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INTRODUCTION

Acoustics in general includes the theoretical and experimental studies of the propagation of

mechanical disturbances in continua. In simplest form, the wave motions depend only on the
macroscopic properties of inertia and compressibility; the influences of electrical and chemical
properties arise in special situations. In this course, only wave propagation in gases will be treated,
although it will be clear that much of the discussion and results will be applicable to liquids and
solids as well.

The formal portions of the subject are for the most part analytical rather than theoretical, and
the greater part of the analysis is directed to quite well-defined problems. Appeal to experimental
and observational results will often be made, not only to support and justify the analysis, but as a
matter of general interest as well.

A major reason that acoustics has been developed so thoroughly is that much can realistically
be accomplished within the approximations that the motions have small amplitude and that viscous
effects can be ignored. The behavior of acoustic waves is often dominated by conservative processes.
The dissipation of mechanical energy to microscopic motions is often a perturbation, particularly if
the motions are small. The loss of energy in a few cycles of vibratory motion may be small, but of
course the influence is ultimately significant, causing the motions to decay.

Thus, in the first instance, the subject of acoustics or sound comprises compressible, small
amplitude (linear), inviscid motions. The properties of the medium are often reasonably assumed to
be homogeneous, but many interesting problems arise precisely because of inhomogeneities. If the
properties of the medium are homogeneous, then the propagation of small amplitude waves is
interesting only if there are boundaries or sources present.

In a very crude way, one may divide the acoustics problems for an electrically neutral,
non-reacting medium into four classes: interior problems, exterior problems, problems associated
with inhomogeneous properties, and problems dealing with the generation or emission of sound.
Interior problems include, for example, the treatment of the normal modes of a chamber, and room
acoustics. Exterior problems include the radiation, scattering, and reflection of sound waves.
Questions of reflection and refraction arise if the medium is inhomogeneous. Acoustic waves may be
generated by moving boundaries, flow past boundaries, heating, or non-uniform motions.

Although most of the effort in this course will be devoted to wave motions, there are many
problems for which the approximation of geometrical acoustics is very useful. The basis of that
subject will be examined briefly and a few examples given. Geometrical acoustics is analogous to
geometrical optics, as wave acoustics is analogous to wave optics. Much of what one learns from
studies of acoustics is applicable to optics and other kinds of wave motion as well. Care must be

taken in exercising such analogies, however; for example, boundary conditions may differ.



. SOME FUNDAMENTAL ASPECTS OF ACOUSTICS

1.1 Linearization of the Equations of Motion: the Wave Equation and Velocity Potential

An estimate of the influence of viscous effects is given below in Sect. 1.2. Here the discussion

is based on the inviscid equations of motion for a homogeneous medium:

Continuity:
P v (pi)=0 (L1)
ot
Momentum:
p%l+pﬁ-VU+Vp:0 (1.2)
Energy:
0 u? u?
—|e+—|+p0-Vie+— [+V-(pU)=0 13
pat( 2}’”(2] (pti) (13)

The internal energy is € ; the kinetic energy can be eliminated from (1.3) by subtracting the scalar

product of (1.2) with U, thereby giving the equation for €:

U-pgl:+l]-pﬁ-VU+U-Vp=O

2 2
pa(e+uzj+pﬁ-v[e+uzJ+V-(pU):0

ot

pi+pU-Ve+V-(pl])—U-Vp=0

Using the formula
V-(pl)=pV-G+0-Vp

p%+pﬁ-Ve+ pvV-ui=0 (1.4

From the combined First and Second Laws of Thermodynamics, the differential change of entropy is

Tds = de + pd (E]

P (15)

—de——Ldp
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The change of entropy for a fluid element is therefore given by
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Substitution of (1.1) and (1.4) then gives
P2 _pv.a+R(pv.6)=0 (w.7)
Dt Yo

Because the viscous stresses, heat conduction, and all other irreversible processes have been

neglected, the flow is isentropic. Consequently, changes of density may be related to changes of
pressure by the following relation

op 8,0)
dp=| 2| dp+[ 2] ds
P (apjs p (as p

ap
2)a @)

where the symbol a? stands for the partial derivative

2 _[ dp.
: _(dpl 2

and a will be found shortly as the speed of propagation of small disturbances. With (1.8), the

1
continuity equation (1.1) can be written by using dp = —-dp
a

1 op _ 1
——+pV-U+—U-Vp=0
azot ¥ a’ P
%+pa2V-U+G-Vp:0 (1.10)
In all the work in this course, the gas will be assumed to be perfect, so the equation of state is
p=pRT (1.12)

and for isentropic processes



Y
D=l%£llj (1.12)
Po
where pyand p,are reference values. Hence, (1.9) becomes explicitly
do ), p
Moreover, because the internal energy for a perfect gas is independent of the specific volume, v,
oe oe
de = ( j dT + ( j dv=c,dT (1.14)
aT ), oV );
Equation (1.10) for the pressure is now
0 .
a—f+ypV-u+u-Vp:0 (1.15)

With (1.12), the momentum equation (1.2) is

a—u+lI-Vl]+£Vp=0

ot o

a—u+u Vu+—(&j Vp=0
ot Po\ P

ou

—+U- Vu+——{£ij Vp=0 (1.16)
ot Po\ P

Equations (1.15) and (1.16) are two equations for the pressure and velocity. An equation for

the pressure can be deduced by differentiating (1.15) with respect to time and substituting (1.16) for
ou/at :

o*p i
—Vu V- —(U-V 0
e +y—(V-U0)+(p) (atj+ (U-Vp) =
*p . op 1(p, ) )
— Ty BV 0+wV | —-0-Vi—-—| 2| Vpl|+—(G-Vp)=
~ 7 » po(p] p at( p)=0

Rearrangement leads to

2 Yy
ot Po p

P _MP_, P

Lo Po Po Po

B P, ~ 0 (=
=wV-(G-Vi)-»—V-i—-—(G-V
PV -(3-V0)- 2V -G£ (-vp)




(1.17)
The boundary condition associated with this equation is set by taking the normal component of
(1.16) to give

_ Yy
ﬁ-a—“+ﬁ-(0~vu)+ﬁ-i{&J Vp=0
ot Po\ P

o)’ o
n-vp=- — Nn-—+n-(0-vd 1.18
p (p] po[ =+ ( )} (1.18)

Equations (1.17) and (1.18) are nonlinear equations, but for most of the problems examined in

these notes, the linear forms will be used.

Let & be a small parameter characterizing the amplitude of time dependent motions

superimposed upon a uniform state of a gas at rest:

P =P +‘5p’
= e’ (1.19)
p=p,+ep

The properties p, and p, are, without loss of generality, taken to be the same as the reference
values introduced in (1.12); both p, and p, will here be assumed constant in both space and

time. The procedure is now a familiar one: substitute (1.19) and collect terms according to powers of

P

-1y
& . Note that the term (—J is expanded in a Taylor series, giving to second order in &:
Po
-y ey Yy A\ Yy
Po Po Po
2
1(1}11{1}(1 ](ﬂ]
y) Po 20U YN 7 Po
2
111(7_1)(3]
Y Po 27" \ Po

-1y 1 ’ +1 i 2
[i] zl_g_£+52(7_2j[£] . (1.20)
Po 7 Po 2y Po

The second term on the LHD of (1.17) is, to second order in &:

Since



Then multiplying p/p, , we have
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So the term of order &2 is

p[;:v () (2]
{1_; po 7{ pi}
()

Finally we have




Therefore we have

Yr ' i '
aj[iJV- [£] Vp |~ ep,a’ VZ[LJ +&’pyal —7_1(£jvz[i -=
Po Po Po Ve Po Po

Collect terms of first order in & on the LHS and divide by ¢, so (1.17) is

2

o°p’' ,
&?—%vw
—y — g 8 ! .y 6 ., , _1 ! ’
0 0

Detail derivation of this equation is as follows:
We now consider the RHS of Equation (1.17)

L P, - 0
V(- Vi)-yEV-i-—(G-v
WV - (d U)y& G &@ p)

with Eq. (1.19)
P=p,+ep’
i=eél’

p=ptep

Substituting the perturbation terms we have

1
/4

_(_
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P Jv-(gu%wa')

Po

7pV-(U'-VU')=7xp{1+g

P v (et Ven')
Po

= e,V (0 V') + & piv (@’-vu')
0

So taking the term of order in &% we have

=,V - (e’ -Vei')+ e

PV -(U'-Vi') = e2pp,V-(i'-Vi')

And the second term is
op . - 0 p’ _
—y—V.lU=-y— 1+ V el
/4 ot 7/8t{p0( € poj} €
:—y%1+3p eroi 1+e P ||V eu
ot P ot P
0 p’ _
= — —1+ Vel
Wo{at( 2 poj} &l

op’
ot

=-¢&’y V.

And the third term will be

So taking the term of order in £® we have

a =g a ! !
—E(U'Vp)zﬂ?za(u -Vp')

Finally the RHS of Equation (1.17) is, order in g2,



11

ypv-(U-VU)—ya—pv-U—ﬁ(u-Vp)
ot ot ©

. op'. - 0 .
=% V-(U'-Vi')-e?y—V-Ui-g?>—(U-Vp'
MoV - ( ) 7 ~VP)
2 A7

o°p

atZ

In addition must be treated as follows:

°p _ 0°
a2 at?
02 p’
ot?
With (a) and (b) for LHS and (c) for RHS of Eq. (1.17) the dividing by &, we have Eq.
(1.22).

(py +ep’)
(@)

=&

Similarly, the boundary condition (1.18) may be expanded to give

. ou' . 1p oi . . (., -
n-vp'=—p,—-N—-gp,| ———-n+n-(0'- Vi’ 1.22
P'==po pob o a ( )} (1.22)

These nonlinear forms will be used later to examine some problems of wave motions in chambers.

Linear problems are described by the equations obtained in the limit & — 0:

82 ’ ,

atg —-alvip'=0 (1.23)

R ou' .

A-Vp' =—p. — A 1.24
p Po ot (1.24)

It is often convenient to analyze problems by using the velocity potential ¢, defined so that

the velocity is

U'=-V¢ (1.25)
The linear forms of (1.15) and (1.16) are directly

op’ _

— 4 v . u, = O 1.26

o P (1.26)

ai+in' =0 (1.27)

o p

Differentiate (1.27) with respect to time, use (1.25), and substitute the velocity potential to find the
wave equation
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(;? —-alVig=0

12

The pressure fluctuation is found from (1.26) to be given by

_, 99
P =0 ot

20
T Ly0 g
ot P, Ot
ofu’ 1
+-—V(-p,V-0")=0

> p, °
o’ (-V 1
TEY, Lyl p,v-(-vg)-0

ot Po

2

v%—&v(vw):o

ot Po

2
0 f_&v%:o

ot Po

(1.28)

a !
Ep+7pov-(—v¢)=0

a !
T mv=0

ap’ 1 0%
d il =0

ot 7p°[a§ 8t2J
w0 _,

ot al ot?

(1.29)

and the boundary condition is again set by using either (1.27) or (1.29).
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1.2 Elementary Solutions to the Wave Equation: Plane, Spherical and Cylindrical Waves

Because the wave equations (1.23) and (1.27) are linear, the important principle of
superposition applies. Solutions for more complicated problems can often be constructed by
superposing elementary solutions.

Examples of these are covered briefly in this section.

1.2.1 Plane Waves
Let the coordinate x lie in the direction of propagation for plane waves; wavefronts, or

planes of constant phase are planes normal to the x-axis. Equation (1.23) is

82 pl ) 62 pl
-a =0 1.30
o> 7 ox? (130
This can be factored directly in the form
0 oA NG 0
—+a,— | ——a,—|p'=0 131
[at ° axj(at "axjp (1.31)
and a general solution is
p'= f(x+a,t)+g(x—ayt) (1.32)

The function f(x+a,t) represents a plane wave traveling to the left; and g(Xx —a,t) represents
a plane wave traveling to the right both with phase velocity a,.

The density fluctuations are computed from either (1.9) or (1.12):

! 100 p, 1 ! 1
p=——==p == [f(X+at)+g(x—apt) (1.33)
7 B ag ag[ ’ ]

According to the linearized equation (1.26) for the pressure, the velocity fluctuation can be

calculated from the pressure by integrating

ou’ 1 0p a4, ,
—=—-——=—|f"(x+a,t)—g'(x—a,t
ViR m[ (x+agt) — g'(x - agt)]

S0
U= [ (x+agt) - g (x - agt)] (1.3
0
Thus, for a wave traveling to the right,
, a ! !
u =—°g(x—a0t):aol=L (1.35)
o P Loy
and for a wave traveling to the left,
u'=- P (1.36)

Pody
The solution for given initial conditions can be deduced very quickly. Suppose that at t =

0, the pressure and rate of change of pressure are specified functions of x:
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p'(x,0) = P(x)
dp’ B (1.37)
E(X’O) =Q(x)

The solution (1.32) gives
p'(x,0) = f(x)+9(x) = P(x)

%p'(x,O) = a,[ () - 9'(¥)]=Q(¥)

Integration of the second gives

(1.38)

[0 - g00]=2 [QE)de

2

where X, is unspecified at this point. This equation and (1.38) can be solved to give

0= 5, [QEAZ+ P00
. (1.40)

-1 7 1
9(x) =% j Q)dg +5P(x)

With (1.40), the solution (1.32) is

1 X+at x—agt

1 1 1 1o
P Xj;Q(é)d§+2P(X+aot) T X[Q(cf)dcf+ S P(x-a)

X+a,t

1 _at)]
p' =2 [Pl + POx-ad)]+—— [Q(9)ds (141)

0 xo—aot

Suppose, for example, that the region —b < X <+b is initially pressurized to some
value Jp, andis at rest:

Q(x)=0

<b
P = | o< (42
0_|x>b

y k;’a" e}
Ery

A

—b o wb

The solution is easily graphed, because with P(x) =0, p’ is the sum of a wave traveling to the
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left and a wave traveling to the right, each having the shape %P(X) and traveling with speed a,;

this is sketched below (sketch A).

o

K=o

/l ‘\. /I \
4= ba, i R
7 ] \
/ //\ \
/ \ \
frgé/"o "y . l/ \ l L}"
/ / \ \
! / \__-_X;]A
¥=28/a, “F L

A

- *H
£ Pt¥+a,7) f P a,?)

Note that if the entire space for X <O were initially pressurized and at rest, the
subsequent wave motion would consist of a compression wave traveling to the right and a

rarefaction traveling to the left (sketch B).

The wave traveling to the right is a simple compression wave, an abrupt rise of pressure
followed by a region of uniform pressure. The velocity fluctuations are uniform behind the
disturbances.

The solution corresponding to the initial condition (1.42) can be written by noting first
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that (1.42) is
P(X) = dp,[U (x+b) ~U (x ~b)]
where U (X—X,) isthe unit step placed at X = X, . Then (1.41) gives

p'Z%[{U (x+b+agt) ~U (x=b+at)}+{U(x+b-at)~U(x—b-at)]]

(1.43)
Obviously the terms in curly brackets represent the two rightward and leftward blobs sketched

above.

Reflection of a wave can be treated by imposing on the solution (1.41) a boundary
condition; for example, suppose p'=0 at X=0 forall t. And again assume the rate of change

of pressure to be zero at t =0, so
Q(x)=0,but P(x)#0 in x>0:

p'(x,0) = P(x)

' B (1.44)
- (x0)=0

p'(0,t)=0

L (1.45)
S 0n=0

Because P(x) is defined only for positive x, P(X —a,t) is meaningless for t > x/a, ; hence,
the solution (1.41) doesn't work. The difficulty is overcome by considering the motion in all x with
the initial condition

, P(x)_for _x>0
p'(x.0) =n(x) = {

-P(—x)_for _x<0

(1.46)
op’
—(x,0)=0
o (x,0)
Then the solution is
1
p'(x,t) = E[U(X +at) + (X — ayt)] (1.47)

At x=0,

PO = [1(a,0) + n-a,0)

- [P(a) - Pl-ay)]

=0

so the boundary condition is satisfied for all t . Now because of the definition (1.46), it follows that
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P(x—a,t)_ for_x=>at
- P(at—x)_ for_x<at

n(x—agt) = {
Consequently, the solution (1.47) can be written in terms of the function P(X) as:
l[P(x +ayt) + P(x—a,t)]_ for_x>at
p'(x.t) = (1.48)
E[P(X +ayt) - P(a,t — x)]_ for _x<at

An example of such a motion is sketched below:

1 ] F ; / —
Lo 17 /
N /7 < /
yan

X e

The waves sketched in x <0 are essentially “image” waves used to satisfy the boundary conditions.
They are represented in the formula (1.47) but not in (1.48); the last result gives p’(x,t) =0 forall
x<0 because P(&) has been defined to be zero for f <0.

The problem of wave motion in the region 0 < X< L with the boundary condition
p’=0at x =0 and x = L is left as a homework problem. With that result, one can describe a pulse
barging back and forth in a tube, or a standing wave.

An important special case of plane waves is sinusoidal waves; the dependence on time is
exp(—imt),so f and g necessarily have the forms
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f(x+apt) > Aexp[— 'aﬁ(x + aot)}

0

0

g(x—a,t) > B exp{— iaﬂ (x- aot)}

) .
The ratio — =k is the wavenumber:

k=222 (1.49)

To see this, consider the function Cos(ﬂx+a)tj, for example. This has period 27, and by
a0

definition the phase increases by one period if x is changed by one wavelength:

or=P =2

a'0 a0
o 2r
SO —=—.
a, A

It is usual to write — (X + a,t) = kx + wt. For a plane wave propagating in an arbitrary
a‘O

direction IZ/‘IZ‘ , the plane sinusoidal wave is represented by

exp[i (IZ P aot)J_ or exp[— i(a)t +K - F)J

In these notes, the time factor will always be taken as exp(—iwt) and the second form
will be used. This is a monochromatic wave; general disturbances can be constructed by

superposition.

1.2.2 Spherical Waves

Consider now wave motions propagating in three dimensions, but symmetrically about a point. All

properties depend only on the distance r from the point, and the wave equation for pressure is
*p 51 5(26[)'}
az Crior or (1:50)
Try a solution of the form p’=w(r,t)/r, so
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op’ 1 10y
—_ = R +__
or r? i r or
82 pr( ) aprj aZl//
| T =r—;
or or or

and  satisfies the one-dimensional wave equation,
Dy, Oy
o Bz =0

Hence, a general solution has the form

p'= %[F (at+r)+G(at - r)] (1.51)

The first term represents a wave propagating inward, and the second a wave propagating outward.
Consider the initial value problem analogous to that treated for plane waves. Suppose that

at t =0, the pressure and rate of change of pressure are given functions of r:
p'(r,0) =V (r)

aEp’(r,O) =W (r) (52

If there are no sources in the field, and no boundaries, the expression (1.51) must remain valid at r
=0:

[p'(r,t>]Ho=H [F (agt) + G(a,t)]

r—0

Thus, G(&) =—F(&)if p’ isto remain finite at the origin, and the general form is

p'(r,t) = %[F(aot +1)—F(agt—r)] (1.53)
s0 the rate of change is

%2, (r,t)= %[F'(aot +1r)—F'(a,t—r)] (1.54)
To satisfy the initial conditions,

F(&)-F(=5) =&V (&) (1.55)

FIO-FI= W) (156)

where F(a,t£r) —> F(xr) = F(££)and & < 0always because of the definition of r, and the
functions V(r), W (r) in (1. 52).

Suppose that the medium is initially at rest, so W = 0 and
F'(=8)=F'(S)

The integral of this equation is
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F(E)+F(-5)=K (1.57)
Where K is a constant. Equations (1.55) and (1.57) can be solved to give

FE) =@+
F(-8) =2V (@ + 0 =2 OV () + o

According to the definitions introduced above, F(&)=F(a,t+r)for the inward propagating

wave, while for the outward propagating wave,

F(a,t—r)= —%(aot -rV(a,t-r) +g_ for _r <a,t
F(=$)= 1 K (1.58)
F(r—a,t) :E(r—aot)V(r—aot)+E_ for _r>a,t

because the argument & of V(&) cannot be negative. The solution (1.53) is therefore

i[(aot + 1)V (a,t+1) —(agt —r)V (a,t —r)]_ for _r <at
p(r)y=4<" (159)
E[(aot + 1)V (a,t+ 1)+ (r—a,t)V(r—a,t)]_ for _r>apt

because F (&) is defined only for £ > 0.

Now consider the problem in three dimensions, corresponding to the one-dimensional
problem treated above. Let the spherical region I < R be initially pressurized, p'(r,0) =dp,,

and at rest, so

V(gz):{épo_ for_0<&£<R (L60)

0_for_&é>R
The motion outside the sphere, r >R , consists of a spherical compression wave followed by a
spherical rarefaction wave. Obviously, there is no inward traveling wave, so the solution (1.59)
becomes:

1
——(a,t— for 0 t—-r<R
p'(r,t) = 2r(ao r)ab _ for _0<agt-r r<agt (1.61a)

0_for_agt-r>R

1
—(r—a.t)d for O<r—-at<R
p'(r,t) = +2r( ot)op, _ for _0<r-a, r>at (1.61b)

O_for_r—-at>R

To interpret this result, first note that the lower terms in each set of brackets give the result that the
disturbance is confined to the region a,t—R <r <a,t+R. The upper terms in (1. 61) can be
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rewritten

r—agt
( £ jépo_for_aot—Rsmaot

p'(r,t) = (1.62)

r—apt
( 2r° jépo_ for_ajt<r<at+R

For sufficiently large r, and at a fixed time t;, the pressure varies nearly linearly and is centered at

I, = ayt, as sketched below.

S5 L A X
/b“ j L- o R T
|' AT
H
; 92
2
| e R
L= L] . L
. + o -
* Ha L s
2
For comparison, the one-dimensional result is shown.
G b
|
|
! 7.5
| 2
I
| . .
Q- My .,y Moy R oz

This example demonstrates an important difference between one-dimensional plane
waves and three-dimensional spherical waves. For a plane wave, the gas is only compressed within
the disturbance (p’>0), but in the spherical wave, the compression region is followed by a
rarefaction. This is due to the reflection of the origin of the wave propagating inward from the edge
of the initially pressurized spherical region. To see a bit more clearly what happens, it is helpful to
consider the velocity field. For a spherical wave, the linearized momentum equation (1.27) is

ou’ 1 op'

o p, or
With (1.53), the velocity for an outward traveling wave, for example, is

' :i[iz F(a,t—r) +1 F'(a,t— r)}

ot p,Lr r
The integral from t = —oo when there is no disturbance to the current time is
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t
u'= 1 Pt r)+ 12 IF(aOt’—r)dt’,
Podo r Pl =, _
, ¢ (spherical wave)  (1.63)
—u'= P +ij'p'dt’
Pody  Pol =,

For plane wave, the corresponding result is (1.34)

=1 g(x-an ="

Loy Pog

(plane wave) (1.64)

Thus, in a plane wave, the velocity vanishes wherever the pressure does, and it is possible
to have a disturbance of any shape freely propagating. But in the spherical wave, the velocity is zero
outside a pressure disturbance only if the second term in (1. 63) vanishes. The requirement is that

u'— 0 for t — o, along time after the pulse has passed a given point T :
j p'dt=0 (1.65)
The integral can be converted to an integral over space by the following transformation:

[prdt=- jF(aO dt = —jF(g)dg

1 f 1
=—— | F(ait—r)dr'=—| p’rdr'=0
aorl @ ) aor!p

Thus, for a spherical wave propagating outward, the distribution of pressure must at all times satisfy
the condition

I p'rdr (1.66)
0
if it is to be confined to a finite regionin r.

1.2.3 Cylindrical Waves

Symmetric waves in two dimensions exhibit a peculiarity not present in either one or two

dimensions; there is necessarily a “wake,” and discrete pulses simply cannot exist. The reason for
this may be seen quite easily by examining the way in which a cylindrically symmetric wave might
be generated, at least in principle.

The world is three dimensional, so the elementary source is really a point source emitting
spherically symmetric waves. Plane waves may be conceived as the consequence of an infinite

planar array of point sources, all emitting waves in phase. Cylindrical waves are generated by an
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infinite linear array of point sources emitting waves in phase.

@-—-'o . Z

Consider some point P a distance o from the line, and consider the waves emitted at the same time
from two sources located at points A and B. Obviously, the wave

2
from B arrives at P later than that from the source at A, and also has

reduced amplitude because r > p. But B is an arbitrary point

along the line, so even if all the sources on the line simultaneously

emit single pulses, an observer at P will be receiving signals forever,

although, of course, the amplitude decreases with time.

To make the preceding remarks more quantitative, it is a matter of carrying out the
superposition of spherical waves. The elementary outward traveling wave is represented by the
second term of (1.51):

G(a,t—r)
r

p'(r,t) = (1.65)

Let the origin of coordinates be opposite the observation point P, and let z be measured along the line

source:

The distribution of sources may be assumed uniform along the line, so the pressure at P is simply the
integral of (1.65) over all z:

p(o.n= [SCL D

Because
r’=z>+p?,

dZ:L,
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and the integral can be changed to the integral over r :

0'(pt) = ZT G(a,t-r) dr

p \/rZ_PZ

Now let £=a,t—r,so dr=-d& and

Pp0=2 | [

The pressure at the time t depends on the value of the sources at all earlier times

(1.66)

—o<t<t- ,o/ao , Whereas the pressure at an observation point due to a spherical source depends
only on the signal emitted by the source at time t — r/ao :

Suppose that G(&) is non-zero only in a small range of &, and consider the behavior
for large times: t >>¢&/a,, p/a,

Soto& G (5) &o+6&

1
p'(p,t)=2 dé —-— |G(£)d¢ (1.67)
5 \/(f—aot)z—/?z At E[

Hence, the observed signal for a cylindrical wave can never be discrete; there is necessarily a

“wake,” in both time and space, a feature which will be examined again later.
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1.3 An Estimate of the Influence of Internal Heat Conduction on Linear Wave Motions

One of the two main assumptions used in many acoustics calculations is that viscous effects
may be ignored. It is the purpose of this section to investigate briefly one aspect of this question. To
simplify the discussion, only the influence of internal energy transfer by heat conduction will be
considered, and only one-dimensional harmonic motions will be treated.

It will be assumed that heat flows according to Fourier's law; in one dimension,

oT
g=—-4— (1.68)
OX
where A is the thermal conductivity. With this included, the one-dimensional energy equation (1.4),
written for a perfect gas, becomes

oT T pou_A0T

—+ o l—+——= 1.69
P TP c, Ox ¢, ox° (69
The linearized form is
i ’ 217
ﬂ _Po a_uz & 81; (1.70)
ot p,C, OX  p,C, OX
The linearized continuity equation (1.1) for one-dimensional motions is
op' ou’
2oLy 171
ot Po ox (1.71)
and if OU'/Ox is eliminated from ( 1.70), one has
i ’ ﬂ, 21
oT P op’ A, 0T 172)

ot plc, ot p,c, ox

Equation (1.27) is the linearized momentum equation, which, for one dimensional motions, is
’ 1 !

ou +_8_p 0
ot p, OX

Now for isentropic flow, the pressure is simply a function of the density; more generally, it must be

(1.73)

taken as a function of two properties for a simple gas, say, the density and temperature. One may

write
op op
dp=|—| dp+|—| dT 1.74
- 2] a0+ 2] w
so that (1.73) can be written
o, 1o %+L(5_pj L w79
ot p,\ Op . X py\aT ), ox

in which the partial derivatives are, as noted, evaluated at the undisturbed conditions in the gas.

Differentiate this equation with respect to x and again use the continuity equation to find
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o?p (0 ?p (0 T’
L_| 2 —f—(—pJ =0 (1.76)
o \op). o T, ox

Equations (1.72) and (1.76) are two equations in the density and temperature which will be
used shortly to estimate the influence of heat conduction on the propagation of harmonic waves.
Before doing so, a bit of dimensional analysis is illuminating. For a sinusoidal wave, a characteristic

length is the wavelength, A, and a characteristic time is the period, 7. If T denotes the amplitude
of the motion, then the first and last terms in (1.72) may be estimated as

o1 T
a

b 0T A T
PoC, OX° ) pocv?

If heat conduction is to be negligible, then one would expect

AT / T Az
;= > <<1
PCA [ T pCA

(for negligible influence of heat conduction).

Because 7=27/w,and A =2x/k, this condition becomes

2
i( & Jk—<<1 (1.77)
2\ p,C, ) @

This combination may be interpreted as the ratio of the characteristic time, 1/a) for changes
associated with the wave motion, to the characteristic time, p,C, / Ak? , for the conduction of heat.
If (1.77) is satisfied, the wave motion should be isentropic.
Now assume sinusoidal plane waves, traveling to the right, so
p/ — |,5|ei(kx—wt)
T'= ‘f‘ei(kx—wt) (1.78)

Substitution into (1.72)

(—ia))‘f‘—pp‘é (io)|p :;—;kz‘ﬂ
v 0™~v

2
0

(i) + -2 k2 \ﬂ—%(iw)w:o
pOCv 10 Cv
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and into (1.76)

() wri-(2) oo

gives

[ia) K kJ‘T‘—{ Po ]|ﬁ|=o
PoCy PoCy
ap - 2 2 ap ~
o[ 2) J o[ 2) }
[ MH[ ) A

This pair of equations has non-trivial solutions only if the determinant of coefficients vanishes,

(1.79)

leading to the condition

oo o (2) oo | () o

or

(i k{@) PN e k{@) ~ o’ +ia>k2—'[2’° (@j =0
op T, PoCy op T, PoC, \OT ),

(i kz[@_pJ —a)2+k2%(@j +—ﬁ'C k® kz(@_p] —w? =0
610 T 100 Cv 6 Po pOCv ap T

(|a) k2 (@j + FZ)O (@j _a)Z + ﬂ'c k2 kZ(@J _a)z
6'0 To PoCy T Po PoCy 610 T,

Il
o

or
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2
izl ke )
ap T pOCv 6T o pOCv @ ap To

(1.80)
If (1. 77) is satisfied, the real part of this equation is negligible; the imaginary part must

vanish in any case, giving the dispersion relation

o =k? [@J +%(@j (1.81)
op r PG, ar ),
The speed of propagation (phase speed) is given by
2
a?=2 - » +%(@J (1.82)
K p )y, PoC\OT

when (ﬁ,ckz/,o0 cva))<< 1. If the earlier qualitative remarks are correct, this formula should be the

same as (1.9). To show this, a little thermodynamics is required. Suppose that the pressure is
regarded as a function of density and temperature, which in turn is treated as a function of density
and entropy:

p=p(p.T(p.s))

Then the partial derivative in (1.9) is

P _[(%® +(5_|OJ ar (1.83)
op ), \op), \at),\op), |

To evaluate the last term, note that for a perfect gas subjected to an isentropic process,

prp’=p'
SO
T~p™
and
ot
2(%) -0
0 S

Because y =cC, /CV and R=c,—c,, this can be written, with use of the perfect gas law, as

c —C
[ﬂj SO LT
ap ), Po  PC Rpy  poC,
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When this is evaluated at the ambient conditions and substituted into (1.83), the result is exactly the
right hand side of (1.82), verifying the assertion and the argument offered earlier: the wave
propagation is isentropic when the characteristic time for heat conduction is very much less than the

period for the wave motion.

If (4.k?/pyC,)>> 1, then Eq. (1.80) is satisfied only if
2
a; = @ _ (@J (1.84)

For a perfect gas this gives a, = /RT, In this case, the propagation of waves is isothermal. Heat

conduction takes place sufficiently rapidly compared with changes associated with the wave motion
that the temperature is sensibly constant. Before thermodynamics had been developed, Newton
proposed isothermal sound propagation, which, as shown below, is not correct for everyday

acoustics; the error was subsequently corrected by Laplace.

Finally, if the ratio /1Ck2/,oocv is neither very large nor very small, eq. (1. 80) is satisfied

only if both (1. 81) and (1. 84) are satisfied. These are inconsistent and conflicting requirements.
This means that steady sinusoidal waves cannot exist under such conditions. What happens is that
the amplitude and shape of the wave must change with time, owing to the conduction of heat from
one region of space to another.

To see whether what condition is met in practice, the following representative values for air

may be used:

A, =0.728_cal/cm-K
0, =12x107° _gm/cm?
C, =3x10* _cm/sec
c,=0.173_cal/gm-K

Then

2
LKA haax10v0
PoCy @ PyC,Co

For sound waves, the angular frequency for audible sound waves varies roughly from 60 - 100.000

rad/sec, and the inequality (1. 77) is clearly satisfied.
The preceding constitutes a more formal and quantitative justification for assuming that

sound waves propagate isentropically. If the frequency becomes high enough, the gradients become
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large enough that heat conduction becomes significant. This condition arises in shock waves, but

otherwise, unless one is interested in the decay of waves, viscous effects can be safely ignored.
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1.4 Energy and Intensity Associated with Acoustic Waves:; Time Averaqges; the Decibel Scale

The energy of any system really originates in the formal description, although subsequently
much physical content and reality is often associated with the notion. It is perfectly reasonable, then,
to use the equations to determine what combination of properties should be regarded as the “energy”
of an acoustic wave. Begin at the beginning: integrate the energy equation (1.3) over an arbitrary

closed stationary volume. In the gas, after using the continuity equation (1.1);
0 u’ P _
ajp(w?jdv = —jv-{pu(w?ﬂdv —jv-(pu)dv
ut) o o
= —ﬁ£e+?jpu -ds —ﬁ; pu - ds

In the integral on the left hand side, pu2/2 is the Kkinetic energy, and to second order in

(1.85)

the acoustic fluctuations,
1.
PP [2% p o (1.86)

The internal energy may be expanded in Taylor series as

po= ey + 0| (o) | + 27| Lo (p0)
pOO P 6,0 210 apg

So So

where, for isentropic motions, the derivatives must be evaluated at constant entropy. The energy is

given by the combined First and Second Laws of Thermodynamics as

de=Tds+-2-dp
0

%) _ P
op), p°

and therefore

SO

For a perfect gas, the second derivative is
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2 r1
] (5] )
o \0P)y | 0P P\ Py
y—2
_ P, P 7_‘1(£j
pi Pl P \po) |

-2
LN i[ﬂ)(ﬁj
Po Po | Po\ Po N\ Po

So

So

P _ 3
2
Po o
Hence,

12

Po ()

12

2
PE= Pofy + P [eo +&J+§_p
P (1.87)
P
2

= Po€y + ’h+l—
PoSo + Pl 2 poai

where h, is the enthalpy of the undisturbed fluid.
Another way of obtaining this result for a perfect gas is to note first that for C,

constant, and with the reference energy ignored, e=C,T = (Cv / R)(p / p), SO
pe= (CV/R)p and the fluctuation of pe is proportional to the fluctuation of pressure:

c '
pe:EV(po"' p)

But the pressure fluctuation is required to be isentropic, and can be expanded in terms of the

density fluctuations as follows:

op) 1 .f0°p
& p[ﬁpJ "2’ (6/?21

After the derivatives are evaluated as above, Eq. (1.87) can be recovered.
The first term in (1.87) can be ignored because it is the uninteresting (here) energy of the
undisturbed fluid. Substitution of (1.86) and (1.87) into (1. 85) gives:

—j[ —+ ;pou + poeo}dv
(1.87a)

:—ﬁ{ hy +——+2p0u +p0eo}u’-d§—ﬁ(po+p')U’-d§

The first order terms and the term containing ’h,U" on the right hand side are



33

0 [ Po€o + Po = AC =1 qc
h{ajpdv +(h—0 ffa-ds+pir-ds
But h, =€, + p,/p, S0 the terms in brackets are
ap, 1/ !*!

which vanish in virtue of the continuity equation, carried out to second order.
The term with  p,€, on the left hand side is zero, so (1.87a) is now

12
g lp_2+£pou’2 dv
ot 2 pa 2

(1.88)
=— s+ "2 0".dS — 'W'-dS
ﬁ{z A po } ~ffp
Let E denote the combination
1 p’2 12
=— +—p,U 1.89
2 poag 2 pO ( )
and Eq. (1.88) is
a !*!
EIEdV = —ﬁE -dS - SEf p'd (1.90)

To interpret this equation, consider an arbitrary volume
V within the fluid, enclosed by a (closed) surface S:
The last integral in (1.90) represents the total work done

by the fluid within the volume, on the fluid outside due

to the fluctuating pressure acting on the fluctuating flow
through the surface. Then E is reasonably interpreted
as the density of acoustic energy. For then the first integral on the right hand side represents the
convection of energy out of the volume due to the fluctuating flow itself, and the entire right hand
side is the total rate of change of acoustic energy within the volume. That is exactly what the left
hand side stands for.

Now the first integral on the right hand side of (1.90) is third order in small quantities and
therefore must be dropped. The integral formulation for the balance of acoustic energy is correctly

(to second order)
0 1ot c r%!
5JEdV:—ﬁpu -dS:—jV-(p )av (1.91)

which implies the differential form
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oE

& v(pi) =0 (1.92)
i (p'U)
To be more specific, consider a plane wave travelling to the right, for which (1.35) holds.
s P
Pody

The energy density is
E :1(,003-01'1')2 +1p 2
2 pa; 2 (1.93)
= Pou'2
showing that the potential and kinetic energies are equal. Also,
p'u’= p,a,u’’ =a,E (1.94)

and (1.92) becomes

oE ©
—+—(a,E)=0 1.95
8’[+8X(0 ) (1.95)

This result, of course, holds for a wave travelling to the left as well. The flux of energy associated

with a plane wave travelling in the direction defined by the wave vector K is

- k
| =a,E— (1.96)
i
which is the intensity of the wave, having magnitude
| = m = pi| = a,E (197)

The case of harmonic or sinusoidal waves is particularly important. Let the amplitudes of

waves travelling to the right and left be denoted by p,, P_, respectively:

pl — p e—i(a}t—kx)
+ +
r_ —i (wt+kx)
pl=pe’
u =u e—i(a)t—kx) (1.98)
+ +
U' =u e—i(wt+kx)
Equations (1.35) and (1.36) for plane waves show that
u =P
a
Poy (1.99)
y =P

 Pody
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The energy densities are

12
E, = p—;z
P 0 (1.100)
E =P
Pody
and the intensities are
= plu -
p Oa‘:z (1.101)
|_=p'u = _ P
Pody
The negative sign appended to |_ shows that the flux is in the negative x-direction.
It is often convenient to work with time-averaged values, for example,
12
<E+>—<p—+> (1.102)

= 2
Pody

Because squares of the acoustic quantities are involved, it is necessary to take the real or imaginary

parts of (1.98) before the time averages are taken; thus,

t+7

1
<pf>= p>= jcosz(wt'—kx)dt’ (1.103)
T t
Let £=at'—kx,so dt'= idf = Zidf , and because the integrand has period 27 , the limits
@ 7

can be changed from (t,t+7) to (0,27), giving
<p'2>= pzizfcoszgdle p? (1.104)
+ + 272_ . 2 + )

2
The symbol P, is often used to denote <p'2>]/ ;thus, P = pmax/\/i for a sinusoidal wave.

Consequently, one obtains the results



36

p
E,)=—1
(E.)=3 P

p’’
(E) ;

Z’Dl °2a° (1.104a)
<|+>= P,

2048,

p”’
| V=—
< > 2,8,

These formulas for energy density and intensity may be usefully obtained in more general form for

later use. Let the pressure and velocity fields be

p ﬁ —Ia)t — | ﬁ|e—i(wt+¢)

U a*eflwt — U‘ ‘ 7|(a)t+|//) (1105)

The unit vector U lies in the direction of the velocity vector U . To form the energy density and
intensity, take the real parts:

p'™ =|p|cos(wt + )

a'" =aju

cos(awt + )

Thus the instantaneous energy density (1.89) is

~|2
A2
E =£|p—|2cosz(a)t+¢)+%po U‘ cos’(at + ) (1.106)
0™0
and the time average is
2
(E)= L |p| + poll (1.107)

4 ,003-0

The intensity is the flux of energy p'l" (if Eq. (1.92)); again taking real parts when the

complex notation is used.
| =V f)”ﬁ ‘ cos(at + ¢) cos(at + ) (1.108)
To take the time average, the cosines must first be expanded; the result is
(1) =2 pld[costs )

Thus, in order that there be a flux of energy, there must be a component of velocity in phase with the
pressure ¢ —w # 3/2 . Suppose that { is real, so (1.105) can be written
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S | I _

U'=viie"e™ =v. - pe" =v . p'(cosy —siny)

B B
For v = 7z/2, U'and p’ are out of phase and therefore I =0.
~2 .
Another way of writing these formulas is to note that |f| = ff , so (1.106) is

1 1 Ar* IR

<E>:—[pp2 + U’ -0 j (1.109)
4\ pod,

Also, the real part of fgis f *g + fg* , and the time average of (1.108) may be written
T 1 * = T
<I>:Z(p'u+pu ) (1.101)

Obviously if p’ is real and U" is pure imaginary, i.e., out of phase with p’, the intensity

vanishes.

Finally, it is interesting to see the frequency response for the human ear, sketched below.

Pty
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With the numbers given above, the relation between dB and pressure is that shown.
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Note that 1_dyne/cm? =74 _dB and one atmosphere is 10° _dyne/cm?. From these two
figures it is clear that any steady wave which can be heard without pain has sufficiently small

amplitude that linearization of the equations of motion is reasonable.
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1.5 Boundary Conditions; Impedance and Admittance; Reflection from a Plane Surface

For inviscid flow at a rigid impermeable surface, the correct boundary condition for inviscid

flow is that the normal component of velocity vanishes:

i'-n=0 (1.113)
If the surface is not rigid, or allows flow into it, then the velocity will not be zero, and according to
the momentum equation, the normal gradient of the pressure fluctuation is

n-Vp'= poé—l],- A (1.114)

ot

It is very often a reasonable approximation that the local motion at a surface element depends only
on local conditions. Moreover, it is a reasonable assumption - at least as a first try - that the normal

component of the velocity is proportional to the pressure:
o~ 1
u-n=—p (1.115)
z

The quantity z is called the acoustic impedance of the surface, and the inverse, Yy = ZI/Z is called
the acoustic admittance.

The impedance and admittance are in practice defined for harmonic motions, and are
generally complex functions of frequency. With (1.110) the boundary condition for harmonic

motions is
_ , e, .
n-vp'p, — Padlayp (1.116)

The dimensions of z are density times velocity; a quantity having the same dimensions for the
mediumis p,a,, called the characteristic acoustic impedance. For air at ambient conditions,

0@, =42_gm/cm?® -sec.

Often the dimensionless functions are used:

z - .
G = acoustic impedance ratio,
Pody
1 . . .
n=— acoustic admittance ratio. (1.117)
S

These quantities have been defined, and named, by analogy with quantities used to characterize
electrical circuits. Thus, the real part of z is called the acoustic resistance, and the imaginary part is
called the acoustic reactance.

Consider now reflection of plane waves from a surface. According to the results (1.33) and

(1.35), a plane wave progressing to the right in the x-direction can be represented by
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p'(x,t) = g(x—aut)
1

u'(x,t) = g(x—a,t)

Pody

These can be generalized for propagation in the direction K :
p'(F,t)y=g(k-F—at)

(7 1) = —

g(k -F —at) (L.118)

Pod

Suppose that a plane wave is incident upon a plane surface, at an angle &, to the normal to the

surface; a plane reflected wave leaves the surface at angle 6. to the normal as sketched.

A

gl &

A = G A

P i i i i g
Y

A
Because ‘IZ,‘ =w/a, = Er , these two waves can be represented by the following formulas:
pi =0(S)
Pr=9:()
L1k
Uj _Eﬂ g|(§|) (1.119)
L1k
r T - gr(é:r)
Podo k‘
where
=k, -F—at=k(xsing, - ycos,) - at
& =K, -T—ot=k(xsing, +ycosé,)—wt

Now here U’ A= —u, for use in the definition (1.111) of the surface impedance. The component

of velocity in the y-direction follows immediately from (1.119), evaluatedat y=0:

u,=- Cosaei g, (kxsin @, —at) + Cosff g, (kxsin @, — at) (1.121)
Pog

Pog

The ratio p’/— u’y evaluated at y = 0 is the surface impedance z:
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g; (kxsing, —awt) + g, (kxsin g, — wt)
—c0s6, - g, (kxsin @, — wt) +cosé, - g, (kxsin g, —at)

— 1= P&y

In general, z may be a function of position along the surface, but it is simplest to take care of this

later; for the present, assume that z is independent of x. This may be satisfied only if

6, =0,
(1.122)
9,(£) = A,(&)
where [ s the reflection coefficient. Then
1+
— Z e pOaO —’B
(-1+ p)cosé
which can be solved for £ to give
ﬂ:zcose—poao (1123)

2C0s6 + p,a,
Note, for example, that if & =0, there is no reflection if z = p,a, a result that must obviously be
true because the surface y =0 is then an imaginary surface within a homogeneous medium.
Butif z=p,a, and @ = 0, the reflection coefficient does not vanish. The reason for this
nonsensical result is that the transmitted wave has not been accounted for. A complete treatment

produces a result which does reduce correctly for a homogeneous medium.



