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INTRODUCTION 

Acoustics in general includes the theoretical and experimental studies of the propagation of 

mechanical disturbances in continua. In simplest form, the wave motions depend only on the 

macroscopic properties of inertia and compressibility; the influences of electrical and chemical 

properties arise in special situations. In this course, only wave propagation in gases will be treated, 

although it will be clear that much of the discussion and results will be applicable to liquids and 

solids as well. 

The formal portions of the subject are for the most part analytical rather than theoretical, and 

the greater part of the analysis is directed to quite well-defined problems. Appeal to experimental 

and observational results will often be made, not only to support and justify the analysis, but as a 

matter of general interest as well. 

A major reason that acoustics has been developed so thoroughly is that much can realistically 

be accomplished within the approximations that the motions have small amplitude and that viscous 

effects can be ignored. The behavior of acoustic waves is often dominated by conservative processes. 

The dissipation of mechanical energy to microscopic motions is often a perturbation, particularly if 

the motions are small. The loss of energy in a few cycles of vibratory motion may be small, but of 

course the influence is ultimately significant, causing the motions to decay. 

Thus, in the first instance, the subject of acoustics or sound comprises compressible, small 

amplitude (linear), inviscid motions. The properties of the medium are often reasonably assumed to 

be homogeneous, but many interesting problems arise precisely because of inhomogeneities. If the 

properties of the medium are homogeneous, then the propagation of small amplitude waves is 

interesting only if there are boundaries or sources present. 

In a very crude way, one may divide the acoustics problems for an electrically neutral, 

non-reacting medium into four classes: interior problems, exterior problems, problems associated 

with inhomogeneous properties, and problems dealing with the generation or emission of sound. 

Interior problems include, for example, the treatment of the normal modes of a chamber, and room 

acoustics. Exterior problems include the radiation, scattering, and reflection of sound waves. 

Questions of reflection and refraction arise if the medium is inhomogeneous. Acoustic waves may be 

generated by moving boundaries, flow past boundaries, heating, or non-uniform motions. 

Although most of the effort in this course will be devoted to wave motions, there are many 

problems for which the approximation of geometrical acoustics is very useful. The basis of that 

subject will be examined briefly and a few examples given. Geometrical acoustics is analogous to 

geometrical optics, as wave acoustics is analogous to wave optics. Much of what one learns from 

studies of acoustics is applicable to optics and other kinds of wave motion as well. Care must be 

taken in exercising such analogies, however; for example, boundary conditions may differ. 
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I. SOME FUNDAMENTAL ASPECTS OF ACOUSTICS 

1.1 Linearization of the Equations of Motion: the Wave Equation and Velocity Potential 

An estimate of the influence of viscous effects is given below in Sect. 1.2. Here the discussion 

is based on the inviscid equations of motion for a homogeneous medium:  

Continuity: 

( ) 0=⋅∇+
∂
∂ u

t
rρρ

      (1.1) 

Momentum: 
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∂ puu
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u rr
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ρρ       (1.2) 

Energy: 
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The internal energy is ; the kinetic energy can be eliminated from (1.3) by subtracting the scalar 
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     Using the formula 
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From the combined First and Second Laws of Thermodynamics, the differential change of entropy is 

ρ
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      (1.5) 

The change of entropy for a fluid element is therefore given by  
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Substitution of (1.l) and (1.4) then gives 
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Because the viscous stresses, heat conduction, and all other irreversible processes have been 

neglected, the flow is isentropic. Consequently, changes of density may be related to changes of 

pressure by the following relation 
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where the symbol  stands for the partial derivative 2a
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and  will be found shortly as the speed of propagation of small disturbances. With (1.8), the 

continuity equation (1.1) can be written by using 

a

dp
a

d 2

1
=ρ  

011
22 =∇⋅+⋅∇+

∂
∂ pu

a
u

t
p

a
rrρ  

02 =∇⋅+⋅∇+
∂
∂ puua

t
p rrρ      (1.10) 

In all the work in this course, the gas will be assumed to be perfect, so the equation of state is 
RTp ρ=        (1.11) 

and for isentropic processes 
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where and 0p 0ρ are reference values. Hence, (1.9) becomes explicitly 
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Moreover, because the internal energy for a perfect gas is independent of the specific volume, v, 
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Equation (1.10) for the pressure is now 
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Equations (1.15) and (1.16) are two equations for the pressure and velocity. An equation for 

the pressure can be deduced by differentiating (1.15) with respect to time and substituting (1.16) for 
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(1.17) 

The boundary condition associated with this equation is set by taking the normal component of 

(1.16) to give 
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Equations (1.17) and (1.18) are nonlinear equations, but for most of the problems examined in 

these notes, the linear forms will be used. 

 

Let ε  be a small parameter characterizing the amplitude of time dependent motions 

superimposed upon a uniform state of a gas at rest: 
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The properties  and 0p 0ρ  are, without loss of generality, taken to be the same as the reference 

values introduced in (1.12); both  and 0p 0ρ  will here be assumed constant in both space and 
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The second term on the LHD of (1.17) is, to second order in ε : 
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γεε

γ

         (b) 
 

Collect terms of first order in ε  on the LHS and divide by ε , so (1.17) is 

( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
∇−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ′
∇
′−

+′∇⋅′
∂
∂

−′⋅∇
∂
′∂

−′∇⋅′⋅∇=

′∇−
∂

′∂

2

00

2

0

2
000

22
02

2

11
p
p

p
p

p
pappu

t
u

t
puup

pa
t
p

γγ
γγγε rrrr

 

         (1.21) 
 
 Detail derivation of this equation is as follows: 

We now consider the RHS of Equation (1.17) 

 ( ) ( )pu
t

u
t
puup ∇⋅

∂
∂

−⋅∇
∂
∂

−∇⋅⋅∇
rrrr γγ  

 with Eq. (1.19) 

 

ρερρ
ε

ε

′+=

′=

′+=

0

0

uu
ppp

rr
 

 Substituting the perturbation terms we have 
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( ) ( )

( ) ( )

( ) ( )uu
p
puup

uu
p
puup

uu
p
ppuup

′∇⋅′⋅∇
′

+′∇⋅′⋅∇=

′∇⋅′⋅∇
′

+′∇⋅′⋅∇=

′∇⋅′⋅∇⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+=′∇⋅′⋅∇

rrrr

rrrr

rrrr

0

3
0

2

0
0

0
0 1

εγε

εεεεεγ

εεεγγ

 

 So taking the term of order in  we have 2ε

 ( ) ( )uupuup ′∇⋅′⋅∇≈′∇⋅′⋅∇
rrrr

0
2γεγ  

 And the second term is 

 

u
t
p

u
p
p

t
p

u
p
p

t
p

p
p

t
p

u
p
pp

t
u

t
p

r

r

r

rr

⋅∇
∂
′∂

−=

⋅∇⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+

∂
∂

−=

⋅∇⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+

∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+

∂
∂

−=

⋅∇
⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+

∂
∂

−=⋅∇
∂
∂

−

γε

εεγ

εεεγ

εεγγ

2

0
0

0
0

0

0

0
0

1

11

1

 

 And the third term will be 

 

( ) { }[ ]

{ }[ ]

{ } { }

⎥⎦
⎤

⎢⎣
⎡ ′∇

∂
∂

⋅′+′∇⋅
∂
′∂

−∇⋅
∂
′∂

−=

′∇
∂
∂

⋅′−∇
∂
∂

⋅′−′∇⋅
∂
′∂

−∇⋅
∂
′∂

−=

′∇+∇
∂
∂

⋅′−′∇+∇⋅
∂
′∂

−=

′∇+∇⋅′
∂
∂

−=

′+∇⋅′
∂
∂

−=∇⋅
∂
∂

−

p
t

up
t
up

t
u

p
t

up
t

up
t
up

t
u

pp
t

upp
t
u

ppu
t

ppu
t

pu
t

r
rr

rr
rr

r
r

r

rr

2
0

2
0

2
0

00

0

0

εε

εεεε

εεεε

εε

εε

 

 So taking the term of order in  we have 2ε

 ( ) )(2 pu
t

pu
t

′∇⋅′
∂
∂

−≈∇⋅
∂
∂

−
rr ε  

 Finally the RHS of Equation (1.17) is, order in , 2ε
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( ) ( )

( ) )(22
0

2 pu
t

u
t
puup

pu
t

u
t
puup

′∇⋅′
∂
∂

−⋅∇
∂
′∂

−′∇⋅′⋅∇=

∇⋅
∂
∂

−⋅∇
∂
∂

−∇⋅⋅∇

rrrr

rrrr

εγεγε

γγ
   (c) 

 In addition 2

2

t
p

∂
′∂

 must be treated as follows: 

 
( )

2

2

02

2

2

2

t
p

pp
tt

p

∂
′∂

=

′+
∂
∂

=
∂
∂

ε

ε
      (a) 

With (a) and (b) for LHS and (c) for RHS of Eq. (1.17) the dividing by ε , we have Eq. 

(1.21). 

 

Similarly, the boundary condition (1.18) may be expanded to give 

( ⎥
⎦

⎤
⎢
⎣

⎡
′∇⋅′⋅+⋅

∂
′∂′

−⋅
∂
′∂

−=′∇⋅ uunn
t
u

p
pn

t
upn rr )

rr
ˆˆ1ˆˆ

0
00 γ

ερρ   (1.22) 

These nonlinear forms will be used later to examine some problems of wave motions in chambers. 

 

Linear problems are described by the equations obtained in the limit 0→ε : 

022
02

2

=′∇−
∂

′∂ pa
t
p

      (1.23) 

n
t
upn ˆˆ 0 ⋅
∂
′∂

−=′∇⋅
r

ρ       (1.24) 

It is often convenient to analyze problems by using the velocity potential φ , defined so that 

the velocity is 
φ−∇=′ur        (1.25) 

The linear forms of (1.15) and (1.16) are directly 

00 =′⋅∇+
∂
′∂ up

t
p rγ       (1.26) 

01

0

=′∇+
∂
′∂ p

t
u

ρ

r
      (1.27) 

Differentiate (1.27) with respect to time, use (1.25), and substitute the velocity potential to find the 

wave equation 
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( )

( ) ( )( )

( )

0

0

01

01

01
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0

0
2

2

2

0

0
2

2

0
0

2

2

0
0

2

2
0

2

2

=∇−
∂
∂

=∇∇−
∂
∂

∇

=∇−⋅∇−∇+
∂
∇−∂

=′⋅∇−∇+
∂

′∂

=′
∂
∂

∇+
∂

′∂

φ
ρ
γφ

φ
ρ
γφ

φγ
ρ

φ

γ
ρ

ρ

p
t

p
t

p
t

up
t
u

p
tt

u

r
r

r

 

022
02

2

=∇−
∂
∂ φφ a

t
      (1.28) 

The pressure fluctuation is found from (1.26) to be given by 

( )

0

01

0

0

2

2

2
0

0

2

2

2
0

0

2
0

0

=
∂
∂

−
∂
′∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
′∂

=∇−
∂
′∂

=∇−⋅∇+
∂
′∂

ta
p

t
p

ta
p

t
p

p
t
p

p
t
p

φγ

φγ

φγ

φγ

 

t
p

∂
∂

=′
φρ0        (1.29) 

and the boundary condition is again set by using either (1.27) or (1.29). 
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1.2 Elementary Solutions to the Wave Equation: Plane, Spherical and Cylindrical Waves 

Because the wave equations (1.23) and (1.27) are linear, the important principle of 

superposition applies. Solutions for more complicated problems can often be constructed by 

superposing elementary solutions. 

Examples of these are covered briefly in this section. 

 

1.2.1 Plane Waves

Let the coordinate x lie in the direction of propagation for plane waves; wavefronts, or 

planes of constant phase are planes normal to the x-axis. Equation (1.23) is 

02

2
2
02

2

=
∂

′∂
−

∂
′∂

x
pa

t
p

      (1.30) 

This can be factored directly in the form  

000 =′⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂ p

x
a

tx
a

t
     (1.31) 

and a general solution is  

)()( 00 taxgtaxfp −++=′      (1.32) 

The function  represents a plane wave traveling to the left; and  represents 

a plane wave traveling to the right both with phase velocity . 

)( 0taxf + )( 0taxg −

0a
The density fluctuations are computed from either (1.9) or (1.12): 

[ )()(11
002

0
2
00

0 taxgtaxf
a

p
ap

p
−++=′= ]′

=′
γ
ρρ    (1.33) 

According to the linearized equation (1.26) for the pressure, the velocity fluctuation can be 

calculated from the pressure by integrating  

[ ])()(1
00

0

0

0

taxgtaxf
p
a

t
p

px
u

−′−+′=
∂
′∂

−=
∂
′∂

γγ
 

so 

[ )()( 00
0

0 taxgtaxf
p
au −−+−=′
γ

]     (1.34) 

Thus, for a wave traveling to the right,  

000
00

0

0 )(
a

p
p
pataxg

p
au

ργγ
′

=
′

=−=′      (1.35) 

and for a wave traveling to the left,  

00a
pu

ρ
′

−=′        (1.36) 

The solution for given initial conditions can be deduced very quickly. Suppose that at t = 

0, the pressure and rate of change of pressure are specified functions of x:  
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)()0,(

)()0,(

xQx
dt
pd

xPxp

=
′

=′
       (1.37) 

The solution (1.32) gives  

[ ] )()()()0,(

)()()()0,(

0 xQxgxfax
t
p

xPxgxfxp

=′−′=
∂
′∂

=+=′
    (1.38) 

Integration of the second gives  

[ ] ∫=−
x

x

dQ
a

xgxf
0

)(1)()(
0

ξξ  

where  is unspecified at this point. This equation and (1.38) can be solved to give  0x

)(
2
1)(

2
1)(

)(
2
1)(

2
1)(

0

0

0

0

xPdQ
a

xg

xPdQ
a

xf

x

x

x

x

+
−

=

+=

∫

∫

ξξ

ξξ

     (1.40) 

With (1.40), the solution (1.32) is 

)(
2
1)(

2
1)(

2
1)(

2
1

0
0

0
0

0

0

0

0

taxPdQ
a

taxPdQ
a

p
tax

x

tax

x

−+−++=′ ∫∫
−+

ξξξξ  

[ ] ∫
+

−

+−++=′
tax

tax

dQ
a

taxPtaxPp
0

00

)(
2
1)()(

2
1

0
00 ξξ    (1.41) 

Suppose, for example, that the region bxb +≤≤−  is initially pressurized to some 
value 0pδ  and is at rest:  

⎪⎩

⎪
⎨
⎧

>

≤
=

=

bx

bxp
xP

xQ

_0

_
)(

0)(

0δ       (1.42) 

 
The solution is easily graphed, because with 0)( =xP , p′  is the sum of a wave traveling to the 
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left and a wave traveling to the right, each having the shape )(
2
1 xP  and traveling with speed ; 

this is sketched below (sketch A).  

0a

 
Note that if the entire space for 0<x  were initially pressurized and at rest, the 

subsequent wave motion would consist of a compression wave traveling to the right and a 

rarefaction traveling to the left (sketch B). 

 

The wave traveling to the right is a simple compression wave, an abrupt rise of pressure 

followed by a region of uniform pressure. The velocity fluctuations are uniform behind the 

disturbances.  

The solution corresponding to the initial condition (1.42) can be written by noting first 
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that (1.42) is 

[ ])()()( 0 bxUbxUpxP −−+= δ  

where  is the unit step placed at )( 0xxU − 0xx = . Then (1.41) gives  

{ } {[ ])()()()(
2 0000

0 tabxUtabxUtabxUtabxUpp −−−−+++−−++=′ }δ
 

         (1.43) 

Obviously the terms in curly brackets represent the two rightward and leftward blobs sketched 

above. 

 

Reflection of a wave can be treated by imposing on the solution (1.41) a boundary 

condition; for example, suppose  at 0=′p 0=x  for all t. And again assume the rate of change 

of pressure to be zero at t =0, so 

0)( =xQ , but 0)( ≠xP  in :  0≥x

⎪⎩

⎪
⎨
⎧

=
∂
′∂

=′

0)0,(

)()0,(

x
t
p

xPxp
       (1.44) 

⎪⎩

⎪
⎨
⎧

=
∂
′∂

=′

0),0(

0),0(

t
t
p

tp
       (1.45) 

 Because  is defined only for positive x, )(xP )( 0taxP −  is meaningless for 0axt > ; hence, 

the solution (1.41) doesn't work. The difficulty is overcome by considering the motion in all x with 

the initial condition  

⎪
⎪
⎩

⎪⎪
⎨

⎧

=
∂
′∂

⎩
⎨
⎧

<−−
≥

==′

0)0,(

0__)(
0__)(

)()0,(

x
t
p

xforxP
xforxP

xxp η
    (1.46) 

Then the solution is 

[ )()(
2
1),( 00 taxtaxtxp −++=′ ηη ]    (1.47) 

At x=0, 

[ ]

[ ]
0

)()(
2
1

)()(
2
1),0(

00

00

=

−−=

−+=′

taPtaP

tatatp ηη

 

so the boundary condition is satisfied for all t . Now because of the definition (1.46), it follows that 
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⎩
⎨
⎧

<−−
≥−

=−
taxforxtaP

taxfortaxP
tax

00

00
0 __)(

__)(
)(η  

Consequently, the solution (1.47) can be written in terms of the function  as: )(xP

[ ]

[ ]⎪
⎪
⎩

⎪⎪
⎨

⎧

<−−+

≥−++
=′

taxforxtaPtaxP

taxfortaxPtaxP
txp

000

000

__)()(
2
1

__)()(
2
1

),(    (1.48) 

An example of such a motion is sketched below: 

 

The waves sketched in x <0 are essentially “image” waves used to satisfy the boundary conditions. 
They are represented in the formula (1.47) but not in (1.48); the last result gives  for all 

x<0 because 

0),( =′ txp
)(ξP  has been defined to be zero for 0<f . 

The problem of wave motion in the region Lx ≤≤0  with the boundary condition 
at x =0 and x = L is left as a homework problem. With that result, one can describe a pulse 

barging back and forth in a tube, or a standing wave.  

0=′p

An important special case of plane waves is sinusoidal waves; the dependence on time is 
)exp( tiω− , so and necessarily have the forms f g
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⎥
⎦

⎤
⎢
⎣

⎡
−−→−

⎥
⎦

⎤
⎢
⎣

⎡
+−→+

)(exp)(

)(exp)(

0
0

0

0
0

0

tax
a
iBtaxg

tax
a
iAtaxf

ω

ω

 

The ratio k
a

=
0

ω
is the wavenumber:  

  
λ
πω 2

0

==
a

k        (1.49) 

To see this, consider the function ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ tx

a
ωω

0

cos , for example. This has period π2 , and by 

definition the phase increases by one period if x is changed by one wavelength:  

00

2
a

x
a

ωλδωπ ==  

so 
λ
πω 2

0

=
a

.  

It is usual to write tkxtax
a

ωω
+=+ )( 0

0

. For a plane wave propagating in an arbitrary 

direction kk
rr

, the plane sinusoidal wave is represented by 

( )[ ] ( )[ ]rktiortarki rrrr
⋅±−±⋅ ωexp__exp 0  

In these notes, the time factor will always be taken as )exp( tiω−  and the second form 

will be used. This is a monochromatic wave; general disturbances can be constructed by 

superposition. 

 

1.2.2 Spherical Waves 

Consider now wave motions propagating in three dimensions, but symmetrically about a point. All 

properties depend only on the distance r from the point, and the wave equation for pressure is  

01 2
2

2
02

2

=⎟
⎠
⎞

⎜
⎝
⎛

∂
′∂

∂
∂

−
∂

′∂
r
pr

rr
a

t
p

     (1.50) 

Try a solution of the form rtrp ),(ψ=′ , so 

2

2

2

2 1
trt

p
∂
∂

=
∂

′∂ ψ
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rrrr
p

∂
∂

+−=
∂
′∂ ψψ 11

2  

2

2
2

2

2

r
r

r
pr

r
p

∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛

∂
′∂

∂
′∂ ψ

 

and ψ satisfies the one-dimensional wave equation, 

02

2
2
02

2

=
∂
∂

−
∂
∂

r
a

t
ψψ

 

Hence, a general solution has the form  

[ )()(1
00 rtaGrtaF

r
p −++=′ ]     (1.51) 

The first term represents a wave propagating inward, and the second a wave propagating outward. 

Consider the initial value problem analogous to that treated for plane waves. Suppose that 

at t = 0, the pressure and rate of change of pressure are given functions of r : 

)()0,(

)()0,(

rWr
t
p

rVrp

=
∂
′∂

=′
       (1.52) 

If there are no sources in the field, and no boundaries, the expression (1.51) must remain valid at r 

=0:  

[ ] [ ])()(1),( 00
0

0 taGtaF
r

trp
r

r +⎥⎦
⎤

⎢⎣
⎡=′

→
→  

Thus, )()( ξξ FG −= if  is to remain finite at the origin, and the general form is p′

[ )()(1),( 00 rtaFrtaF
r

trp −−+=′ ]    (1.53) 

so the rate of change is  

[ )()(),( 00
0 rtaFrtaF
r
atr

t
p

−′−+′=
∂
′∂ ]     (1.54) 

To satisfy the initial conditions,  
)()()( ξξξξ VFF =−−       (1.55) 

)(1)()(
0

ξξξξ W
a

FF =−′−′      (1.56) 

where )()()( 0 ξ±=±→± FrFrtaF and 0≤ξ always because of the definition of r, and the 

functions V(r), W (r) in (1. 52).  

 

Suppose that the medium is initially at rest, so W = 0 and  
)()( ξξ FF ′=−′  

The integral of this equation is  
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KFF =−+ )()( ξξ       (1.57) 

Where K is a constant. Equations (1.55) and (1.57) can be solved to give  

  

2
))(()(

2
1

2
)(

2
1)(

2
)(

2
1)(

KVKVF

KVF

+−−−=+−=−

+=

ξξξξξ

ξξξ
 

According to the definitions introduced above, )()( 0 rtaFF +=ξ for the inward propagating 

wave, while for the outward propagating wave,  

⎪
⎪
⎩

⎪⎪
⎨

⎧

>+−−=−

<+−−−=−
=−

tarforKtarVtartarF

tarforKrtaVrtartaF
F

0000

0000

__
2

)()(
2
1)(

__
2

)()(
2
1)(

)( ξ  (1.58) 

because the argument ξ  of )(ξV cannot be negative. The solution (1.53) is therefore 

[ ]

[ ]⎪
⎪
⎩

⎪⎪
⎨

⎧

>−−+++

<−−−++
=′

tarfortarVtarrtaVrta
r

tarforrtaVrtartaVrta
rtrp

00000

00000

__)()()()(
2
1

__)()()()(
2
1

),(  (1.59) 

because )(ξF  is defined only for 0>ξ . 

 

Now consider the problem in three dimensions, corresponding to the one-dimensional 

problem treated above. Let the spherical region Rr ≤ be initially pressurized, 0)0,( prp δ=′ , 

and at rest, so  

⎩
⎨
⎧

>
≤<

=
Rfor

Rforp
V

ξ
ξδ

ξ
__0

0__
)( 0      (1.60) 

The motion outside the sphere, r >R , consists of a spherical compression wave followed by a 

spherical rarefaction wave. Obviously, there is no inward traveling wave, so the solution (1.59) 

becomes:  

( )
⎪⎩

⎪
⎨
⎧

>−

≤−<−−
=′

Rrtafor

Rrtaforprta
rtrp

0

000

__0

0__
2
1

),(
δ

 tar 0<   (1.61a) 

( )
⎪⎩

⎪
⎨
⎧

>−

≤−<−+
=′

Rtarfor

Rtarforptar
rtrp

0

000

__0

0__
2
1

),(
δ

   (1.61b) tar 0>

To interpret this result, first note that the lower terms in each set of brackets give the result that the 

disturbance is confined to the region RtarRta +≤<− 00 . The upper terms in (1. 61) can be 
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rewritten  

⎪
⎪
⎩

⎪⎪
⎨

⎧

+≤<⎟
⎠
⎞

⎜
⎝
⎛ −

<≤−⎟
⎠
⎞

⎜
⎝
⎛ −

=′

Rtartaforp
r

tar

tarRtaforp
r

tar

trp

000
0

000
0

__
2

__
2

),(
δ

δ
   (1.62) 

For sufficiently large r , and at a fixed time , the pressure varies nearly linearly and is centered at 

 as sketched below. 
0t

000 tar =

 
For comparison, the one-dimensional result is shown. 

 
This example demonstrates an important difference between one-dimensional plane 

waves and three-dimensional spherical waves. For a plane wave, the gas is only compressed within 
the disturbance ( ), but in the spherical wave, the compression region is followed by a 

rarefaction. This is due to the reflection of the origin of the wave propagating inward from the edge 

of the initially pressurized spherical region. To see a bit more clearly what happens, it is helpful to 

consider the velocity field. For a spherical wave, the linearized momentum equation (1.27) is  
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With (1.53), the velocity for an outward traveling wave, for example, is  
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The integral from −∞=t when there is no disturbance to the current time is 
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For plane wave, the corresponding result is (1.34) 
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Thus, in a plane wave, the velocity vanishes wherever the pressure does, and it is possible 

to have a disturbance of any shape freely propagating. But in the spherical wave, the velocity is zero 

outside a pressure disturbance only if the second term in (1. 63) vanishes. The requirement is that 

 for , a long time after the pulse has passed a given point 0→′u ∞→t r : 
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The integral can be converted to an integral over space by the following transformation: 
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Thus, for a spherical wave propagating outward, the distribution of pressure must at all times satisfy 

the condition  

∫
∞

′
0

rdrp         (1.66) 

if it is to be confined to a finite region in r . 

 

1.2.3 Cylindrical Waves 

Symmetric waves in two dimensions exhibit a peculiarity not present in either one or two 

dimensions; there is necessarily a “wake,” and discrete pulses simply cannot exist. The reason for 

this may be seen quite easily by examining the way in which a cylindrically symmetric wave might 

be generated, at least in principle.  

The world is three dimensional, so the elementary source is really a point source emitting 

spherically symmetric waves. Plane waves may be conceived as the consequence of an infinite 

planar array of point sources, all emitting waves in phase. Cylindrical waves are generated by an 
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infinite linear array of point sources emitting waves in phase. 

 

onsider some point P a distance C ρ  from the line, and consider the waves emitted at the same time 

ts from two sources located at poin A and B. Obviously, the wave 

from B arrives at P later than that from the source at A, and also has 
reduced amplitude because ρ>r . But B is an arbitrary po

along the line, so even if all the sources on the line simultaneously 

emit single pulses, an observer at P will be receiving signals forever, 

int 

although, 

cal waves. The elementary outward traveling wave is represented by the 

second term of (1.51): 

of course, the amplitude decreases with time. 

To make the preceding remarks more quantitative, it is a matter of carrying out the 

superposition of spheri

r
rtaGtrp )(),( 0 −

=′       (1.65) 

bservation point P, and 

ource:  

 line, so the pressure at P is simply the 

integral of (1.65) over all z: 

 

 

Let the origin of coordinates be opposite the o let z be measured along the line 

s

 

The distribution of sources may be assumed uniform along the

∫
∞ −

=′ dz
r

rtaGtp )(),( 0ρ  
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Because 
222 ρ+= zr , 

22 ρ−
=

r
rdrdz , 
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and the integral can be changed to the integral over r : 
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The pressure at the time t  depends on the value of the sources at all earlier times 

0att ρ−<<∞− , whereas the pressure at an observation point due to a spherical source depends 

only on the signal emitted by the source at time 0art − . 

Suppose that )(ξG  is non-zero only in a small range of ξ , and consider the behavior 

for large times: 00 , aat ρξ>>  
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Hence, the observed signal for a cylindrical wave can never be discrete; there is necessarily a 

“wake,” in both time and space, a feature which will be examined again later. 
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l.3 An Estimate of the Influence of Internal Heat Conduction on Linear Wave Motions 

One of the two main assumptions used in many acoustics calculations is that viscous effects 

may be ignored. It is the purpose of this section to investigate briefly one aspect of this question. To 

simplify the discussion, only the influence of internal energy transfer by heat conduction will be 

considered, and only one-dimensional harmonic motions will be treated. 

It will be assumed that heat flows according to Fourier's law; in one dimension, 

x
Tq
∂
∂

−= λ        (1.68) 

where λ  is the thermal conductivity. With this included, the one-dimensional energy equation (1.4), 

written for a perfect gas, becomes  
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The linearized form is 
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The linearized continuity equation (1.1) for one-dimensional motions is 
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and if xu ∂′∂  is eliminated from ( l.70), one has  
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Equation (l.27) is the linearized momentum equation, which, for one dimensional motions, is  
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Now for isentropic flow, the pressure is simply a function of the density; more generally, it must be 

taken as a function of two properties for a simple gas, say, the density and temperature. One may 

write  
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so that (1.73) can be written 
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in which the partial derivatives are, as noted, evaluated at the undisturbed conditions in the gas. 

Differentiate this equation with respect to x and again use the continuity equation to find 
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Equations (1.72) and (1.76) are two equations in the density and temperature which will be 

used shortly to estimate the influence of heat conduction on the propagation of harmonic waves. 

Before doing so, a bit of dimensional analysis is illuminating. For a sinusoidal wave, a characteristic 

length is the wavelength, λ , and a characteristic time is the period, τ . If denotes the amplitude 
of the motion, then the first and last terms in (1.72) may be estimated as 
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If heat conduction is to be negligible, then one would expect  
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(for negligible influence of heat conduction). 

Because ωπτ 2= , and kπλ 2= , this condition becomes 
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This combination may be interpreted as the ratio of the characteristic time, ω1 , for changes 

associated with the wave motion, to the characteristic time, 2
0 kcv λρ , for the conduction of heat. 

If (1.77) is satisfied, the wave motion should be isentropic. 

 

Now assume sinusoidal plane waves, traveling to the right, so 
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Substitution into (1.72) 

    Tk
c

i
c

pTi
v

c

v

ˆˆ)(ˆ)( 2

0
2
0

0

ρ
λρω

ρ
ω =−−−  

    0ˆ)(ˆ)( 2
0

02

0

=−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ ρω

ρρ
λω i

c
pTk

c
i

vv

c  



 27

and into (1.76) 
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This pair of equations has non-trivial solutions only if the determinant of coefficients vanishes, 

leading to the condition  
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         (1.80) 

If (1. 77) is satisfied, the real part of this equation is negligible; the imaginary part must 

vanish in any case, giving the dispersion relation 

 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

=
00

2
0

022

ρρρ
ω

T
p

c
ppk

vT

     (1.81) 

The speed of propagation (phase speed) is given by  

 
00

2
0

0
2

2
2
0

ρρρ
ω

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

==
T
p

c
pp

k
a

vT

     (1.82) 

when ( ) 10
2 <<ωρλ vc ck . If the earlier qualitative remarks are correct, this formula should be the 

same as (1.9). To show this, a little thermodynamics is required. Suppose that the pressure is 

regarded as a function of density and temperature, which in turn is treated as a function of density 

and entropy: 
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To evaluate the last term, note that for a perfect gas subjected to an isentropic process, 
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When this is evaluated at the ambient conditions and substituted into (1.83), the result is exactly the 

right hand side of (1.82), verifying the assertion and the argument offered earlier: the wave 

propagation is isentropic when the characteristic time for heat conduction is very much less than the 

period for the wave motion. 

If ( ) 10
2 >>ωρλ vc ck , then Eq. (1.80) is satisfied only if 
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For a perfect gas this gives 00 RTa =  In this case, the propagation of waves is isothermal. Heat 

conduction takes place sufficiently rapidly compared with changes associated with the wave motion 

that the temperature is sensibly constant. Before thermodynamics had been developed, Newton 

proposed isothermal sound propagation, which, as shown below, is not correct for everyday 

acoustics; the error was subsequently corrected by Laplace. 

 

Finally, if the ratio vc ck 0
2 ρλ  is neither very large nor very small, eq. (1. 80) is satisfied 

only if both (1. 81) and (1. 84) are satisfied. These are inconsistent and conflicting requirements. 

This means that steady sinusoidal waves cannot exist under such conditions. What happens is that 

the amplitude and shape of the wave must change with time, owing to the conduction of heat from 

one region of space to another. 

To see whether what condition is met in practice, the following representative values for air 

may be used: 
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For sound waves, the angular frequency for audible sound waves varies roughly from 60 - 100.000 

rad/sec, and the inequality (1. 77) is clearly satisfied. 

The preceding constitutes a more formal and quantitative justification for assuming that 

sound waves propagate isentropically. If the frequency becomes high enough, the gradients become 



 30

large enough that heat conduction becomes significant. This condition arises in shock waves, but 

otherwise, unless one is interested in the decay of waves, viscous effects can be safely ignored.  
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1.4 Energy and Intensity Associated with Acoustic Waves; Time Averages; the Decibel Scale 

The energy of any system really originates in the formal description, although subsequently 

much physical content and reality is often associated with the notion. It is perfectly reasonable, then, 

to use the equations to determine what combination of properties should be regarded as the “energy” 

of an acoustic wave. Begin at the beginning: integrate the energy equation (1.3) over an arbitrary 

closed stationary volume. In the gas, after using the continuity equation (1.1);  
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In the integral on the left hand side, 22uρ  is the kinetic energy, and to second order in 

the acoustic fluctuations,  
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The internal energy may be expanded in Taylor series as  
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where, for isentropic motions, the derivatives must be evaluated at constant entropy. The energy is 

given by the combined First and Second Laws of Thermodynamics as 
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For a perfect gas, the second derivative is  
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Hence, 
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    (1.87) 

where  is the enthalpy of the undisturbed fluid. 0h
Another way of obtaining this result for a perfect gas is to note first that for  

constant, and with the reference energy ignored, 
vc

( )( )ρpRcTce vv == , so 

( )pRce v=ρ  and the fluctuation of eρ  is proportional to the fluctuation of pressure: 

)( 0 pp
R
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But the pressure fluctuation is required to be isentropic, and can be expanded in terms of the 

density fluctuations as follows:  
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After the derivatives are evaluated as above, Eq. (1.87) can be recovered. 

The first term in (1.87) can be ignored because it is the uninteresting (here) energy of the 

undisturbed fluid. Substitution of (1.86) and (1.87) into (1. 85) gives: 
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The first order terms and the term containing uh r′′ 0ρ  on the right hand side are  
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But 0000 ρpeh +=  so the terms in brackets are  
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which vanish in virtue of the continuity equation, carried out to second order.  

The term with 00eρ  on the left hand side is zero, so (1.87a) is now 
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Let E  denote the combination 
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and Eq. (1.88) is 
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To interpret this equation, consider an arbitrary volume 

V within the fluid, enclosed by a (closed) surface S: 

The last integral in (1.90) represents the total work done 

by the fluid within the volume, on the fluid outside due 

to the fluctuating pressure acting on the fluctuating flow 

through the surface. Then E  is reasonably interpreted 

as the density of acoustic energy. For then the first integral on the right hand side represents the 

convection of energy out of the volume due to the fluctuating flow itself, and the entire right hand 

side is the total rate of change of acoustic energy within the volume. That is exactly what the left 

hand side stands for. 

Now the first integral on the right hand side of (1.90) is third order in small quantities and 

therefore must be dropped. The integral formulation for the balance of acoustic energy is correctly 

(to second order) 
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which implies the differential form  
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To be more specific, consider a plane wave travelling to the right, for which (1.35) holds. 
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showing that the potential and kinetic energies are equal. Also, 
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and (1.92) becomes  
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This result, of course, holds for a wave travelling to the left as well. The flux of energy associated 

with a plane wave travelling in the direction defined by the wave vector k
r

 is  

k
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r
0=        (1.96) 

which is the intensity of the wave, having magnitude  
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      (1.97) 

The case of harmonic or sinusoidal waves is particularly important. Let the amplitudes of 

waves travelling to the right and left be denoted by , , respectively: +p −p

        (1.98) 
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Equations (1.35) and (1.36) for plane waves show that  

 

00

00

a
pu

a
pu

ρ

ρ

−
−

+
+

−
=

=
       (1.99) 



 35

The energy densities are 
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and the intensities are 
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The negative sign appended to  shows that the flux is in the negative x-direction. −I
It is often convenient to work with time-averaged values, for example, 
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Because squares of the acoustic quantities are involved, it is necessary to take the real or imaginary 

parts of (1.98) before the time averages are taken; thus, 
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Let kxt −′=ωξ , so ξ
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The symbol  is often used to denote rmsp
212p′ ; thus, 2maxpprms =  for a sinusoidal wave. 

Consequently, one obtains the results  
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These formulas for energy density and intensity may be usefully obtained in more general form for 

later use. Let the pressure and velocity fields be 
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The unit vector  lies in the direction of the velocity vector û ûr . To form the energy density and 
intensity, take the real parts: 
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Thus the instantaneous energy density (1.89) is 
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and the time average is 
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The intensity is the flux of energy up r′′  (if Eq. (1.92)); again taking real parts when the 

complex notation is used. 

 )cos()cos(ˆˆˆ ψωφων ++= ttupI r
    (1.108) 

To take the time average, the cosines must first be expanded; the result is 

)cos(ˆˆ
2
1ˆ ψφν −= upI rr

 

Thus, in order that there be a flux of energy, there must be a component of velocity in phase with the 

pressure 2βψφ ≠− . Suppose that is real, so (1.105) can be written p̂
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For 2πψ = , and  are out of phase and therefore ur′ p′ 0=I
r

. 

Another way of writing these formulas is to note that *
2ˆ fff = , so (1.106) is 
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Also, the real part of is , and the time average of (1.108) may be written  fg ** fggf +

( **

4
1 upupI rr )r

′′+′=       (1.101) 

Obviously if  is real and u  is pure imaginary, i.e., out of phase with , the intensity 

vanishes. 

p′
r′ p′

 

Finally, it is interesting to see the frequency response for the human ear, sketched below. 

 
 

With the numbers given above, the relation between dB and pressure is that shown. 
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Note that  and one atmosphere is . From these two 

figures it is clear that any steady wave which can be heard without pain has sufficiently small 

amplitude that linearization of the equations of motion is reasonable. 

dBcmdyne _74/_1 2 = 26 /_10 cmdyne
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l.5 Boundary Conditions; Impedance and Admittance; Reflection from a Plane Surface 

For inviscid flow at a rigid impermeable surface, the correct boundary condition for inviscid 

flow is that the normal component of velocity vanishes: 

        (1.113) 0ˆ =⋅′ nur

If the surface is not rigid, or allows flow into it, then the velocity will not be zero, and according to 

the momentum equation, the normal gradient of the pressure fluctuation is 
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It is very often a reasonable approximation that the local motion at a surface element depends only 

on local conditions. Moreover, it is a reasonable assumption - at least as a first try - that the normal 

component of the velocity is proportional to the pressure: 
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       (1.115) 

The quantity z is called the acoustic impedance of the surface, and the inverse, zy 1=  is called 

the acoustic admittance. 

The impedance and admittance are in practice defined for harmonic motions, and are 

generally complex functions of frequency. With (1.110) the boundary condition for harmonic 

motions is 

 pyip
z

ipn ′′′∇⋅ ωρωρ 00
)       (1.116) 

The dimensions of z are density times velocity; a quantity having the same dimensions for the 

medium is 00aρ , called the characteristic acoustic impedance. For air at ambient conditions, 

sec/_42 2
00 ⋅= cmgmaρ . 

Often the dimensionless functions are used: 

 
00a

z
ρ

ς =   acoustic impedance ratio, 

 
ς

η 1
=    acoustic admittance ratio.   (1.117) 

These quantities have been defined, and named, by analogy with quantities used to characterize 

electrical circuits. Thus, the real part of z is called the acoustic resistance, and the imaginary part is 

called the acoustic reactance. 

Consider now reflection of plane waves from a surface. According to the results (1.33) and 

(1.35), a plane wave progressing to the right in the x-direction can be represented by 
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These can be generalized for propagation in the direction k
r

: 
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Suppose that a plane wave is incident upon a plane surface, at an angle iθ  to the normal to the 

surface; a plane reflected wave leaves the surface at angle rθ  to the normal as sketched. 
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== 0ω , these two waves can be represented by the following formulas:  
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where 

     (1.120) 
tyxktrk

tyxktrk

rrrr

iiii

ωθθωξ

ωθθωξ

−+=−⋅=

−−=−⋅=

)cossin(

)cossin(
rr

rr

Now here  for use in the definition (1.111) of the surface impedance. The component 

of velocity in the y-direction follows immediately from (1.119), evaluated at : 
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The ratio yup ′−′  evaluated at  is the surface impedance z: 0=y
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In general, z may be a function of position along the surface, but it is simplest to take care of this 

later; for the present, assume that z is independent of x. This may be satisfied only if 
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where β  is the reflection coefficient. Then  
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which can be solved for β  to give 
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Note, for example, that if 0=θ , there is no reflection if 00az ρ=  a result that must obviously be 

true because the surface y =0 is then an imaginary surface within a homogeneous medium. 

But if 00az ρ=  and 0≠θ , the reflection coefficient does not vanish. The reason for this 

nonsensical result is that the transmitted wave has not been accounted for. A complete treatment 

produces a result which does reduce correctly for a homogeneous medium. 

 


