxyx

t

y

s

y
t

x

s

x

ts φχψχψ∆ −+−=−=

∂
∂

∂
∂

∂
∂

∂
∂

= )(),(  

has on C the value 

(7)  ttt φχψ∆∆ −== ),0( . 

If this determinant ∆  is not zero along C, then the parameters s 

and t can be eliminated from (6); u may then be expressed as a 

function of x and y. In fact, it now follows that 

  )()( ttyu ψχ −+= , 

  2/))(())()(()( 2tytyttx ψψχφ −+−+= ; 

from the second equation, t is obtained as a function of x and y, 

provided that 

)))((( tttt tyD ψχψχψφ −−+−=  

is different from zero. As we approach the curve C, 0)( →− ty ψ ; 

thus, since 0≠− tt χψφ , there exists a neighborhood of C in which 

0≠D , hence t = t(x,y) and therefore u = u(x, y). 

If for C we choose the characteristic curve 

(8)  2/2
0 tx = , ty =0 , tu =0 , 
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then (6) goes into 

2/)( 2tsx += , tsy += , tsu =  

(i,e., again into an expression for the same curve C) and does not 

represent a solution of (4). To solve the initial value problem for such 

a C, we observe that a solution of (4) is given implicitly by the 

equation 

(9)  )(2/2 yuwux −+= , 

with an arbitrary function w. If we choose w in such a way that w(0) = 

0 and that u can be determined uniquely from (9), then all the 

corresponding integral surfaces u = u(x, y) pass through the 

characteristic curve C. 

Finally, let C be the noncharacteristic curve 

(10)  2
0 tx = , ty 20 = , tu =0 . 

The system (6) goes over into 

(11) 22 2/ tstsx ++= , tsy 2+= , tsu += . 

The determinant is 

ststsyxyx

t

y

s

y
t

x

s

x

ts stts =⋅+−⋅+=−=

∂
∂

∂
∂

∂
∂

∂
∂

= 1)2(2)(),(∆ . 

This vanishes for s = 0 although C is not characteristic. By eliminating 

s and t we have 

(12)  
42

),(
2
y

x
y

yxu −±= . 

i.e., two surfaces through C which, for 4/2yx > , satisfy equation (4). 

The initial value problem is not solved by (12) since the derivatives 

xu  and yu  do not remain bounded as we approach C. 

The curve C is not an edge of regression of the surface u = u(x, y); 

it is; however, singular on the surface in the sense that in the 

neighborhood of the projection of C on the x,y-plane u is no longer 

single-valued. 

2) In the case of a linear differential equation (1), where the functions 

a, b, c do not depend explicitly on u, the vanishing of ∆  along a 

noncharacteristic initial curve means, as we shall see, that the 

manifold determined by the system 

),( tsxx = , ),( tsyy = , ),( tsuu =  

is a cylindrical surface perpendicular to the x, y-plane. If we assume 

that 
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0≠−≡

∂
∂

∂
∂

∂
∂

∂
∂

stts uyuy

t

u

s

u
t

y

s

y

 

on C, then x can be expressed as a function of y and u. We show that 

),( uyfx =  is independent of u. 

First, we note that, for linear differential equations, the relation 

∆∆ )( yxs ba +=  

follows from (2') for the determinant ∆ , so that ∆  vanishes 

everywhere provided it vanishes on C. Now, from 

susys ufyfx += , 

tutyt ufyfx += , 

it follows immediately that 

)( sttsustts yuyufyxyx −=−=∆  

hence 

0=uf  or )(yfx = . 

 

 

§8. Complete Integral and Hamilton-Jacobi Theory 

1. Construction of Envelopes and Characteristic Curves. Consider 

the partial differential equation 

(1) 0),,,,,,,,( 2121 =nn pppuxxxF LL  

with ii xup ∂∂= /  and 02 ≠∑
i

pi
F . With a specific solution 

(2) ),,,,,,,( 2121 nn aaaxxxu LLφ=  

depending on n parameters ia , (a complete integral), assume that the 

determinant condition 

(3)  0, ≠=
ki axD φ  

is satisfied in the part of the x ,u-space considered. Then the envelope 

of an arbitrary (n - 1)-parameter family of these solutions is also a 

solution. To prove this we set 

),,,( 121 −= nii ttta Lω   (i=1,2,...,n) 

where the iω  arc arbitrary functions of the (n–1) parameters kt . The 

envelope is obtained by calculating 121 ,,, −nttt L  from the equations 

(4)  ∑
=

∂
∂

=
n

i

i
a

ti

1

0
ν

ω
φ   ( 1,,2,1 −= nLν ) 

as functions of nxxx ,,, 21 L  and substituting these νt  into 

)),,(,),,,(,,,( 111111 −−= nnnn ttttxxu LLLL ωωφ  
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The curves of contact of a surface given by the complete integral  

with the envelope will prove to be characteristic curves. Such a 

contact curve corresponds to a fixed system of quantities νt , 

νω ti ∂∂ /  and ia ; furthermore relations (4) hold along the curve, 

which imply, to within a common proportionality factor λ , certain 

constant values ib  for the 
ia

φ : 

(5)  ia b
i

λφ = . 

Using this equation we may assign values ibλ  corresponding to 

given values of the quantities ix  and ia ; then, because of condition 

(3), we can solve (5) uniquely for the ix  in a neighborhood of the 

system of values considered and obtain functions 

),,,,,,,,( 2121 λnni bbbaaax LL . 

If these functions are substituted into 

),,,,,,,( 2121 nn aaaxxx LLφ  

we have a curve represented in terms of the parameter λ . Since in 

the neighborhood considered, any desired values can be given to the 

quantities ia  and ib  by an appropriate choice of the functions iω , 

we thus obtain a 2n-parameter family of contact curves of our 

envelope to our complete integral. These curves are characteristic 

curves of our partial differential equation (1) and, together with 

)),,,(( kkxi abaxp
i

λφ νν= , 

produce characteristic strips. This follows from the geometric 

meaning of our strips as strips of contact. 

To prove the assertion analytically we differentiate equation (5) 

with respect to the curve parameter λ : 

(6)  i

n

k

xxa b
kki
=∑

=1
'φ , 

where differentiation with respect to λ  is denoted by a prime. On 

the other hand, the differential equation (1) is identically satisfied in 

the ix  and ia  by ),,,,,,,( 2121 nn aaaxxx LLφ ; if we differentiate 

it with respect to ia  and use (5) we obtain 

(7)  0

1

=+∑
=

iu

n

k

pax bFF
kik

λφ . 

Thus the quantities )/( up FF
k
λ−  satisfy the same system of 

inhomogeneous equations as the kx' ; since the determinant of this 

system does not vanish, we may conclude that 

u

p

k
F

F
x k

λ
−=' . 
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If we set the expression uFλ/1−  (which is different from zero) equal 

to ρ , then 

(8)  
kpk Fx ρ=' . 

Furthermore, if we differentiate (1) with respect to kx , we have 

0

1

=+
∂
∂

+∑
=

ki x

n

i k

i
pku F

x

p
FpF  

or, since, in view of (8), 

k
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p

x
xx

u
x

x

p

x

p
F

i

'
1

'
1

'
1

'
1

1

1

2

11

ρρ

ρρ

=
∂
∂

=

∂∂
∂

=
∂
∂

=
∂
∂

∑

∑∑∑

=

===
, 

we obtain 

)('
kxkuk FpFp +−= ρ . 

Since the curve parameter λ  can be so chosen that 1=ρ , the 

characteristic equations (2) of §7 are satisfied by the curves 

considered. 

2. Canonical Form of the Characteristic Differential Equations. A 

more transparent form can be given to the theory of partial differential 

equations of the first order and the calculations of article 1 can be 

simplified if the dependent variable u does not appear explicitly in the 

differential equation. An arbitrary differential equation can always be 

brought into this special form by increasing artificially the number of 

independent variables by one. 

For this purpose we need only introduce, e.g. (cf. Ch. I, §5), 

1+= nxu  as an independent variable and express a family of solutions 

),,,,( 21 cxxxu nLψ=  

implicitly in the form 

cxxx n =),,,( 21 Lφ  

If we replace 
ix

u  by 
1

/
+

−
ni xx φφ  (i = 1, 2,…, n), then we obtain for 

the new unknown function φ  a differential equation which does not 

depend on φ  explicitly. 

For such a differential equation we single out a variable, e.g., 

xxn =+1 , and assume the differential equation solved for the 

derivative of φ  with respect to this variable. Thus, if instead of φ  

we again write u, we may without loss of generality consider 

differential equations of the form 

(9) 0),,,,,,,,( 2121 =+ nn pppxxxxHp LL  

 xup = , 
ixi up =  (i=1,2,…,n) 
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for function u of the n+1 variables nxxx ,,, 21 L . 

Then the system of characteristic differential equations, one of 

which is dx/ds=1 (or x=s), goes over into the system 

(10) 
ip

i H
dx

dx
= , 

ix
i H

dx

dp
−=  (i=1,2,…,n); 

moreover, 

(11) HHp
dx

du
ip

n

i

i −=∑
=1

, xH
dx

dp
−=  

holds. The equations (10) alone form a system of 2n differential 

equations for 2n quantities ii px , . If the functions )(xxi  and )(xpi  

are solutions of (10) then p(x) and u(x) are obtained from equations 

(11) by simple integrations. 

In mechanics and in the calculus of variations (cf. Vol. I, Ch. IV, 

§9 and the present chapter, §9) one is often led to differential 

equations of the form (10). A system of ordinary differential equations 

(10) 

  
ip

i H
dx

dx
= , 

ix
i H

dx

dp
−=  

associated with a function ),,,,,,,,( 2121 nn pppxxxxH LL  of 2n+1 

variables is called a canonical system of differential equations. 

The results of this article imply that the integration of the partial 

differential equation (9) may be reduced to the integration of a 

canonical system with the same function H. 

3. Hamilton-Jacobi Theory. Hamilton and Jacobi achieved a major 

success by recognizing that this relationship may be reversed. To be 

sure, the integration of a partial differential equation is usually 

considered as a problem more difficult than that of a system of 

ordinary differential equations. In mathematical physics one is often 

led, however, to a system of ordinary differential equations in 

canonical form. These equations may be difficult to integrate by 

elementary methods, while the corresponding partial differential 

equation is manageable; in particular, it may happen that a complete 

integral is easily obtained, e.g., with the help of the separation of 

variables (cf. Ch. I, §3). Knowing the complete integral, one can then 

solve the corresponding system of characteristic ordinary differential 

equations by processes of differentiation and elimination. This fact, 

which is contained in the earlier results of §4 and §8, 1 , can be 

formulated in a particularly simple way for the case of canonical 
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differential equations and can be verified analytically, independently 

of the motivation, by envelope construction. 

We first formulate anew the concept “complete integral’’ for 

differential equation (9): We remark that, for every solution u of the 

differential equation, u + a (with an arbitrary constant a,) is also a 

solution. If ),,,,,,,,( 2121 nn aaaxxxxu LLφ=  is a solution 

depending on n parameters ia  such that the determinant 

(12)   
kiax

φ  

is different from zero, then the expression 

au += φ , 

which depends on n + 1 parameters, is called a complete integral. The 

principal content of the theory now to be treated is stated in the 

following theorem analogous to the facts proved in article 1: 

 

If a complete integral aaaaxxxxu nn += ),,,,,,,,( 2121 LLφ  is 

known for the partial differential equation (9) 

0),,,,,,,,(
2121 =+

nxxxnx uuuxxxxHu LL , 

then, from the equations 

(13)  ia b
i
=φ , ix p

i
=φ  (i=1,2,…,n) 

with the 2n arbitrary parameters ia  and ib , one obtains (implicitly) 

the 2n-parameter family of solutions of the canonical system of 

differential equations (10) 

ip
i H

dx

dx
= , 

ix
i H

dx

dp
−= . 

 

Let us assume that from the first n equations (13) the quantities ix  

are expressed as functions of x and the 2n parameters ii ba ,  -- this is 

possible because, by assumption, 0≠
kiax

φ  -- and let us moreover 

imagine these values of ix  introduced into the second set of 

equations (13); we thus obtain functions )(xxi  and )(xpi  which 

still depend on 2n parameters and will be seen to represent the general 

solution of the system of canonical differential equations. Thereby the 

solution of the system is reduced to the problem of finding a complete 

integral of the corresponding partial differential equation. 

The shortest proof of this statement is a simple verification similar 

to that used in article 1. To show that the functions )(xxi  and )(xpi , 



 10 

so determined, satisfy equations (10) we differentiate the equations 

ia b
i
=φ  with respect to x and the equation 0),,( =+

ixix xxH φφ  

with respect to ia ; we obtain the 2n equations 













=
∂∂

∂
+

∂∂
∂

=
∂
∂

∂∂
∂

+
∂∂
∂

∑

∑

=

=

0

0

1

22
1

22

n

k ik
p

i

n

k

k

iki

ax
H

ax

x

x

axax

k

φφ

φφ

, 

from which the first relation of (10) follows, since the determinant 

ik xaφ  does not vanish. To verify the second relation, we differentiate 

the equations ix p
i
=φ  with respect to x and the equation 

0),,( =+
ixix xxH φφ  with respect to ix  and obtain the equations 

(14) 













+
∂∂

∂
+

∂∂
∂

=

∂
∂

∂∂
∂

+
∂∂
∂

=

∑

∑

=

=
n

k

x
ik

p
i

n

k

k

kii

i

ik
H

xx
H

xx

x

x

xxxxd

dp

1

22
1

22

0
φφ

φφ

. 

Since we have already proved that 
ipi Hdxdx =/ , the second relation 

of (10) follows immediately. 

4. Example. The Two-Body Problem. The motion of two particles 

P1 and P2 which attract each other is described according to Newton’s 

law of gravitation by the differential equations 

(15) 
2

1

22

11

x

x

Uxm

Uxm

=

=
&&

&&

  
2

1

22

11

y

y

Uym

Uym

=

=
&&

&&

  
2

1

21

11

z

z

Uzm

Uzm

=

=
&&

&&

 

where we set 

2
21

2
21

2
21

21
2

)()()( zzyyxx

mm
U

−+−+−
=

κ
. 

As is easily seen, the motion always remains in a plane; we can 

therefore choose the plane of motion as the x, y-plane of our 

coordinate system with P2 placed at the origin. For the position (x, y) 

of the particle P1 we then obtain the equations of motion 

(16) xUxm =&&1 , yUym =&&1 , 
22

2

yx

k
U

+
= , 

where 21
22 mmk κ= . 

If we introduce the Hamiltonian function 

(17)  
22

2
22 )(

2

1

yx

k
qpH

+
−+= , 

the system (16) finally goes over into the canonical system of 

differential equations 
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(18)  
q

p

Hy

Hx

=

=
&

&

, 
y

x

Hq

Hp

−=

−=
&

&

, 

for the quantities x, y, xp &= , yq &= ; the integration of these 

equations is equivalent to the problem of finding a complete integral 

of the partial differential equation 

(19)  
22

2
22 )(

2

1

yx

k
yxt

+
=++ φφφ . 

If we introduce polar coordinates θ,r , we obtain from (19) 

(20)  
r

k

r
rt

2
2

2

2 1

2

1
=





 ++ θφφφ ; 

this equation clearly possesses the family of solutions 

(21) 
⌡

⌠
−+−−−=

r

r

d
k

t

0

2

22
2

2 ρ
ρ
β

ρ
αβθαφ  

which depend on the parameters βα , . By the main theorem of article 

3 we then obtain the general solution of (18) in the form 

0t−=∂
∂
α
φ

, 0θβ
φ

−=
∂
∂

 

or, explicitly, 

(22)  























⌡

⌠

−+

=−





⌡

⌠

−+

−=−

r

r

r

r

k

d

k

d
tt

0

0

2

22
2

0

2

22
0

2
2

2
2

ρ
β

ρ
αρ

ρβθθ

ρ
β

ρ
α

ρ

. 

The second equation gives us the trajectory (or particle path); the first 

determines the motion of the particle on this path as a function of the 

time t . 

If we introduce the variable of integration ρρ /1'= , the trajectory 

may be calculated explicitly and is given by 

4

2

2

2

0

2
1

1
1

arcsin

k

rk

αβ

β

θθ

+

−
−=−  

or, if we set 

2

2

k
p

β
= , 

4

2
2 2

1
k

αβε += , 
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by 

20

1/
arcsin

ε
θθ −

−=−
rp

 

i.e., 

)sin(1 0
2 θθε −−

=
p

r . 

The path is an elliptic, a parabola, or a hyperbola, depending on 

whether 1<ε , 1=ε , or 1>ε . 

5. Example. Geodesics on an Ellipsoid. The differential equations of 

the geodesics )(suu = , )(svv =  of a surface 

),( vuxx = , ),( vuyy = , ),( vuzz =  

may, according to Vol. I, Ch. IV, §9, be written as follows in 

canonical form: 

(23)  
qs

ps

Hv

Hu

=

=
, 

vs

us

Hq

Hp

−=

−=
, 

where we set 





+=

+=

ss

ss

GvFuq

FvEup
, 

and 

)2(
1

2

1 22

2
EqFpqGp

FEG
H +−

−
=  

with 









++=

++=

++=

222

222

vvv

vuvuvu

uuu

zyxG

zzyyxxF

zyxE

 

Following article 3, we consider the partial differential equation 

(24) 0)2(
1

2

1 22

2
=+−

−
+ vvuus EFG

FEG
φφφφφ  

corresponding to (23); our object is to obtain a complete integral of 

this equation. Now if we set 

),(
2

1
vus ψφ +−= , 

then ψ  satisfies the equation 

(25)  222 2 FEGEFG vvuu −=+− ψψψψ . 

We are interested in the solution curves, not in the special parametric 

representation of these curves; it suffices, therefore, to find a 

one-parameter family of solutions ),,( αψ vu  of (25), from which 

one obtains the two-parameter family of geodesics in the form 
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(26)  C=
∂
∂
α
ψ

 

according to the main theorem of article 3. 

In the special case of the ellipsoid 

1
222

=++
c

z

b

y

a

x
  (a,b,c>0), 

the following parametric representation (cf. Vol. I, p.226) holds, as 

can easily be verified: 

(27)  
















−−
−−

=

−−
−−

=

−−
−−

=

))((

))((

))((

))((

))((

))((

cbca

cvcuc
z

babc

bvbub
y

acab

avaua
x

. 

From this it follows that 

(28)  








−=

=

−=

)()(

0

)()(

vAuvG

F

uAvuE

, 

where, for brevity, we have set 

))()((4

1
)(

ucubua

u
uA

−−−
= . 

For ),( vuψ  we thus obtain the partial differential equation 

(29) )()()()()( 22 vAuAvuuAvA vu −=− ψψ , 

and, if we write )()(),( vgufvu +=ψ , we immediately obtain the 

family of solutions 

(30) ∫∫ +++=
v

v

u

u
dvvvAduuuAvu

00

')')('(')')('(),,( αααψ  

which depends on the parameter α . 

From (26) we find that the equation of the geodesics on the ellipsoid is 

(31) Cdv
v

vA
du

u

uA
v

v

u

u

2'
'

)'(
'

'

)'(

00

=
⌡

⌠
+

+
⌡

⌠
+ αα

. 
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Appendix 2 to Chapter I1 

Theory of Conservation Laws 

In Chapter II we have solved the noncharacteristic initial value 

problem for a single first order quasi-linear equation. The existence 

theorem obtained is local, i.e., it was only shown that solutions exist in 

some neighborhood of the initial curve. Furthermore, in §1 we 

constructed integral surfaces with an edge of regression; this shows 

that smooth solutions need not exist in the large. 

In this appendix we shall investigate further the occurrence of 

discontinuities which terminate the regions of existence. Then we 

shall show how solutions may nevertheless be continued beyond their 

singularities, provided that the differential equation is interpreted as a 

“conservation law”. 

Consider quasi-linear equations of the form 

(1)  xt auu = , 

)(uaa =  being a function of u. Singularities of solutions of such 

equations may arise from the initial values on the line t = 0 in the 

following manner: 

According to the theory of characteristics, every solution u 

remains constant along each characteristic. The slope of a 

characteristic is )(/1 ua , and since u is a constant along the 

characteristic curve, it follows that the slope is a constant and all 

characteristic curves are straight lines. 

From each point 1x  of the initial line t = 0 there issues a 

characteristic line whose slope is determined by the value of u at 1x . 

Suppose that there is a pair of points 1x  and 2x  on the initial line, 

say 21 xx < , where the prescribed values 1u  and 2u  of u are such 

that 

)()( 21 uaua < . 

Then the characteristic lines issuing from 1x  and 2x  intersect a t 

time ))()(/()( 2121 uauaxxt −−= . Since u has different values along 

the two characteristics, this shows that u cannot be defined as a 

continuous solution beyond this time. 

The presence or absence of singularities can also be seen from the 

following implicit formula for the solution of equation (1) with initial 

value )()0,( xxu φ= : 

0))(( =+− utaxu φ . 

According to the theorem on implicit functions, u is a regular function 
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of x and t as long as the derivative of 

))(( utaxu +−φ  

with respect to u is not zero, i.e., 

1'' ≠φta . 

This condition is satisfied for t small enough, but will be violated if t 

becomes larger (if a' arid 'φ  have the same sign, such a value t is 

positive, otherwise t is negative). At the point where the condition is 

violated we expect u to become singular. 

The foregoing examples show that solutions of quasi-linear 

equations in general do not exist in the large. But there does exist a 

theory in the large for solutions of conservation laws. 

A conservation law for a single function u is an equation of the 

form 

(2) ),),((),),(( 1122

2

1

txxuftxxufudx
dt

d x

x
−=∫ , 

where f is a given function of u, x, and t. This equation expresses the 

fact that the total quantity represented by the function u and contained 

in the interval ),( 21 xx  changes at a rate equal to the “flux” f of u 

through the end points of the interval. This is the form of those laws of 

physics which ignore dissipative mechanisms and thus express a 

“phenomenon of conservation”. 

If u is a differentiable solution of the conservation law (2) then the 

conservation law (2) is expressed by the quasi-linear differential 

equation 

(2’)  ),,( txuf
x

fufu xxut ∂
∂

=+= . 

obtained from (2) by differentiating with respect to 1x  and then 

setting xxx == 21 . However, as we shall confirm, (2) has 

discontinuous solutions as well. By admitting discontinuous solutions 

we shall show that within the class of discontinuous solutions the 

conservation law (2) has a solution in the large, whereas we have seen 

before that the differential equation (2’) does not. 

Later in Chapters V and VI we shall study “shock” discontinuities 

for systems of conservation laws in any number of dimensions. We 

shall see there that the qualitative properties of discontinuous 

solutions of single conservation laws are the same as those of the 

physically more interesting systems. 

Assume that f does not depend explicitly on x and t and abbreviate 
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uf  as a = a(u). Let u(x,t) be a piecewise differentiable function which 

is a solution of the integral equation (2). Then u must be a solution of 

the differential equation 

xt auu =  

whenever u is differentiable. Letting 1x  and 2x  approach a point of 

discontinuity from opposite sides, we deduce (see details in Ch. V, §9) 

the “jump relation” 

(3)  ][][ uUf −= , 

where U is the speed of propagation of the discontinuity and the 

symbol [g] denotes the jump across the discontinuity of the quantity g. 

In case of small discontinuities we have 

a
du

df

u

f
U −=−≈−=

][

][
. 

Since - a is the speed corresponding to the characteristic line direction, 

we conclude that the small discontinuities propagate with nearly 

characteristic speed. 

Consider the example 

(4)  )(
2

1
)(

2

1
1

2
2

2 xuxudxu
dt

d
−=∫ . 

When the differentiation is carried out, we obtain 

xt uuu = . 

Dividing by u we have 

(5)  xt
t uu
u

u
== )(log . 

Denoting ulog  by v, we ca rewrite (5) as the conservation law 

(5’)  )(exp)(exp 12 xvxvdxv
dt

d
−=∫ . 

The jump relation (3) for the conservation law (4) is 

(6)  U
uu

−=
+
2

21 , 

where 1u  and 2u  denote values of u on either side of the line of 

discontinuity. For (5’) the jump relation is 

U
vv

ee
vv

−=
−
−

21

21

. 

From these jump conditions we conclude: If u is a discontinuous 

solution of (4) then v = log u is not a solution of (5’). One could say 

that jump relations are not invariant under change of dependent 

variables; two conservation laws, such as (4) and (5), may correspond 
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to the same differentia1 equations for smooth solutions, but as 

conservation laws for discontinuous solutions they need not be 

equivalent. 

Next we show by an example that solutions of conservation laws 

are not determined uniquely by their initial data. We take again the 

conservation law (4). The function 

( )




<−

−<
=

xtfor

txfor
txu

2__0

2__1
,  

is a discontinuous solution of (4), since on either side of the line 2x=-t, 

u is a constant and thus a smooth solution of equation (4), and across 

the line of discontinuity 2x=t the jump condition (6) is satisfied. On 

the other hand, the function 









<

<<−−

−<

=

xfor

xtfortx

txfor

txu

0__0

0__/

__1

),('  

is continuous for t positive and satisfies the differential equation 

everywhere except on the lines x = 0 and x = -t. From this one can 

easily show by integration that u’ is a continuous solution of (4). The 

two solutions u and u’ have the same value at t = 0. More generally it 

is possible to show that for arbitrarily prescribed initial data there exist 

uncountably many discontinuous solutions with the same prescribed 

initial data. 

Among all these discontinuous solutions with the same initial 

value there is only one which has physical significance. This solution 

we shall call the permissible one. 

What is needed is a mathematical principle characterizing 

permissible solutions. Such a principle is suggested by the argument 

used earlier to deduce the occurrence of discontinuity from the 

crossing of characteristics. A discontinuity is permissible if it prevents 

the crossing of characteristics. Thus we have the following criterion: 

A discontinuous solution is permissible if every line of discontinuity is 

crossed by the forward drawn characteristic issuing from either side. 

Analytically this condition means that for a permissible discontinuity 

)()( RL uaUua −≥≥− , 

where Lu  and Ru  denote the value of u to the left and right of the 

line of discontinuity, and U denotes the velocity of propagation of the 

discontinuity. 

Germain and Bader have shown that two permissible 
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discontinuous solutions which agree at t = 0 are identical. A more 

general definition of permissibility and a more general uniqueness 

theorem were given by O. A. Oleinik. 

It is possible to state an analogous condition of permissibility for 

discontinuities of solutions of systems of conservation laws. When 

applied to the equations of compressible fluid flow this, condition 

turns out to be equivalent analytically to the assertion that upon 

crossing a discontinuity the entropy of the flow increases. 

We shall give now an explicit formula for permissible solutions of 

a conservation law with arbitrarily prescribed initial values. This 

formula is due to E. Hopf, O. A. Oleinik, and P. D. Lax. We shall 

assume that a(u) is a monotonic function of u; this implies that f(u) is 

convex or concave. 

Now g(s) is defined as the conjugate of the convex (or concave) 

function f(u), given by the formula 

{ })()()( ufusMinMaxsg
u

+= ; 

we define b(s) as the derivative of g with respect to s. Let )(xφ  be 

the prescribed initial value 

)()0,( xxu φ= . 

Define )(yΦ  as the integral of φ , i.e., 

)(y
dy

d φΦ
= . 

Consider the function 








 −
+

t

yx
tgy)(Φ ; 

for fixed x and t this is a continuous function of y. It is easy to show 

that for t fixed and with the exception of a countable set of values of x, 

the function has a unique maximum (or minimum) in y, whose 

position we denote by ),(0 txy . We define 

(7)  






 −
=

t

yx
btxu 0),(  

and assert: 

The function u defined by formula (7) is a permissible solution of (1) 

with initial value φ . 

For a verification of this assertion and further properties of 

solutions furnished by this formula, see, e.g., P. D. Lax. An existence 

theorem for conservation laws where f is less restricted has been given 
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by Kalashnikov. 


