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1. Special relativity 

For the space-time of physics we need four coordinates, the time t and three 

space coordinates x, y, z. We put 

0xt = , 1xx = , 2xy = , 3xz = , 

so that the four coordinates may be written µx , where the suffix µ  takes 

on the four values 0, 1, 2, 3. The suffix is written in the upper position in 

order that we may maintain a "balancing" of the suffixes in all the general 

equations of the theory. The precise meaning of balancing will become clear 

a little later. 

Let us take a point close to the point that we originally considered and let 

its coordinates be µµ dxx + . The four quantities µdx  which form the 

displacement may be considered as the components of a vector. The laws of 

special relativity allow us to make linear nonhomogeneous transformations of 

the coordinates, resulting in linear homogeneous transformations of the µdx . 

These are such that, if we choose units of distance and of time such that the 

velocity of light is unity, 

23222120 )()()()( dxdxdxdx −−−   (1.1) 

is invariant. 

Any set of four quantities µA  that transform under a change of 

coordinates in the same way as the µdx  form what is called a contravariant 

vector. The invariant quantity 

),()()()()( 23222120 AAAAAA =−−−   (1.2) 

may be called the squared length of the vector. With a second contravariant 

vector µB , we have the scalar product invariant 

),(33221100 BABABABABA =−−− .  (1.3) 

In order to get a convenient way of writing such invariants we introduce the 

device of lowering suffixes. Define 

0
0 AA = , 1

1 AA −= , 2
2 AA −= , 3

3 AA −= . (1.4) 

Then the expression on the left-hand side of (1.2) may be written µ
µ AA , in 

which it is understood that a summation is to be taken over the four values of 

µ . With the same notation we can write (1.3) as µ
µ BA  or else µ

µ BA . 

The four quantities µA  introduced by (1.4) may also be considered as 

the components of a vector. Their transformation laws under a change of 



 3 

coordinates are somewhat different from those of the µA , because of the 

differences in sign, and the vector is called a covariant vector. 

From the two contravariant vectors µA  and µB  we may form the 

sixteen quantities νµ BA . The suffix ν , like all the Greek suffixes 

appearing in this work, also takes on the four values 0, 1, 2, 3. These sixteen 

quantities form the components of a tensor of the second rank. It is 

sometimes called the outer product of the vectors µA  and µB , as distinct 

from the scalar product (1.3), which is called the inner product. 

The tensor νµ BA  is a rather special tensor because t here are special 

relations between its components. But we can add together several tensors 

constructed in this way to get a general tensor of the second rank; say 

L+++= νµνµνµµν '''''' BABABAT .  (1.5) 

The important thing about the general tensor is that under a transformation of 

coordinates its components transform in the same way as the quantities 

νµ BA . 

We may lower one of the suffixes in µνT  by applying the lowering 

process to each of the terms on the right-hand side of (1.5). Thus we may 

form ν
µT  or µ

νT . We may lower both suffixes to get µνT . 

In ν
µT  we may set µν =  and get µ

µT . This is t o be summed over the 

four values of µ . A summation is always implied over a suffix that occurs 

twice in a term. Thus µ
µT  is a scalar. It is equal to µ

µT . 

We may continue this process and multiply more than two vectors 

together, taking care that their suffixes are all different. In this way we can 

construct tensors of higher rank. If the vectors are all contravariant, we get a 

tensor with all its suffixes upstairs. We may then lower any of the suffixes 

and so get a general tensor with any number of suffixes upstairs and any 

number downstairs. 

We may set a downstairs suffix equal to an upstairs one. We then have to 

sum over all values of this suffix. The suffix becomes a dummy. We are left 

with a tensor having two fewer effective suffixes than the original one. This 

process is called contraction. Thus, if we start with the fourth-rank tensor 

σ
νρ

µT , one way of contracting it is to put ρσ = , which gives t he second 

rank tensor 
ρ

νρ
µT , having only sixteen components, arising from the four 

values of µ  and ν . We could contract again to get the scalar 
ρ

µρ
µT , 

with just one component. 
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At this stage one can appreciate the balancing of suffixes. Any effective 

suffix occurring in an equation appears once and only once in each term of 

the equation, and always upstairs or always downstairs. A suffix occurring 

twice in a term is a dummy, and it must occur once upstairs and once 

downstairs. It may be replaced by any other Greek letter not already 

mentioned in the term. Thus 
α

να
µρ

νρ
µ TT = . A suffix must never occur 

more than twice in a term. 

 

2. Oblique axes 

Before passing to the formalism of general relativity it is convenient to 

consider an intermediate formalism - special relativity referred to oblique 

rectilinear axes. 

If we make a transformation to oblique axes, each of the µdx  mentioned 

in (1.1) becomes a linear function of the new µdx  and the quadratic form 

(1.1) becomes a general quadratic form in the new µdx . We may write it 

νµ
µν dxdxg ,   (2.1) 

with summations understood over both µ  and ν . The coefficients µνg  

appearing here depend on the system of oblique axes. Of course we take 

νµµν gg = , because any difference of µνg  and νµg  would not show up in 

the quadratic form (2.1). There are thus ten independent coefficients µνg . 

A general contravariant vector has four components µA  which 

transform like the µdx  under any transformation of the oblique axes. Thus 

νµ
µν AAg  

is invariant. It is the squared length of the vector µA . 

Let µB  be a second contravariant vector; then µµ λBA +  is still 

another, for any value of the number λ . Its squared length is 

νµ
µν

µν
µν

νµ
µν

νµ
µν

ννµµ
µν λλλλ BBgBAgBAgAAgBABAg 2)())(( +++=++

This must be an invariant for all values of λ . It follows that the term 

independent of λ  and the coefficients of λ  and 2λ  must separately be 

invariants. The coefficient of λ  is 

νµ
µν

µν
µν

νµ
µν BAgBAgBAg 2=+ , 

since in the second term on the left we may interchange µ  and ν  and then 

use νµµν gg = . Thus we find that νµ
µν BAg  is an invariant. It is the scalar 

product of µA  and µB . 

Let g be determinant of the µνg . It must not vanish; otherwise the four 
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axes would not provide independent directions in space-time and would not 

be suitable as axes. For the orthogonal axes of the preceding section the 

diagonal elements of µνg  are l, -1, -1 , -1 and the nondiagonal elements are 

zero. Thus g= -1. With oblique axes g must still be negative, because the 

oblique axes can be obtained from the orthogonal ones by a continuous 

process, resulting in g varying continuously, and g cannot pass through the 

value zero. 

Define the covariant vector µA , with a downstairs suffix, by 

ν
µνµ AgA = .   (2.2) 

Since the determinant g does not vanish, these equations can be solved for 

νA  in terms of the µA . Let the result be 

µ
µνν AgA = .   (2.3) 

Each µνg  equals the cofactor of the corresponding µνg  in the 

determinant of the µνg , divided by the determinant itself. It follows that 

νµµν gg = . 

Let us substitute for the νA  in (2.2) their values given by (2.3). We must 

replace the dummy µ  in (2.3) by some other Greek letter, say ρ , in order 

not to have three s'µ  in the same term. We get 

ρ
νρ

µνµ AggA = . 

Since this equation must hold for any four quantities µA , we can infer 

ρ
µ

νρ
µν ggg = ,   (2.4) 

where 





≠

=
=

ρµ
ρµρ

µ
__0

__1

for

for
g   (2.5) 

The formula (2.2) may be used to lower any upper suffix occurring in a 

tensor. Similarly, (2.3) can be used to raise any downstairs suffix. If a suffix 

is lowered and raised again, the result is the same as the original tensor, on 

account of (2.4) and (2.5). Note that ρ
µg  just produces a substitution of ρ  

for µ , 

ρµρ
µ AAg = , 

or of µ  for ρ , 
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µρ
ρ
µ AAg = . 

If we apply the rule for raising a suffix to the µ  in µνg , we get 

µν
αµ

ν
α ggg = . 

This agrees with (2.4), if we take into account that in ν
αg  we may write the 

suffixes one above the other because of the symmetry of µνg . Further we 

may raise the suffix ν  by the same rule and get 

ν
ανβαβ ggg = , 

a result which follows immediately from (2.5). The rules for raising and 

lowering suffixes apply to all the suffixes in µνg , µ
νg , µνg . 

 

3. Curvilinear coordinates 

We now pass on to a system of curvilinear coordinates. We shall deal with 

quantities which are located at a point in space. Such a quantity may have 

various components, which are then referred to the axes at that point. There 

may be a quantity of the same nature at all points of space. It then becomes a 

field quantity. 

If we take such a quantity Q (or one of its components if it has several), we 

can differentiate it with respect t o any of the four coordinates. We write the 

result 

µµ ,Q
x

Q
=

∂

∂
. 

A downstairs suffix preceded by a comma will always denote a derivative in 

this way. We put the suffix µ  downstairs in order to balance the upstairs 

µ  in the denominator on the left. We can see that the suffixes balance by 

noting that the change in Q, when we pass from the point µx  to the 

neighboring point µµ δxx + , is 

µ
µδδ xQQ ,= .   (3.1) 

We shall have vectors and tensors located a t a point, with various 

components referring to the axes at that point. When we change our system 

of coordinates, the components will change according to the same laws as in 

the preceding section, depending on the change of axes at the point 

concerned. We shall have a µνg  and a µνg  to lower and raise suffixes, as 

before. But they are no longer constants. They vary from point to point. They 

are field quantities. 
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Let us see the effect of a particular change in the coordinate system. Take 

new curvilinear coordinates µ'x , each a function of the four x's. They may 

be written more conveniently 'µx , with the prime attached to the suffix 

rather than the main symbol. 

Making a small variation in the µx , we get the four quantities µδx  

forming the components of a contravariant vector. Referred to the new axes, 

this vector has the components 

ν
ν

µν
ν

µ
µ δδδ xxx

x

x
x ,

'
'

' =
∂

∂
= , 

with the notation of (3.1). This gives the law for the transformation of any 

contravariant vector νA ; namely, 
ν

ν
µµ

AxA ,
'' = .    (3.2) 

Interchanging the two systems of axes and changing the suffixes, we get 

'
',

µ
µ

λλ AxA = .    (3.3) 

We know from the laws of partial differentiation that 

λ
νν

µ

µ

λ
g

x

x

x

x
=

∂

∂

∂

∂ '

'
, 

with the notation (2.5). Thus 

λ
ν

µ
ν

λ
µ gxx ='

,',    (3.4) 

This enables us to see that the two equations (3.2) and (3.3) are consistent, 

since if we substitute (3.2) into the right-hand side of (3.3), we get 

λνλ
ν

νµ
ν

λ
µ AAgAxx =='

,', . 

To see how a covariant vector µB  transforms, we use the condition that 

µ
µ BA  is invariant. Thus with the help of (3.3) 

λ
µλ

µλ
λ

µ
µ BAxBABA '

','
' == . 

This result must hold for all values of the four 'µA ; therefore we can equate 

the coefficients of 'µA  and get 

λ
λ
µµ BxB ',' = .   (3.5) 

We can now use the formulas (3.2) and (3.5) to transform any tensor with 

any upstairs and downstairs suffixes. We just have to use coefficients like 

'
,
µ
νx  for each upstairs suffix and like λ

µ ',x  for each downstairs suffix and 

make all the suffixes balance. For example 

ν
λµν

γ
β
µ

α
λγ

βα TxxxT ',
'

,
'

,'
'' = .  (3.6) 
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Any quantity that transforms according to this law is a tensor. This may be 

taken as the definition of a tensor. 

It should be noted that it has a meaning for a tensor to be symmetrical or 

antisymmetrical between two suffixes like λ  and µ , because this property 

of symmetry is preserved with the change of coordinates. 

The formula (3.4) may be written 

λ
ν

α
β

β
ν

λ
α ggxx ='

'
'

,', . 

It just shows that λ
νg  is a tensor. We have also, for any vectors µA , νB , 

''
',',

''
''

βαν
β

µ
αµν

νµ
µν

βα
βα BAxxgBAgBAg == . 

Since this holds for all values of 'αA , 'βB , we can infer 

ν
β

µ
αµνβα ',','' xxgg = .   (3.7) 

This shows that µνg  is a tensor. Similarly, µνg  is a tensor. They are 

called the fundamental tensors. 

If S is any scalar field quantity, it can be considered either as a function of 

the four µx  or of the four 'µx . From the laws of partial differentiation 

λ
µλµ ',,', xSS = . 

Hence the λ,S  transform like the λB  of equation (3.5) and thus the 

derivative of a scalar field is a covariant vector field. 

 

4. Nontensors 

We can have a quantity Kνρ
µN  with various up and down suffixes, which is 

not a tensor. If it is a tensor, it must transform under a change of coordinate 

system according to the law exemplified by (3.6). With any other law it is a 

nontensor. A tensor has the property that if all the component vanish in one 

system of coordinates, they vanish in every system of coordinates. This may 

not hold for a nontensor. 

For a nontensor we can raise and lower suffixes by the same rules as for a 

tensor. Thus, for example, 

ρ
µα

νρ
µαν NNg = . 

The consistency of these rules is quite independent of the transformation laws 

to a different system of coordinates. Similarly, we can contract a nontensor 

by putting an upper and lower suffix equal. 

We may have tensors and nontensors appearing together in the same 
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equation. The rules for balancing suffixes apply equally to tensors and 

nontensors. 

 

THE QUOTIENT THEOREM 

Suppose λµνP  is such that λµν
λ PA  is a tensor for any vector λA . Then 

λµνP  is a tensor. 

To prove it, write µνλµν
λ QPA = . We are given that it is a tensor; 

therefore 

'
,

'
,''

ν
γ

µ
βνµβγ xxQQ =  

Thus 

'
,

'
,'''

' ν
γ

µ
βνµλ

λ
αβγ

α
xxPAPA = . 

Since is a vector, we have from (3.2), 

'
,

' λ
α

αλ xAA = . 

So 

'
,

'
,'''

'
,

ν
γ

µ
βνµλ

λ
α

α
αβγ

α
xxPxAPA =  

This equation must hold for all values of A", so 

'
,

'
,

'
,'''

ν
γ

µ
β

λ
ανµλαβγ xxxPP = , 

showing that αβγP  is a tensor. 

The theorem also holds if λµνP  is replaced by a quantity with any 

number of suffixes, and if some of the suffixes are upstairs. 

 

5. Curved space 

One can easily imagine a curved two-dimensional space as a surface 

immersed in Euclidean three-dimensional space. In the same way, one can 

have a curved four-dimensional space immersed in a flat space of a larger 

number of dimensions. Such a curved space is called a Riemann space. A 

small region of it is approximately flat. 

Einstein assumed that physical space is of this nature and thereby laid the 

foundation for his theory of gravitation. 

For dealing with curved space one cannot introduce a rectilinear system 

of axes. O ne has to use curvilinear coordinates, such as those dealt with in 

Section 3. The whole formalism of that section can be applied to curved 

space, because all the equations are local ones which are not disturbed by the 

curvature. 
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The invariant distance ds between a point µx  and a neighboring point 

µµ dxx +  is given by 

νµ
µν dxdxgds =2  

like (2.1). ds is real for a time like interval and imaginary for a spacelike 

interval. 

With a net work of curvilinear coordinates the µνg , given as functions of 

the coordinates, fix all the elements of distance; so they fix the metric. They 

determine both the coordinate system and the curvature of the space. 

 

6. Parallel displacement 

Suppose we have a vector µA  located at a point P. If the space is curved, 

we cannot give a meaning to a parallel vector at a different point Q, as one 

can easily see if one thinks of the example of a curved two-dimensional space 

in a three-dimensional Euclidean space. However, if we take a point P' close 

to P, there is a parallel vector at P', with an uncertainty of the second order, 

counting the distance from P to P' as the first order. Thus we can give a 

meaning to displacing the vector µA  from P to P' keeping it parallel to 

itself and keeping the length constant. 

We can transfer the vector continuously along a path by this process of 

parallel displacement. Taking a path from P to Q, we end up with a vector at 

Q which is parallel to the original vector at P with respect to this path. But a 

different path would give a different result. There is no absolute meaning to a 

parallel vector at Q. If we transport the vector at P by parallel displacement 

around a closed loop, we shall end up with a vector at P which is usually in a 

different direction. 

We can get equations for the parallel displacement of a vector by 

supposing our four-dimensional physical space to be immersed in a flat space 

of a higher number of dimensions; say N. In this N-dimensional space we 

introduce rectilinear coordinates nz (n = 1, 2, . . . , N). These coordinates do 

not need to be orthogonal, only rectilinear. Between two neighboring points 

there is an invariant distance ds given by 

mn
nm dzdzhds =2    (6.1) 

summed for n, m = 1 , 2, . . . , N. The nmh  are constants, unlike the µνg . 

We may use them to lower suffixes in the N-dimensional space; thus 

m
nmn dzhdz = . 

Physical space forms a four-dimensional "surface" in the flat 

N-dimensional space. Each point µx  in the surface determines a definite 
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point ny  in the N-dimensional space. Each coordinate ny  is a function of 

the four x's; say )(xyn . The equations of the surface would be given by 

eliminating the four x's from the )(xNyn 's. There are N- 4 such equations. 

By differentiating the )(xyn  with respect to the parameters µx , we get 

n
n

y
x

xy
µµ ,

)(
=

∂

∂
. 

For two neighboring points in the surface differing by µδx , we have 

µ
µδδ xyy nn

,= .   (6.2) 

The squared distance between them is, from (6.1) 

νµ
νµ δδδδδ xxyyhyyhs mn

nm
mn

nm ,,
2 == . 

We may write it 

νµ
νµ δδδ xxyys n

n
,,

2 =  

on account of the nmh  being constants. We also have 

νµ
µν δδδ xxgs =2 . 

Hence 

νµµν ,, n
n yyg = .   (6.3) 

Take a contravariant vector µA  in physical space, located at the point x. 

Its components µA  are like the µδx  of (6.2). They will provide a 

contravariant vector nA  in the N-dimensional space, like the nyδ  of (6.2). 

Thus 

µ
µ AyA nn

,=    (6.4) 

This vector nA , of course, lies in the surface. 

Now shift the vector nA , keeping it parallel to itself ( which means, of 

course, keeping the components constant), to a neighboring point x + dx in 

the surface. I t will no longer lie in the surface at the new point, on account of 

the curvature of the surface. But we can project it on to the surface, to get a 

definite vector lying in the surface. 

The projection process consists in splitting the vector into two parts, a 

tangential part and a normal part, and discarding the normal part. Thus 
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n
nor

nn AAA += tan .   (6.5) 

Now if µK  denotes the components of nAtan  referred to the x coordinate 

system in the surface, we have, corresponding to (6.4), 

)(,tan dxxyKA nn += µ
µ ,  (6.6) 

with the coefficients ny µ,  taken at the new point x + dx. 

n
norA  is defined to be orthogonal to every tangential vector at the point x 

+ dx, and thus to every vector like the right-hand side of (6.6), no matter 

what the µK  are. Thus 

0)(, =+ dxxyA n
n
nor µ . 

If we now multiply (6.5) by )(, dxxyn +ν , the n
norA  term drops out and we 

are left with 

)(

)()()( ,,,

dxxgK

dxxydxxyKdxxyA n
n

n
n

+=

++=+

µν
µ

νµ
µ

ν
 

from (6.3). Thus to the first order in dx 

[ ]
σ

σνµ
µ

ν

σ
σννµ

σ
σννν

dxyyAA

dxyyyA

dxyxyAdxxK

n
n

nn
nn

nn
n

,,,

,,,,

,,, ])([)(

+=

+=

+=+

 

This νK  is the result of parallel displacement of νA  to the point x + dx. 

We may put 

ννν dAAK =− , 

so νdA  denotes the change in νA  under parallel displacement. Then we 

have 

σ
σνµ

µ
ν dxyyAdA n

n
,,,= .  (6.7) 

 

7. Christoffel symbol 

By differentiating (6.3) we get (omitting the second comma with two 

differentiations) 

n
n

n
n

n
n

n
n

yyyy

yyyyg

µνσνµσ

νσµνµσσµν

,,,,

,,,,,

+=

+=
,  (7.1) 

since we can move the suffix n freely up and down, on account of the 
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constancy of the mnh . Interchanging µ  and σ  in (7.1) we get 

n
n

n
n yyyyg σνµνσµµσν ,,,,, += .  (7.2) 

Interchanging ν  and σ  in (7.1) 

n
n

n
n yyyyg µσνσµννµσ ,,,,, += .  (7.3) 

Now take (7.1) + (7.3) - (7.2) and divide by 2. The result is 

n
n yyggg µνσµνσνµσσµν ,,,,, )(

2

1
=−+  (7.4) 

Put 

σµννµσµνσ ΓΓ ,g=+ .  (7.5) 

It is called a Christoffel symbol of the first kind. It is symmetrical between the 

last two suffixes. It is a non tensor. A simple consequence of (7.5) is 

σµννµσµνσ ΓΓ ,g=+   (7.6) 

We see now that (6.7) can be written 

σ
µνσ

ν
ν Γ dxAdA = .   (7.7) 

All reference to the N-dimensional space has now disappeared, as the 

Christoffel symbol involves only the metric µνg  of physical space. 

We can infer that the length of a vector is unchanged by parallel 

displacement. We have 

σ
σ

αβ
βα

σ
σµν

µν

σ
σ

αβ
βα

σ
νµσ

νµσ
µνσ

µν

σ
σ

αβ
βαµ

µ
ν

ν

σ
σ

µν
νµµν

µν
νµ

µν
νµ

µν

ΓΓ

dxgAAdxgAA

dxgAAdxAAdxAA

dxgAAdAAdAA

dxgAAdAAgdAAgAAgd

,,

,

,

,)(

+=

++=

++=

++=

 

(7.8) 

Now 0)( ,,,, ===+ α
σνσµν

αµ
σµν

αµ
µνσ

αµ ggggggg . Multiplying by 

βνg , we get 

σµν
βναµ

σ
αβ

,, gggg −= .  (7.9) 

This is a useful formula giving the derivative of αβg  in terms of the 

derivative of µνg . It allows us to infer 

σµν
νµ

σ
αβ

βα ,, gAAgAA −=  

and so the expression (7.8) vanishes. Thus the length of the vector is constant. 

In particular, a null vector (i.e., a vector of zero length) remains a null vector 

under parallel displacement. 
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The constancy of the length of the vector follows also from geometrical 

arguments. When we split up the vector nA  into tangential and normal parts 

according to (6.5), the normal part is infinitesimal and is orthogonal to the 

tangential part. It follows t hat, to the first order, the length of the whole 

vector equals that of its tangential part. 

The constancy of the length of any vector requires the constancy of the 

scalar product νµ
µν BAg  of any two vectors A and B. This can be inferred 

from the constancy of the length of BA λ+  for any value of the parameter 

λ . 

I t is frequently useful to raise the first suffix of the Christoffel symbol so 

as to form 

λνσ
µλµ

νσ ΓΓ g= . 

It is then called a Christoffel symbol of the second kind. It is symmetrical 

between its two lower suffixes. As explained in Section 4, this raising is quite 

permissible, even for a nontensor. 

The formula (7.7) may be rewritten 

σ
µ

µ
νσν Γ dxAdA = .   (7.10) 

It is the standard formula referring to covariant components. For a second 

vector νB  we have 

0)( =ν
ν BAd  

σ
ν

ν
µσ

µ

σ
µ

µ
νσ

ν
ν

νν
ν

Γ

Γ

dxAB

dxABdABdBA

−=

−=−=
. 

This must hold for any νA , so we get 

σµν
µσ

ν Γ dxBdB −= .  (7.11) 

This is the standard formula for parallel displacement referring to 

contravariant components. 

 

8. Geodesics 

Take a point with coordinates µz  and suppose it moves along a t rack; we 

then have µz  a function of some parameter τ . Put µµ τ uddz =/ . 

There is a vector µu  at each point of the t rack. Suppose that as we go 

along the track the vector µu  gets shifted by parallel displacement. Then 

the whole track is determined if we are given the initial point and the initial 

value of the vector µu . We just have to shift the initial point from µz  to 

τµµ duz + , then shift the vector µu  to this new point by parallel 
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displacement, then shift the point again in the direction fixed by the new µu , 

and so on. Not only is the track determined, but also the parameter τ  along 

it. A track produced in this way is called a geodesic. 

If the vector µu  is initially a null vector, it always remains a null vector 

and the track is called a null geodesic. If the vector µu  is initially timelike 

(i.e., 0>µ
µuu ), it is always timelike and we have a timelike geodesic. 

Similarly, if µu  is initially spacelike ( 0<µ
µuu ), it is always spacelike and 

we have a spacelike geodesic. 

We get the equations of a geodesic by applying (7.11) with νν uB =  

and σσ dzdx = . Thus 

0=+
τ

Γ
τ

σ
µν

µσ

ν

d

dz
u

d

du
,  (8.1) 

or 

0
2

2

=+
ττ

Γ
τ

σµ
ν
µσ

ν

d

dz

d

dz

d

zd
.  (8.2) 

For a timelike geodesic we may multiply the initial µu  by a factor so as 

to make its length unity. This merely requires a change in the scale of τ . 

The vector µu  now always has the length unity. It is just the velocity vector 

dsdzv /µµ = , and the parameter τ  has become the proper time s. 

Equation (8. 1) becomes 

0=+ σνν
νσ

ν
Γ vv

ds

dv
.  (8.3) 

Equation (8.2) becomes 

0
2

2

=+
ds

dz

ds

dz

ds

zd
σν

µ
νσ

µ
Γ .  (8.4) 

We make the physical assumption that the world line of a particle not 

acted on by any forces, except gravitational, is a timelike geodesic. This 

replaces Newton's first law of motion. Equation (8.4) fixes the acceleration 

and pro vides the equations of motion. 

We also make the assumption that the path of a ray of light is a null 

geodesic. It is fixed by equation (8 .2) referring to some parameter τ  along 

the path. The proper time s cannot now be used because ds vanishes. 

 

9. The stationary property of geodesics 

A geodesic that is not a null geodesic has the property that ∫ ds , taken along 

a section of the track with the end points P and Q, is stationary if one makes a 

small variation of the track keeping the end points fixed . 

Let us suppose each point of the track, with coordinates µz , is shifted so 
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that its coordinates become µµ δzz + . If µdz  denotes an element along the 

track, 

νµ
µν dzdzgds =2 . 

Thus 

( )
λµ

µλ
λ

λµν
νµ

µν
µν

νµ
µνµν

νµ

δδ

δδδδ

dzdzgzgdzdz

dzdzgdzdzggdzdzdsds

2

2

, +=

++=
. 

Now 

λλ δδ zddz = . 

Thus, with the help of dsvdz µµ = , 

ds
ds

zd
vgzvvgds 










+=

λ
µ

µλ
λνµ

λµν
δ

δδ ,
2

1
)( . 

Hence 

∫∫∫ 










+== ds

ds

zd
vgzvvgdsds

λ
µ

µλ
λνµ

λµν
δ

δδδ ,
2

1
)( . 

By partial integration, using the condition that 0=λδz  at the end points P 

and Q, we get 

( ) dszvg
ds

d
vvgds

λµ
µλ

νµ
λµν δδ ∫∫ 




 −= ,
2

1
. (9.1) 

The condition for this to vanish with arbitrary λδz  is 

( ) 0
2

1
, =− νµ
λµν

µ
µλ vvgvg

ds

d
.  (9.2) 

Now 

( )

( ) νµ
νλµνλµ

µ

µλ

νµ
νµλ

µ

µλ
µ

µλ

vvgg
ds

dv
g

vvg
ds

dv
gvg

ds

d

,,

,

2

1
++=

+=
 

Thus the condition (9.2) becomes 

0=+ νµ
λµν

µ

µλ Γ vv
ds

dv
g . 

Multiplying this by λσg , it becomes 

0=+ νµσ
µν

σ
Γ vv

ds

dv
, 

which is just the condition (8.3) for a geodesic. 

This work shows that for a geodesic, (9.1) vanishes and ∫ ds  is 



 17

stationary. Conversely, if we assume that ∫ ds  is stationary, we can infer 

that the track is a geodesic. Thus we may use the stationary condition as the 

definition of a geodesic, except in the case of a null geodesic. 

 

10. Covariant differentiation 

Let S be a scalar field. Its derivative ν,S  is a covariant vector, as we saw in 

Section 3. Now let µA  be a vector field. Is it s derivative νµ ,A  a tensor? 

We must examine how νµ ,A  transforms under a change of coordinate 

system. With the notation in Section 3, µA  transforms to 

ρ
µρµ ',' xAA =  

like equation (3.5), and hence 

( )
ρ

νµρ
ρ
µ

σ
νσρ

ν
ρ
µρνµ

'',',',,

',',','

xAxxA

xAA

+=

=
. 

The last term should not be here if we are to have the correct transformation 

law for a tensor. Thus νµ ,A  is a nontensor. 

We can, however, modify the process of differentiation so as to get a 

tensor. Let us take the vector µA  at the point x and shift it to x + dx by 

parallel displacement. I t is still a vector. We may subtract it from the vector 

µA  at x + dx and the difference will be a vector. It is, to the first order 

[ ] ( ) ν
α

α
µννµ

ν
α

α
µνµµ ΓΓ dxAAdxAxAdxxA −=+−+ ,)()( . 

This quantity is a vector for any vector νdx ; hence, by the quotient theorem 

of Section 4, the coefficient 

α
α
µννµ Γ AA −,  

is a tensor. One can easily verify directly that it transforms correctly under a 

change of coordinate system. 

It is called the covariant derivative of µA  and is written 

α
α
µννµνµ Γ AAA −= ,: .  (10.1) 

The sign : before a lower suffix will always denote a covariant derivative, 

just as the comma denotes an ordinary derivative. 

Let νB  be a second vector. We define the outer product νµ BA  to have 

the covariant derivative 

( ) σνµνσµσνµ :::
BABABA += .  (10.2) 

Evidently it is a tensor with three suffixes. It has the value 
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( ) ( ) ( )
( ) αµ

α
νσνα

α
µσσνµ

α
α

νσσνµνα
α
µσσµσνµ

ΓΓ

ΓΓ

BABABA

BBABAABA

−−=

−+−=

,

,,:
. 

Let µνT  be a tensor with two suffixes. It is expressible as a sum of terms 

like νµ BA , so its covariant derivative is 

µα
α

νσαν
α
µσσµνσµν ΓΓ TTTT −−= ,: . (10.3) 

The rule can be extended to the covariant derivative of a tensor 
KµνY  with 

any number of suffixes downstairs: 

−= σµνσµν ,: LL
YY    (10.4) 

In each of these Γ  terms we must make the suffixes balance, which is 

sufficient to fix how the suffixes go.  

The case of a scalar is included in the general formula (10.4) with the 

number of suffixes in Y zero. 

σσ ,: YY = .    (10.5) 

Let us apply (10.3) to the fundamental tensor µνg . It gives 

0

,

.:

=

−−=

−−=

µνσνµσσµν

µα
α

νσαν
α
µσσµνσµν

ΓΓ

ΓΓ

g

gggg

 

from (7.6). Thus the µνg  count as constants under covariant differentiation. 

Formula (10.2) is the usual rule that one uses for differentiating a product. 

We assume this usual rule holds also for the covariant derivative of the scalar 

product of two vectors. Thus 

( ) σµ
µ

µσ
µ

σµ
µ

::
:

BABABA += . 

We get, according to (10.5) and (10.1), 

( ) ( )α
α
µσσµ

µ
µσ

µ
σµ

µ Γ BBABABA −+= ,:
:

; 

and hence 

µ
µ

ασ
α

µ
µ
σµ

µ
σ Γ BABABA −= :, . 

Since this holds for any µB , we get 

αµ
ασ

µ
σ

µ
σ Γ AAA += ,: ,   (10.7) 

which is the basic formula for the covariant derivative of a contravariant 

vector. The same Christoffel symbol occurs as in the basic formula (10.1) for 

a covariant vector, but now there is a + sign. The arrangement o f the suffixes 

is completely determined by the balancing requirement. 

We can extend t he formalism so as to include the covariant derivative of 

any tensor with any number of upstairs and downstairs suffixes. A Γ  term 

a Γ  term for each suffix 
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appears for each suffix, with a + sign if the suffix is upstairs and a - sign if it 

is downstairs. If we contract two suffixes in the tensor, the corresponding Γ  

terms cancel. 

The formula for the covariant derivative of a product, 

( ) σσσ ::: XYYXXY += ,  (10.8) 

holds quite generally, with X and Y any kind of tensor quantities. On account 

of the µνg  counting as constants, we can shift suffixes up or down before 

covariant differentiation and the result is the same as if we shifted them 

afterwards. 

The covariant derivative of a non tensor has no meaning. 

The laws of physics must be valid in all systems of coordinates. They 

must thus be expressible as tensor equations. Whenever they involve the 

derivative of a field quantity, it must be a covariant derivative. The field 

equations of physics must all be rewritten with the ordinary derivatives 

replaced by covariant derivatives. The d'Alembert equation □V=0 for a 

scalar V becomes, in covariant form 

0:: =νµ
µνVg . 

This gives, from (10.1) and (10.5), 

( ) 0,, =− α
α
µνµν

µν Γ VVg .  (10.9) 

Even if one is working with flat space (which means neglecting the 

gravitational field) and one is using curvilinear coordinates, one must write 

one's equations in terms of covariant derivatives if one wants them to hold in 

all systems of coordinates. 

 

11. The curvature tensor 

With t he product law (10.8) we see that covariant differentiation is very 

similar to ordinary differentiations. But there is an important property of 

ordinary differentiation, that if we perform two differentiations in succession 

their order does not matter, which does not, in general, hold for covariant 

differentiation. 

Let us first consider a scalar field S. We have from the formula (10.1), 

α
α
µννµ

α
α
µννµνµ

Γ

Γ

,,,

:,:::

AS

ASS

−=

−=
.   (11.1) 

This is symmetrical between µ  and ν , so in this case the order of the 

covariant differentiations does not matter. 

Now let us take a vector νA  and apply two covariant differentiations to 

it. From the formula (10.3) with ρν :A  for νρT  we get 
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( ) ( ) ( )

( )β
να

α
ρσ

β
αρ

α
νσ

β
σνρβ

αν
α
ρσρα

α
νσσα

α
νρρσν

β
β

νααν
α
ρσβ

β
αρρα

α
νσσα

α
νρρν

αν
α
ρσρα

α
νσσρνσρν

ΓΓΓΓΓ

ΓΓΓ

ΓΓΓΓΓ

ΓΓ

−−−

−−−=

−−−−−=

−−=

,

,,,,

,,,,

::,:::

A

AAAA

AAAAAA

AAAA

 

Interchange ρ  and σ  here and subtract from the previous expression. The 

result is 

β
νρσβρσνσρν RAAA =− :::: ,   (11.2) 

where 

β
ασ

α
νρ

β
αρ

α
νσ

β
σνρ

β
ρνσ

β
νρσ ΓΓΓΓΓΓ −+−= ,,R . (11.3) 

The left-hand side of (11.2) is a tensor. It follows that the right-hand side 

of (11.2) is a tensor. This holds for any vector βA ; therefore, by the quotient 

theorem in Section 4, β
νρσR  is a tensor. It is called the Riemann-Christoffel 

tensor or the curvature tensor. 

It has the obvious property 

β
νσρ

β
νρσ RR −= .   (11.4) 

Also, we easily see from (11.3) that 

0=++ β
σνρ

β
ρσν

β
νρσ RRR .  (11.5) 

Let us lower the suffix β  and put it as the first suffix. We get 

ρσΓΓΓ µαρ
α

νσ
β

ρνσµβ
β
νρσµβµνρσ −+== ,gRgR , 

where the symbol ρσ  is used to denote the preceding terms with ρ  and 

σ  interchanged. Thus 

ρσΓΓΓ

ρσΓΓΓΓ
β

νσβµρρµνσ

β
νσµβρ

β
νσρµβρµνσµνρσ

−−=

−+−=

,

,, gR
, 

from (7.6). So from (7.5) 

( ) β
νσβµρ

β
νρβµσµσνρνσµρµρνσνρµσµνρσ ΓΓΓΓ −++−−= ,,,,

2

1
ggggR . 

(11.6) 

Some further symmetries now show up; namely, 

νµρσµνρσ RR −=    (11.7) 

and 

σρνµρσµνµνρσ RRR == .  (11.8) 

The result of all these symmetries is that, of the 256 components of µνρσR , 
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only 20 are independent. 

 

12. The condition for flat space 

If space is flat, we may choose a system of coordinates that is rectilinear, and 

then the µνg  are constant. The tensor µνρσR  then vanishes. 

Conversely, if µνρσR  vanishes, one can prove that the space is flat. Let 

us take a vector µA  situated at the point x and shift it by parallel 

displacement to the point x + dx. Then shift it by parallel displacement to the 

point x + dx + δx. If µνρσR  vanishes, the result must be the same as if we 

had shifted it first from x to x + δx, then to x + δx + dx. Thus we can shift the 

vector to a distant point and the result we get is independent of the path to the 

distant point. Therefore, if we shift the original vector µA  at x to all points 

by parallel displacement, we get a vector field that satisfies 0: =νµA , or 

σ
σ
µννµ Γ AA =, .   (12.1) 

Can such a vector field be the gradient o f a scalar? Let u s put µµ ,SA =  

in (12.1). W e get 

σ
σ
µνµν Γ ,, SS = .   (12.2) 

On account of the symmetry of σ
µνΓ  in the lower suffixes, we have the 

same value for µν,S  as νµ,S  and the equations (12.2) are integrable. 

Let us take four independent scalars satisfying (12.2) and let us take them 

to be the coordinates 'αx  of a new system of coordinates. Then 

'
,

'
,

α
σ

σ
µν

α
µν Γ xx = . 

According to the transformation law (3.7), 

'
,

'
,''

β
λ

α
µβαµλ xxgg =  

Differentiating this equation with respect to νx , we get 

( )
( )

νµλ

µλνλµν

σ
λνµσ

σ
µνσλ

β
σ

σ
λν

α
µ

β
λ

α
σ

σ
µνβα

β
λν

α
µ

β
λ

α
µνβα

β
λ

α
µνβανµλ

ΓΓ

ΓΓ

ΓΓ

,

'
,

'
,

'
,

'
,''

'
,

'
,

'
,

'
,''

'
,

'
,,'',

g

gg

xxxxg

xxxxgxxgg

=

+=

+=

+=

+=−

 

from (7.6). Thus 

0
'

,
'

,,'' =β
λ

α
µνβα xxg . 

It follows that 0,'' =νβαg . Referred to the new system of coordinates, the 

fundamental tensor is constant. Thus we have flat space referred to rectilinear 
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coordinates. 

 

13. The Bianci relations 

To deal with the second covariant derivative of a tensor, take first the case in 

which the tensor is the outer product of two vectors τµ BA . We have 

( ) ( )
σρτµρτσµστρµτσρµ

σρτµτρµσρτµ

::::::::

:::::

BABABABA

BABABA

+++=

+=
. 

Now interchange ρ  and σ  and subtract. We get from (11.2) 

( ) ( ) α
α
τρσµτ

α
µρσαρστµσρτµ BRABRABABA +=−

::::
. 

A general tensor µτT  is expressible as a sum of terms like τµ BA , so it 

must satisfy 

α
τρσµα

α
µρσατρσµτσρµτ RTRTTT +=− :::: . (13.1) 

Now take µτT  to be the covariant derivative of a vector τµ:A . We get 

α
τρσαµ

α
µρσταρστµσρτµ RARAAA :::::::: +=− . 

In this formula make cyclic permutations of σρτ ,,  and add the three 

equations so obtained. The left-hand side gives 

( )
permcysRARA

permcycRA

permcycAA

_

_

_

::

:

::::::

++=

+=

+−

α
τµρσα

α
µρστα

τ
α
µρσα

τρσµτσρµ

(13.2) 

The right-hand side gives 

permcycRA _: +α
µρστα ,  (13.3) 

as the remaining terms cancel from (11.5). The first term of (l3.2) cancels 

with (13.3) and we are left with 

0_: =+ permcycRA α
τµρσα . 

The factor αA  occurs throughout this equation and may be canceled out. 

We are left with 

0::: =++ α
σµτρ

α
ρµστ

α
τµρσ RRR   (13.4) 

The curvature tensor satisfies these differential equations as well as all the 

symmetry relations in Section 11. They are known as the Bianci relations. 

 

14. The Ricci tensor 

Let us contract two of the suffixes in µνρσR . If we take two with respect to 

which it is antisymmetrical, we get zero, of course. If we take any other two 
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we get the same result, apart from the sign, because of the symmetries (11.4), 

(11.7). and (11.8). Let us take the first and last and put 

νρ
µ
νρµ RR = . 

It is called the Ricci tensor. 

By multiplying (11.8) by µσg  we get 

ρννρ RR = .   (14.1) 

The Ricci tensor is symmetrical. 

We may contract again and form 

RRRg == ν
ννρ

νρ . 

say. This R is a scalar and is called the scalar curvature or total curvature. It 

is defined in such a way t hat it is positive for the surface of a sphere in three 

dimensions, as one can check by a straightforward calculation. 

The Bianci relation (13.4) involves five suffixes. Let us contract it twice 

and get a relation with one nondummy suffix. Put ατ =  and multiply by 

µρg . The result is 

( ) 0::: =++ α
σµαρ

α
ρµσα

α
αµρσ

µρ RRRg  

or 

( ) ( ) ( ) 0
:::

=++
σ

α
µαρ

µρ
ρ

α
µσα

µρ
α

α
µρσ

µρ RgRgRg . (14.2) 

Now 

α
σβσ

αβ
µβσρ

αβµρ
βµρσ

αβµρα
µρσ

µρ RRgRggRggRg ==== . 

One can write α
σR  with the suffixes one over the other on account of ασR  

being symmetrical. Equation (14.2) now becomes 

( ) 0::: =−+ σρµσ
µρα

ασ RRgR  

or 

02 :: =− σ
α

ασ RR , 

which is the Bianci relation for the Ricci tensor. If we raise the suffix σ , we 

get 

0
2

1

:

=






 −
α

σασα
RgR   (14.3) 

The explicit expression for the Ricci tensor is, from (11.3) 
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β
να

α
µβ

β
αβ

α
µν

α
αµν

α
νµαµν ΓΓΓΓΓΓ +−−= ,,R . (14.4) 

The first term here does not appear to be symmetrical in µ  and ν , 

although the other three terms evidently are. To establish that the first term 

really is symmetrical we need a little calculation. 

To differentiate the determinant g we must differentiate each element 

λµg  in it and then multiply by the cofactor λµgg . Thus 

νλµ
λµ

ν ,, gggg = .   (14.5) 

Hence 

( )νννλµ
λµ

λµννλµµλνλνµ
λµµ

νµ ΓΓ

,,
1

,

,,.

log
2

1

2

1

2

1

)(
2

1

ggggg

gggg

===

−+==

−
. (14.6) 

This makes it evident that the first term of (14.4) is symmetrical. 

 

15. Einstein's law of gravitation 

Up to the present our work has all been pure mathematics (apart from the 

physical assumption that the track of a particle is a geodesic). It was done 

mainly in the last century and applies to curved space in any number of 

dimensions. The only place where the number of dimensions would appear in 

the formalism is in the equation 

µ
µg  = number of dimensions. 

Einstein made the assumption that in empty space 

0=µνR .    (15. 1) 

It constitutes his law of gravitation. "Empty" here means that there is no 

matter present and no physical fields except the gravitational field. The 

gravitational field does not disturb the emptiness. Other fields do. The 

conditions for empty space hold in a good approximation for the space 

between the planets in the solar system and equation (15.1) applies there. 

Flat space obviously satisfies (15.1). The geodesics are then straight lines 

and so particles move along straight lines. Where space is not flat, Einstein's 

law puts restrictions on the curvature. Combined with the assumption that the 

planets move along geodesics, it gives some in formation about their motion. 

At first sight Einstein's law of gravitation does not look anything like 

Newton's. To see a similarity, we must look on the µνg  as potentials 

describing the gravitational field. There are ten of them, instead of just the 

one potential of the Newtonian theory. They describe not only the 

gravitational field, but also the system of coordinates. The gravitational field 
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and the system of coordinates are inextricably mixed up in the Einstein 

theory, and one cannot describe the one without the other. 

Looking upon the µνg  as potentials, we find that (15.1) appears as field 

equations. They are like the usual field equations of physics in that they are 

of the second order, because second derivatives appear in (14.4), as the 

Christoffel symbols involve first derivatives. They are unlike the usual field 

equations in that they arc not linear; far from it. The nonlinearity means that 

the equations are complicated and it is difficult to get accurate solutions. 

 

16. The Newtonian approximation 

Let us consider a static gravitational field and refer it to a static coordinate 

system. The µνg  are then constant in time, 00, =µνg . Further, we must 

have 

00 =mg ,  (m=1,2,3) 

This leads to 

00 =mg ,  1
00

00 )( −= gg , 

and mng  is the reciprocal matrix to mng . Roman suffixes like m and n 

always take on the values 1, 2, 3. We find that 00 =nmΓ , and hence also 

00 =m
nΓ . 

Let us take a particle that is moving slowly, compared with the velocity of 

light. Then mv  is a small quantity, of the first order. With neglect of 

second-order quantities, 

100
00 =vvg .   (16.1) 

The particle will move along a geodesic. With neglect o f second-order 

quantities, the equation (8.3) gives 

00
,00

00
00

00
00

2

1
vvgg

vvgvv
ds

dv

n
mn

n
mnm

m

=

−=−= ΓΓ
. 

Now 

0

0
v

dx

dv

ds

dx

dx

dv

ds

dv mmm

==
µ

µ  

to the first order. Thus 

n
mn

n
mn

m

ggvgg
dx

dv
,

2/1
00

0
,000

)(
2

1
==  (16.2) 

with the help of (16.1). Since the µνg  are independent of 0x , we may 
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lower the suffix m here and get 

m
m g

dx

dv
,

2/1
000

)(=    (16.3) 

We see that t he particle moves as though it were under the influence of a 

potential 
2/1

00g . We have not used Einstein's law to obtain this result. We 

now use Einstein's law to obtain a condition for the potential, so that it can be 

compared with Newton's. 

Let us suppose that the gravitational field is weak, so that the curvature of 

space is small. Then we may choose our coordinate system so that the 

curvature of the coordinate lines (each with three x's constant) is small. Under 

these conditions the µνg  are approximately constant, and σµν ,g  and all 

the Christoffel symbols are small. If we count them of the first order and 

neglect second-order quantities, Einstein's law (15.1) becomes, from (14.4) 

0,, =− α
αµν

α
νµα ΓΓ . 

We can evaluate this most conveniently by contracting (11.6) with ρ  and 

µ  interchanged and neglecting second-order terms. The result is 

0)( ,,,, =+−− ρσµννσµρµρνσµνρσ
ρσ ggggg . (16.4) 

Now take 0==νµ  and use the condition that the µνg  are independent of 

0x . We get 

0,00 =mn
mn gg .   (16.5) 

The d'Alembert equation (10.9) becomes, in the weak field 

approximation, 

0, =µν
µνVg . 

In the static case this reduces to the Laplace equation 

0, =mn
mnVg . 

Equation (16.5) just tells us that 00g  satisfies the Laplace equation. 

We may choose our unit of time so that 00g  is approximately unity. 

Then we may put 

Vg 2100 += ,  (16.6) 

with V small. We get Vg +=1
2/1

00  and V becomes the potential. It satisfies 

the Laplace equation, so that it can be identified with the Newtonian potential, 

equal to rm /−  for a mass m at the origin. To check the sign we see that 

(16.2) leads to 

Vgradonaccelerati −= , 
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since mng  has the diagonal elements approximately - 1. 

We see that Einstein's law of gravitation goes over t o Newton's when the 

field is weak and when it is static. The successes of the Newtonian theory in 

explaining the motions of the planets can thus be preserved. The static 

approximation is a good one because the velocities of the planets are all small 

compared with the velocity of light. The weak field approximation is a good 

one because the space is very nearly flat. Let us consider some orders of 

magnitude. 

The value of 2V on the surface of the earth turns out to be of the order 

910− . Thus 00g  given by (16.6) is very close to 1. Even so, its difference 

from 1 is big enough to produce the important gravitational effects that we 

see on earth. Taking the earth's radius to be of the order 910  cm, we find 

that mg ,00  is of the order 1810−  1−cm . The departure from flatness is thus 

extremely small. However, this has to be multiplied by the square of the 

velocity of light, namely 20109×  2sec)/(cm , to give the acceleration due to 

gravity at the earth's surface. Thus this acceleration, about 310  2sec/cm , is 

quite appreciable, even though the departure fro m flatness is far too small to 

be observed directly. 

 

17. The gravitational red shift 

Let us take again a static gravitational field and consider an atom at rest 

emitting monochromatic radiation. The wavelength of the light will 

correspond to a definite s∆ . Since the atom is at rest we have, for a static 

system of coordinates such as we used in Section 16, 

00
00

2)( xxgs ∆∆∆ = , 

where 0x∆  is the period, that is, the time between successive crests referred 

to our static coordinate system. 

If the light travels to another place, 0x∆  will remain constant. This 

0x∆  will not be the same as the period of the same spectral line emitted by a 

local atom, which would be s∆  again. The period is thus dependent on the 

gravitational potential 00g  at the place where the light was emitted: 

2/1
00

0 ::
−

gx∆ . 

The spectral line will be shifted by this factor 
2/1

00
−

g . 

If we use the Newtonian approximation (16.6), we have 
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Vx −1::0∆ . 

V will be negative at a place with a strong gravitational field, such as the 

surface of the sun, so light emitted there will be red-shifted when compared 

with the corresponding light emitted on earth. The effect can be observed 

with the sun's light but is rather masked by other physical effects, such as the 

Doppler effect arising from the motion of the emitting atoms. It can be better 

observed in light emitted from a white dwarf star, where the high density of 

the matter in the star gives rise to a much stronger gravitational potential at 

its surface. 

 

18. The Schwarzschild solution 

The Einstein equations for empty space are nonlinear and are therefore very 

complicated, and it is difficult to get accurate solutions of them. There is, 

however, one special case which can be solved without too much trouble; 

namely, the static spherically symmetric field produced by a spherically 

symmetric body at rest. 

The static condition means that, with a static coordinate system, the µνg  

are independent of the time 0x  or t and also 00 =mg . The spatial 

coordinates may be taken to be spherical polar coordinates rx =1 , θ=2x , 

φ=3x . The most general form for 2ds  compatible with spherical 

symmetry is 

)sin( 22222222 φθθ drdWrVdrUdtds +−−= , 

where U, V, and Ware functions of r only. We may replace r by any function 

of r without disturbing the spherical symmetry. We use this freedom to 

simplify things as much as possible, and the most convenient arrangement is 

to have W = 1. The expression for 2ds  may then be written 

2222222222 sin φθθλν drdrdredteds −−−= , (18.1) 

with ν  and λ  functions of r only. They must be chosen to satisfy the 

Einstein equations. 

We can read off the values of the µνg  from (18.1), namely, 

ν2
00 eg = , λ2

11 eg −= , 2
22 rg −= , θ22

33 sinrg −= , 

and 

0=µνg  for νµ ≠ . 

We find 

ν200 −= eg , λ211 −−= eg , 222 −−= rg , θ2233 sin−−−= rg , 
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and 

0=µνg  for νµ ≠ . 

It is now necessary to calculate all the Christoffel symbols σ
µνΓ . Many of 

them vanish. The ones that do not are, with primes denoting differentiations 

with respect to r, 

 λννΓ 221
00 ' −= e ,  '0

10 νΓ = , 

 '0
11 λΓ = ,   13

13
2

12
−== rΓΓ , 

 λΓ 21
22

−−= re ,  θΓ cot3
23 = , 

 λθΓ 221
33 sin −−= er ,  θθΓ cossin2

33 −= . 

These expressions are to be substituted in (14.4). The results are 

 
λνν

ννλν 222
00

'2
'''''

−






 −−+−= e
r

R ,  (18.2) 

 
r

R
'2

'''''
2

11

λ
ννλν −+−= ,   (18.3) 

 1)''1( 2
22 −−+= − λλν errR ,   (18.4) 

 θ2
2233 sinRR = , 

with the other components of µνR  vanishing. 

Einstein's law of gravitation requires these expressions to vanish. The 

vanishing of (18.2) and (18.3) leads to 

0'' =+νλ . 

For large values o f r the space must approximate to being flat, so that λ  

and ν  both tend to zero as ∞→r . It follows that 

0=+νλ . 

The vanishing of (18.4) now gives 

1)'21( 2 =+ νν er  

or 

1)'( 2 =νre . 

Thus 

mrre 22 −=ν , 

where m is a constant of integration. This also makes (18.2) and (18.3) vanish. 

We now get 
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r

m
g

2
100 −= .   (18.5) 

The Newtonian approximation must hold for large values of r. Comparing 

(18.5) with (16.6), we see that the constant of integration m that has appeared 

in (18.5) is just the mass of the central body that is producing the 

gravitational field. 

The complete solution is 

222222
1

22 sin
2

1
2

1 φθθ drdrdr
r

m
dt

r

m
ds −−






 −−






 −=

−

. (18.6) 

It is known as the Schwarzschild solution. It holds outside the surface of the 

body that is producing the field , where there is no matter. Thus it holds fairly 

accurately outside the surface of a star. 

The solution (18.6) leads to small corrections in the Newtonian theory for 

the motions of the planets around the Sun. These corrections are appreciable 

only in the case of Mercury, the nearest planet, and they explain the 

discrepancy of the motion of this planet with the Newtonian theory. Thus 

they provide a striking confirmation of the Einstein theory. 

 

19. Black holes 

The solution (18.6) becomes singular at r = 2m, because then 000 =g  and 

−∞=11g . It would seem that r = 2m gives a minimum radius for a body of 

mass m. But a closer investigation shows that this is not so. 

Consider a particle falling into the central body and let its velocity vector 

be dsdzv /µµ = . Let us suppose that it falls in radially, so that 032 == vv . 

The motion is determined by the geodesic equation (8.3): 

0000010
1,00

00

0
000

0

v
ds

dg
gvvgg

vvgvv
ds

dv

−=−=

−=−= νµ
µν

νµ
µν ΓΓ

. 

Now 00
00 /1 gg = , so we get 

0
000

0

00 =+ v
ds

dg

ds

dv
g . 

This integrates to 

kvg =0
00 , 

with k a constant. It is the value of 00g  where the particle starts to fall. 

Again, we have 

11
11

00
001 vvgvvgvvg +== νµ

µν . 

Multiplying this equation by 00g  and using 11100 −=gg , which we 
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obtained in the last section, we find 

r

m
gvvk

2
100

112 −==− . 

For a falling body 01 <v , and hence 
2/1

21 2
1 






 +−−=

r

m
kv . 

Now 

2/1
2

1

1

0 2
1

2
1

−−







 +−






 −−==

r

m
k

r

m
k

v

v

dr

dt
. 

Let us suppose the particle is close to the critical radius, so ε+= mr 2  with 

ε  small, and let us neglect 2ε . Then 

mr

mm

dr

dt

2

22

−
−=−=

ε
. 

This integrates to 

constantmrmt +−−= )2log(2 . 

Thus, as mr 2→ , ∞→t . The particle takes an infinite time to reach the 

critical radius r = 2m. 

Let us suppose the particle is emitting light of a certain spectral line, and 

is being observed by someone at a large value of r. The light is red-shifted by 

a factor 2/12/1
00 )/21( −− −= rmg . This factor becomes infinite as the particle 

approaches the critical radius. All physical processes on the particle will be 

observed to be going more and more slowly as it approaches r = 2m. 

Now consider an observer traveling with the particle. His time scale is 

measured by ds. Now 

2/1
2

1

2
1

1
−







 +−−==

r

m
k

vdr

ds
, 

and this tends to 1−− k  as r tends to 2m. Thus the particle reaches r = 2m 

after the lapse of finite proper time for the observer. The traveling observer 

has aged only a finite amount when he reaches r = 2m. What will happen to 

him afterwards? He may continue sailing through empty space into smaller 

values of r. 

To examine the continuation of the Schwarzschild solution for values of 

mr 2< , it is necessary to use a nonstatic system of coordinates, so that we 

have the µνg  varying with the time coordinate. We keep the coordinates θ  

and φ  unchanged, but instead of t and r we use τ  and ρ , defined by 

)(rft +=τ ,  )(rgt +=ρ ,  (19.1) 

where the functions f and g are at our disposal. 

We have, using the prime again to denote the derivative with respect to r, 
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2
1

2

2222

2222

2
1

2
1

'
2

''
2

'2
2

1

)'(
2

)'(
2

dr
r

m
dt

r

m

drg
r

m
fdtdrg

r

m
fdt

r

m

drgdt
r

m
drfdtd

r

m
d

−








 −−






 −=








 −+






 −+






 −=

+−+=− ρτ

, 

(19.2) 

provided we choose the functions f and g to satisfy 

'
2

' g
r

m
f =    (19.3) 

and 

1
22 2

1''
2

−







 −=−

r

m
fg

r

m
  (19.4) 

Elimination of f from these equations gives 

12/1
2

1
2

'

−−







 −






=

r

m

r

m
g .  (19.5) 

To integrate this equation, put 2yr =  and 22 am = . With r > 2m we have y 

> a. We now have 

22

4
12

2
aya

y

dr

dg
y

dy

dg

−
== , 

which gives 

ay

ay
aayy

a
g

−
+

−+= log2
3

2 23 .  (19.6) 

Finally, we get from (19.3) and (19.5) 

2/1
2

'
2

1''

−







=






 −=−

r

m
g

r

m
fg , 

which integrates to 

τρ −=−= fgr
m

2/3

2

1

3

2
.  (19.7) 

Thus 

3/2)( τρµ −=r ,   (19.8) 

with 

3/2

2
2

3






= mµ . 

In this way we sec that we can satisfy the conditions (19.3) and (19.4) and 

so we can use (19.2). Substituting into the Schwarzschild solution (18.6), we 

get 

)sin()(
)(

2 2223/422

3/2

2 φθθτρµρ
τρµ

τ ddd
m

dds +−−
−

−= . 
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      (19.9) 

The critical value r = 2m corresponds, from (19.7), to 3/4m=−τρ . There 

is no singularity here in the metric (19.9). 

We know that the metric (19.9) satisfies the Einstein equations for empty 

space in the region r > 2m, because it can be transformed to the 

Schwarzschild solution by a mere change of coordinates. We can infer that it 

satisfies the Einstein equations also for mr 2≤  from analytic continuity, 

because it does not involve any singularity at r = 2m. It may continue to hold 

right down to r = 0 or 0=−τρ . 

The singularity appears in the connection between the new coordinates 

and the original ones, equation (19.1). But once we have established the new 

coordinate system we can disregard the previous one and the singularity no 

longer appears. 

We see that the Schwarzschild solution for empty space can be extended 

to the region r < 2m. But this region cannot communicate with the space for 

which r > 2m. Any signal, even a light signal, would take an infinite time to 

cross the boundary r = 2m, as we can easily check. Thus we cannot have 

direct observational knowledge of the region r < 2m. Such a region is called 

a black hole, because things may fall into it (taking an infinite time, by our 

clocks, to do so) but nothing can come out. 

The question arises whether such a region can actually exist. All we can 

say definitely is that the Einstein equations allow it. A massive stellar object 

may collapse to a very small radius and the gravitational forces then become 

so strong that no known physical forces can hold them in check and prevent 

further collapse. It would seem that it would have to collapse into a black 

hole. It would take an infinite time to do so by our clocks, but only a finite 

time relatively to the collapsing matter itself. 

 

20. Tensor densities 

With a transformation of coordinates, an element of four-dimensional volume 

transforms according to the law 

Jdxdxdxdxdxdxdxdx 3210'3'2'1'0 = ,  (20.1) 

where J is the Jacobian 

'
,3210

'3'2'1'0

_t_ofdeterminan
)(

)( µ
αx

xxxx

xxxx
J =

∂

∂
=  

We may write (20.1) 

xJdxd 44 '=    (20.2) 

for brevity. 

Now 

'
,''

'
,

ν
βνµ

µ
ααβ xgxg = . 
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We can look upon the right-hand side as the product of three matrices, the 

first matrix having its rows specified by a and columns specified by 'µ , the 

second having its rows specified by 'µ  and columns by 'ν , and the third 

having its rows specified by 'ν  and columns by β . This product equals the 

matrix αβg  on the left. The corresponding equation must hold between the 

determinants; therefore 

JJgg '=  

or 

'2gJg = . 

Now g is a negative quantity, so we may form g−  taking t he positive 

value for the square root. Thus 

'gJg −=− .   (20.3) 

Suppose S is a scalar field quantity, S = S'. Then 

∫∫∫ −=−=− ''''
444
xdgSxJdgSxdgS , 

if the region of integration for the x' corresponds to that for the x. Thus 

invariant
4 =−∫ xdgS .  (20.4) 

We call gS −  a scalar density, meaning a quantity whose integral is 

invariant. 

Similarly, for any tensor field LµνT  we may call gT −Lµν  a tensor 

density. The integral 

∫ − xdgT
4µν

 

is a tensor if the domain of integration is small. It is not a tensor if the domain 

of integration is not small, because it then consists of a sum of tensors located 

at different points and it does not transform in any simple way under a 

transformation of coordinates. 

The quantity g−  will be very much used in the future. For brevity we 

shall write it simply as . We have 

νν ,

1

,
1 2

−− =gg . 

Thus the formula (14.5) gives 
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νλµ
λµ

ν ,, 2

1
gg= ,  (20.5) 

and the formula (14.5) may be written 

ν
µ

νµΓ
,

= .   (20.6) 

 

21. Gauss and Stokes theorems 

The vector µA  has the covariant divergence µ
µ

:A , which is a scalar. We 

have 

ν
ν

µ
µ

νµ
νµ

µ
µµ

µ Γ AAAAA
,

1

,,:

−
+=+= . 

Thus 

µ
µµ

µ ,: )(AA = .   (21.1) 

We can put µ
µ:A  for S in (20.4), and we get the invariant 

∫∫ = xdAxdA
4

,
4

: )( µ
µµ

µ . 

If the integral is taken over a finite (four-dimensional) volume, the right-hand 

side can be converted by Gauss's theorem to an integral over the boundary 

surface (three-dimensional) of the volume. 

If 0: =µ
µA , we have 

0)( , =µ
µA    (21.2) 

and this gives us a conservation law ; namely, the conservation of a fluid 

whose density is 0A  and whose flow is given by the three-dimensional 

vector mA  (m = 1, 2, 3). We may integrate (21.2) over a 

three-dimensional volume V lying at a definite time 0x . The result is 

( ) ∫∫ −= xdAxdA m
m 3

,
0,

30
)(  

   =surface integral over boundary of V. 

If there is no current crossing the boundary of V, ∫ xdA
30

 is constant. 

These results for a vector µA  cannot be taken over to a tensor with more 

than one suffix, in general. Take a two-suffix tensor µνY . In flat space we 

can use Gauss's theorem to express ∫ xdY
4

,ν
µν

 as a surface integral, but in 
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curved space we cannot in general express ∫ xdY
4

:ν
µν

 as a surface integral. 

An exception occurs for an antisymmetrical tensor νµµν FF −= . 

In this case we have 

µρν
σρ

ρνµ
σρσ

µν
σ

µν ΓΓ FFFF ++= ,: , 

so 

µρ
ρν

µν

µρν
σρ

ρνµ
νρν

µν
ν

µν ΓΓ

FF

FFFF

,

1

,

,:

−
+=

++=
 

from (20.6). Thus 

ν
µν

ν
µν

,: )(FF = .  (21.3) 

Hence ∫ xdF
4

:ν
µν

= a surface integral, and if 0: =ν
µνF  we have a 

conservation law. 

In the symmetrical case νµµν YY =  we can get a corresponding equation 

with an extra term, provided we put one of the suffixes downstairs and deal 

with ν
νµ:Y . We have 

α
µ

ν
σα

ν
α

α
µσσ

ν
µσ

ν
µ ΓΓ YYYY +−=

,
:  

Putting νσ =  and using (20.6, we get 

αν
αµν

α
µαν

ν
µν

ν
µ Γ YYYY −+=

−

,

1

,: . 

Since ανY  is symmetrical, we can replace the αµνΓ  in the last term by 

( ) µανναµανµ ΓΓ ,
2

1

2

1
g=+  

from (7.6). Thus we get 

αβ
µαβν

ν
µν

ν
µ YgYY ,,: 2

1
)( −= . (21.4) 

For a covariant vector µA , we have 

µννµ

ρ
ρ

νµµνρ
ρ
µννµµννµ ΓΓ

,,

,,:: )(

AA

AAAAAA

−=

−−−=−
 (21.5) 

This result may be stated: covariant curl equals ordinary curl. It holds only 

for a covariant vector. F or a contravariant vector we could not form the curl 

because the suffixes would not balance. 

Let us take 1=µ , 2=ν . We get 

1,22,11:22:1 AAAA −=− . 
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Let us integrate this equation over an area of the surface constant0 =x , 

constant3 =x . From Stokes's theorem we get 

∫
∫∫∫∫

+=

−=−

)(

)()(

2
2

1
1

21
1,22,1

21
1:22:1

dxAdxA

dxdxAAdxdxAA

 (21.6) 

integrated around the perimeter of the area. Thus we get an integral round a 

perimeter equated to a flux crossing the surface bounded by the perimeter. 

The result must hold generally in all coordinate systems, not merely those for 

which the equations of the surface are constant0 =x , constant3 =x . 

To get an invariant way of writing the result, we introduce a general 

formula for an element of two-dimensional surface. If we take two small 

contravariant vectors µξ  and µζ , the element of surface area that they 

subtend is determined by the antisymmetric two-index tensor 

µννµµν ζξζξ −=dS , 

Thus, if µξ  has the components 0,0,,0
1

dx , and µζ ,฀ has the 

components 0,,0,0
2

dx , then µνdS  has the components 

2112 dxdxdS = ,  2121 dxdxdS −= , 

with the other components vanishing. The left-hand side of (21.6) becomes 

∫∫ µν
νµ dSA : . 

The right-hand side is evidently ∫ µ
µdxA , so the formula becomes 

∫∫∫ =−
perimetersurface

dxAdSAA µ
µ

µν
µννµ )(

2

1
:: . (21.7) 

 

22. Harmonic coordinates 

The d'Alembert equation for a scalar V, namely □V = 0, gives, from (10.9), 

0)( ,, =− α
α
µνµν

µν Γ VVg .  (22.1) 

If we are using rectilinear axes in fiat space, each of the four coordinates λx  

satisfies □ λx = 0. We might substitute λx  for V in (22.1). The result, of 

course, is not a tensor equation, because λx  is not a scalar like V, so it holds 

only in certain coordinate systems. It imposes a restriction on the coordinates. 

If we substitute λx  for V, then for α,V  we must substitute λ
α

λ
α gx =, . 

The equation (22.1) becomes 
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0=λ
µν

µνΓg .   (22.2) 

Coordinates that satisfy this condition are called harmonic coordinates. They 

provide the closest approximation to rectilinear coordinates that we can have 

in curved space. We may use them in any problem if we wish to, but very 

often they are not worthwhile because the tensor formalism with general 

coordinates is really quite convenient. For the discussion of gravitational 

waves, however, harmonic coordinates are very useful. 

We have in general coordinates, from (7.9) and (7.6), 

ν
ασ

µαµ
βσ

νβ

βασαβσ
νβµα

σ
µν

ΓΓ

ΓΓ

gg

ggg

−−=

+−= )(,

.  (22.3) 

Thus, with the help of (20.6), 

)()( ,
β

σβ
µνν

ασ
µαµ

βσ
νβ

σ
µν ΓΓΓ gggg +−−= . (22.4) 

Contracting by putting νσ = , we get 

µ
βν

νβ
ν

µν Γgg −=,)( .  (22.5) 

We see now that an alternative form for the harmonic condition is 

0)( , =ν
µνg .   (22.6) 

 

23. The electromagnetic field 

Maxwell's equations, as ordinarily written, are 

φgrad
t

a

c
E −

∂
∂

−=
1

,   (23.1) 

curlAH = ,   (23.2) 

curlE
t

H

c
−=

∂
∂1

,   (23.3) 

0=divH ,    (23.4) 

jcurlH
t

E

c
π4

1
−=

∂
∂

,   (23.5) 

πρ4=divE .   (23.6) 

We must first put them in four-dimensional form for special relativity. The 

potentials A and φ  form a four-vector µκ  in accordance with 

φκ =0 , mm A=κ , (m=1,2,3). 

Define 

µννµµν κκ ,, −=F .   (23.7) 

Then from (23.1) 
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and from (23.2) 
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Thus the six components of the antisymmetric tensor µνF  determine the 

field quantities E and H. 

From the definition (23.7) 

0,,, =++ νσµµνσσµν FFF .  (23.8) 

This gives the Maxwell equations (23.3) and (23.4). We have 

πρν
ν 400

,
0 ==−== divEFFF m

m
m

m  (23.9) 

from (23.6). Again 
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from (23.5). The charge density ρ  and current mj  form a four-vector 

µJ  in accordance with 

ρ=0J ,  mm jJ = . 

Thus (23.9) and (23.10) combine into 

µ
ν

µν πJF 4, = .   (23.11) 

In this way the Maxwell equations are put into the four-dimensional form 

required by special relativity. 

To pass to general relativity we must write the equations in covariant 

form. On account of (21.5) we can write (23.7) immediately as 

µννµµν κκ :: −=F . 

This gives us a covariant definition of the field quantities µνF . We have 

further 

µα
α

νσαν
α
µσσµνσµν ΓΓ FFFF −−= ,: . 

Making cyclic permutations of νµ,  and σ  and adding the three equations 

so obtained, we get 

0,,,::: =++=++ νσµµνσσµννσµµνσσµν FFFFFF , (23.12) 

from (23.8). So this Maxwell equation goes over immediately to the 

covariant form. 

Finally, we must deal with the equation (23.11). This is not a valid 

equation in general relativity and must be replaced by the covariant equation 

µ
ν

µν πJF 4: = .   (23.13) 
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From (21.3), which applies to any antisymmetric two-suffix tensor, we get 

µ
ν

µν πJF 4)( , = . 

This leads immediately to 

0)()4()( ,
1

, == −
µν

µν
µ

µ π FJ . 

So we have an equation like (21.2), giving us the law of conservation of 

electricity. The conservation of electricity holds accurately, undisturbed by 

the curvature of space. 

 

14. Modification of the Einstein equations by the presence of matter 

The Einstein equations in the absence of matter are 

0=µνR .    (24.1) 

They lead to 

0=R ; 

and hence 

0
2

1
=− RgR

µνµν
.   (24.2) 

If we start with equations (24.2), we get by contraction 

02 =− RR  

and so we can get back to (24.1). We may either use (24.1) or (24.2) as the 

basic equations for empty space. 

In the presence of matter these equations must be modified. Let us 

suppose (24.1) is changed to 

µνµν XR =    (24.3) 

and (24.2) to 

µνµνµν
YRgR =−

2

1
.  (24.4) 

Here µνX  and µνY  are symmetric two-index tensors indicating the 

presence of matter. 

We see now that (24.4) is the more convenient form to work with, 

because we have the Bianci relation (14.3), which tells us that 

0)
2

1
( : =− ν

µνµν
RgR . 

Hence (24.4) requires 

0: =ν
µνY .   (24.5) 

Any tensor µνY  produced by matter must satisfy this condition; otherwise 

the equations (24.4) would not be consistent. 

It is convenient to bring in the coefficient π8−  and to rewrite equation 

(24.4) as 
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µνµνµν πYRgR 8
2

1
−=− .  (24.6) 

We shall find that the tensor µνY  with this coefficient is to be interpreted as 

the density and flux of (nongravitational) energy and momentum. 0µY  is 

the density and rY µ  is the flux. 

In flat space equation (24.5) would become 

0, =ν
µν

Y  

and would then give conservation of energy and momentum. In curved space 

the conservation of energy and momentum is only approximate. The error is 

to be ascribed to the gravitational field working on the matter and having 

itself some energy and momentum. 

 

25. The material energy tensor 

Suppose we have a distribution of matter whose velocity varies continuously 

from one point to a neighboring one. If µz  denotes the coordinates of an 

element of the matter, we can introduce the velocity vector dsdzv /µµ = , 

which will be a continuous function of the x's, like a field function. It has the 

properties 

1=νµ
µν vvg ,   (25.1) 

σ
νµ

µν

ν
σ

µ
σ

νµ
µνσ

νµ
µν

:

:::

2

)()(0

vvg

cvvvgvvg

=

+==
. 

Thus 

0: =σ
ν

ν vv .   (25.2) 

We may introduce a scalar field ρ  such that the vector field µρv  

determines the density and flow of the matter just like µJ  determines the 

density and flow of electricity; that is to say, 0vρ  is the density and 

mvρ is the flow. The condition for conservation of the matter is 

0)( , =µ
µρv  

or 

0)( : =µ
µρv .   (25.3) 

The matter that we are considering will have an energy density 00vvρ  
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and energy flux mvv0ρ , and similarly a momentum density 0vvnρ  

and momentum flux mnvvρ . Put 

νµµν ρ vvT = .   (25.4) 

Then µνT  gives the density and flux of energy and momentum. µνT  is 

called the material energy tensor. It is, of course, symmetric. 

Can we use µνT  for the matter term on the right-hand side of the 

Einstein equation (24.6)? For this purpose we require 0: =ν
µνT . We have 

from the definition (25.4) 

ν
µν

ν
νµ

ν
νµ

ν
µν ρρρ :::: )()( vvvvvvT +== . 

The first term here vanishes from the condition for conservation of mass 

(25.3). The second term vanishes if the matter moves along geodesics for, if 

µv  is defined as a continuous field function instead of having a meaning 

only on one world line, we have 

ν
ν

µ
µ

vv
ds

dv
,= . 

So (8.3) becomes 

0)( , =+ νσµ
νσν

µ Γ vvv  

or 

0: =ν
ν

µ vv .   (25.5) 

We see now that we can substitute the material energy tensor (25.4), with 

a suitable numerical coefficient k, into the Einstein equation (24.4). We get 

νµµνµν ρ vvkRgR =−
2

1
.  (25.6) 

We shall now determine the value of the coefficient k. We go over to the 

Newtonian approximation, following the method of Section 16. We note first 

that, contracting (25.6), we get 

ρkR =−  

So (25.6) may be written 

)
2

1
(

µννµµν ρ gvvkR −= . 

With the weak field approximation we get, corresponding to (16.4), 

)
2

1
()(

2

1
,,,, µννµρσµννσµρµρνσµνρσ

ρσ ρ gvvkggggg −=+−− . 

We now take a static field and a static distribution of matter, so that 10 =v , 

0=mv . Putting 0==νµ  and neglecting second-order quantities, we find 
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ρkg
2

1

2

1
00

2 =∇−  

or from (16.6) 

ρkV
2

12 −=∇ . 

To agree with the Poisson equation we must take π8−=k . 

The Einstein equation for the presence of a distribution of matter with a 

velocity field thus reads 

νµµνµν πρ vvRgR 8
2

1
−=− .  (25.7) 

Thus µνT , given by (25.4), is precisely the µνY  of equation (24.6). 

The condition for conservation of mass (25.3) gives 

0:: =+ µ
µµ

µ ρρ vv ; 

hence 

µ
µ

µµ ρρρ
:v

vxds

d
−=

∂

∂
= .  (25.8) 

This is a condition that fixes how ρ  varies along the world line of an 

element of matter. It allows ρ  to vary arbitrarily from the world line of one 

element to that of a neighboring element. Thus we may take ρ  to vanish 

except for a packet of world lines forming a tube in space-time. Such a 

packet would compose a particle of matter of a finite size. Outside the 

particle we have 0=ρ , and Einstein's field equation for empty space holds. 

It should be noted that, if one assumes the general field equation (25.7), 

one can deduce from it two things: (a) the mass is conserved and (b) the mass 

moves along geodesics. To do this we note that (left-hand side) ν:  vanishes 

from Bianci's relation, so the equation gives 

0)( : =ν
νµρ vv , 

or 

0)( :: =+ ν
µν

ν
νµ ρρ vvvv .  (25.9) 

Multiply this equation by µv . The second term gives zero from (25.2) and 

we are left with 0)( : =ν
νρv , which is just the conservation equation (25.3). 

Equation (25.9) now reduces to 0: =ν
µν vv , which is the geodesic equation. 

It is thus not necessary to make the separate assumption that a particle moves 

along a geodesic. With a small particle the motion is constrained to lie along 

a geodesic by the application of Einstein's equations for empty space to the 

space around the particle. 
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26. The gravitational action principle 

Introduce the scalar 

∫= xdRI
4

   (26.1) 

integrated over a certain four-dimensional volume. Make small variations 

µνδg  in the µνg , keeping the µνg  and their first derivatives constant on 

the boundary. We shall find that putting 0=Iδ  for arbitrary µνδg  gives 

Einstein's vacuum equations. 

We have from (14.4) 

LRRgR −== *
µν

µν , 

where 

)( ,,
* σ

σµν
σ

νµσ
µν ΓΓ −= gR   (26.2) 

and 

)( ρ
νρ

ρ
µσ

ρ
σρ

σ
µν

µν ΓΓΓΓ −= gL .  (26.3) 

I involves second derivatives of µνg , since these second derivatives occur in 

*R . But they occur only linearly, so they can be removed by partial 

integration. We have 

σ
µνσ

µνσ
µσν

µν
σ

σ
µν

µν
ν

σ
µσ

µν ΓΓΓΓ ,,,,
* )()()()( ggggR +−−= . 

     (26.4) 

The first two terms are perfect differentials, so they will contribute nothing to 

I. We therefore need retain only the last two terms of (26.4). With the help of 

(22.5) and (22.4) they become 

σ
µν

β
σβ

µνµ
βσ

νβσ
µσ

µ
βν

νβ ΓΓΓΓΓ )2( ggg +−+ . 

This is just L2 , from (26.3). So (26.1) becomes 

∫= xdLI
4

, 

which involves only the µνg  and their first derivatives. It is homogeneous 

of the second degree in these first derivatives. 

Put LL =
~

. We take it (with a suitable numerical coefficient to be 

determined later) as the action density for the gravitational field. It is not a 

scalar density. But it is more convenient than R , which is a· scalar 

density, because it does not involve second derivatives of the µνg . 

According to ordinary ideas of dynamics, the action is the time integral of 
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the Lagrangian. We have 

∫∫∫ == 32104 ~~
dxdxdxLdxxdLI  

so the Lagrangian is evidently 

∫ 321~
dxdxdxL . 

Thus L
~

 may be considered as the Lagrangian density (in three dimensions) 

as well as the action density (in four dimensions). We may look upon the 

µνg  as dynamical coordinates and their time derivatives as the velocities. 

We then see that the Lagrangian is quadratic (nonhomogeneous) in the 

velocities, as it usually is in ordinary dynamics. 

We must now vary L
~

. We have, using (20.6), 
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      (26.5) 

with the help of (22.5). Again 
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(26.6) 

with the help of (22.3). Subtracting (26.6) from (26.5), we get 

).()()()(
~

,,
µνα

µν
β

αβ
α

νβ
β
µαν

ανβ
αβα

µνα
µν δΓΓΓΓδΓδΓδ gggL −+−=  

      (26.7) 

The first two terms here differ by a perfect differential from 

)()( ,,
µνβ

νµβ
µνα

αµν δΓδΓ gg +− . 

So we get 

∫∫ == xdgRxdLI
44

)(
~ µν

µνδδδ   (26.8) 

with µνR  given by (14.4). With the µνδg  arbitrary, the quantities 

)( µνδ g  are also independent and arbitrary, so the condition that (26.8) 

vanishes leads to Einstein's law in the form (24.1). 

We can deduce, by the same method as (7.9), that 

αβ
νβµαµν δδ gggg −= .  (26.9) 

Also, corresponding to (20.5), we ca deduce 
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αβ
βδδ gg

ga

2

1
= .  (26.10) 

Thus 

αβ
αβµννβµαµν δδ gggggg )

2

1
()( −−= . 

So we may write (26.8), alternatively, 

∫
∫

−−=

−−=

xdgRgR

xdgggggRI

4

4
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2

1
(

)
2

1
(

αβ
αβαβ

αβ
αβµννβµα

µν

δ

δδ
. (26.11) 

The requirement that (26.11) vanishes gives Einstein's law in the form (24.2). 

 

27. The action for a continuous distribution of matter 

We shall consider a continuous distribution of matter whose velocity varies 

continuously from one point to a neighboring one, as we did in Section 25. 

We shall set up an action principle for this matter in interaction with the 

gravitational field in the form 

0)( =+ mg IIδ ,   (27.1) 

where gI , the gravitational part of the action, is the I of the preceding 

section with some numerical coefficient κ , and mI , the matter part of the 

action, will now be determined. The condition (27.1) must lead to Einstein's 

equations (25.7) for the gravitational field in the presence of the matter and 

the geodesic equations of motion for the matter. 

We shall need to make arbitrary variations in the position of an element of 

matter to see how it affects mI . It makes the discussion clearer if we first 

consider the variations purely kinematically, without any reference to the 

metric µνg . There is then a real distinction between covariant and 

contravariant vectors and we cannot transform one into the other. A velocity 

is described by the ratios of the components of a contravariant vector µu  

and it cannot be normalized without bringing in the metric. 

With a continuous flow of matter we have a velocity vector µu  (with an 

unknown multiplying factor) at each point. We can set up a contravariant 

vector density µp , lying in the direction of µu , which determines both the 

quantity of the flow and its velocity according to the formulas: 

3210 dxdxdxp  

is the amount of matter within the element of volume 321 dxdxdx  at a 

certain time and 

3201 dxdxdxp  
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is the amount flowing through the surface element 32dxdx  during a time 

interval 0dx . We shall assume the matter is conserved, so 

0, =µ
µp .    (27.2) 

Let us suppose each element of matter is displaced from µz  to µµ bz +  

with µb  small. We must determine the resulting change in µp  at a given 

point x. 

Take first the case of 00 =b . The change in the amount of matter within 

a certain three-dimensional volume V is minus the amount displaced through 

the boundary of V: 

∫∫ −= r
r

V
dSbpdxdxdxp

03210δ , (r=1,2,3) 

where rdS  denotes an element of the boundary surface of V. We can 

transform the right-hand side to a volume integral by Gauss's theorem and we 

find 

r
rbpp ,

00 )(=δ .   (27.3) 

We must generalize this result to the case 00 ≠b . We make use of the 

condition that if µb  is proportional to µp , each element of matter is 

displaced along its world line and there is then no change in µp . The 

generalization of (27.3) is evidently 

r
rr bpbpp ,

000 )( −=δ  

because this agrees with (27.3) when 00 =b  and gives 00 =pδ  when µb  

is proportional to µp . There is a corresponding formula for the other 

components of µp , so the general result is 

ν
νµµνµδ ,)( bpbpp −= .  (27.4) 

For describing a continuous flow of matter the quantities µp  are the 

basic variables to be used in the action function. They must be varied in 

accordance with the formula (27.4), and then, after suitable partial 

integrations, we must put the coefficient of each µb  equal to zero. This will 

give us the equations of motion for the matter. 

The action for an isolated particle of mass m is 
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∫− dsm .    (27.5) 

We see the need for the coefficient -m by taking the case of special relativity, 

for which the Lagrangian would be the time derivative of (27.5), namely 
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summed for r = 1, 2, 3. This gives for the momentum 
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as it ought to be. 

We obtain the action for a continuous distribution of matter from (27.5) 

by replacing m by 3210 dxdxdxp  and integrating; thus 

∫−= dsdxdxdxpIm
3210

.  (27.6) 

To get this in a more understandable form we use the metric and put 

µµ ρvp = ,   (27.7) 

where ρ  is a scalar that determines the density and µv  is the previous 

vector µu  normalized to be of length 1 We get 

∫
∫

−=

−=

xdv

dsdxdxdxvIm

40

3210

ρ

ρ
,  (27.8) 

since 00 dxdsv = . 

This form for the action is not suitable for applying variations, because 

ρ , µv  are not independent variables. We must eliminate them in terms of 

the µp , which are then to be varied in accordance with (27.4). We get from 

(27.7) 

ρµ
µ =2/1)( pp . 

So (27.8) becomes 

∫−= xdppIm
42/1

)( µ
µ

.  (27.9) 

To vary this expression we use 
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The action principle (27.1) now gives, with the help of (26.11), which we 

multiply by the coefficient κ , 

∫∫ −
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      (27.10) 

Equating to zero the coefficient of µνδg , we get Einstein's equation (25.7), 

provided we take 1)16( −= πκ . The last term gives, with (27.4) 
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      (27.11) 

from (25.2). Equating to zero the coefficient of µb  here, we get the 

geodesic equation (25.5). 

 

28. The action for the electromagnetic field 

The usual expression for the action density of the electromagnetic field is 

)()8( 221 HE −−π . 

If we write it in the four-dimensional notation of special relativity given in 

Section 23, it becomes 

µν
µνπ FF1)16( −− . 

This leads to the expression 

∫−−= xdFFIem
41

)16(
µν

µνπ  (28.1) 

for the invariant action in general relativity. Here we must take into account 

that µννµµν κκ ,, −=F , so emI  is a function of the µνg  and the 

derivatives of the electromagnetic potentials. 

Let us first vary the µνg  keeping the σκ  constant, so the µνF  are 

constant but not the µνF . We have 
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with the help of (26.10) and (26.9. Thus 
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      (28.2) 

where ρσE  is the stress-energy tensor of the electromagnetic field, a 

symmetrical tensor defined by 

µν
µν

ρσσν
ν

ρρσπ FFgFFE
4

1
4 +−= .  (28.3) 

Note that in special relativity 
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so 00E  is the energy density, and 
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FFFFE
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, 

so nE 0  is the Poynting vector giving the rate of flow of energy. 

If we vary the µκ , keeping the αβg  fixed, we get 
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      (28.4) 

with the help of (21.3). 

Adding (28.2) and (28.4) and dividing by π16− , we get for the total 

variation 

∫ 




 +−= −
xdFgEIem

4
:

1
)4(

2

1
µν

µν
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µν δκπδδ . (28.5) 

 

29. The action for charged matter 

In the preceding section we considered the electromagnetic field in the 

absence of charges. If there are charges present, a further term is needed in 

the action. For a single particle of charge e, the extra action is 

∫∫ −=− dsvedxe
µ

µ
µ

µ κκ ,  (29.1) 

integrated along the world line. 

There are difficulties in dealing with a point particle carrying a charge 

because it produces a singularity in the electric field. We can evade these 

difficulties by dealing instead with a continuous distribution of matter 
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carrying charge. We shall handle this matter with the technique of Section 27, 

assuming each element of t he matter carries charge. 

In the kinematical discussion we had a contravariant vector density µp  

to determine the density and flow of the matter. We must now introduce a 

contravariant vector density µJ
~

 to determine the density and flow of 

electricity. The two vectors are constrained to lie in the same direction. When 

we make a displacement, we have 

ν
νµµνµδ ,)

~~
(

~
bJbJJ −=   (29.2) 

corresponding to (27.4), with the same µb . 

The expression (29.1) for the action for a charged particle now leads to 

∫−= dsdxdxdxvJIq
3210~ µ

µκ  

for a continuous distribution of charged matter, corresponding to (27.6). 

When we introduce the metric we put, corresponding to (27.7), 

µµ σvJ =
~

,   (29.3) 

where σ  is a scalar that determines the charge density. The action now 

becomes, corresponding to (27.8), 

∫
∫

−=

−=

xdJ

xdvIq

4

4

~µ
µ

µ
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σκ
.  (29.4) 

Thus 
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δκσ
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κδκδ

. (29.5) 

The equations for the interaction of the charged matter with the combined 

gravitational and electromagnetic fields all follow from the general action 

principle 

0)( =+++ qemmg IIIIδ .  (29.6) 

Thus we take the sum of the expressions (29.5), (28.5), and (27.10) with the 

last term replaced by (27.11), and equate the total coefficients of the 

variations µνδg , µδκ , and µb  to zero. 

The coefficient of µνδg  multiplied by π16− , gives 
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088
2

1
=++− µννµµνµν ππρ EvvRgR . (27.7) 

This is the Einstein equation (24.6) with µνY  consisting of two parts, one 

coming from the material-energy tensor and the other from the stress-energy 

tensor of the electromagnetic field. 

The coefficient of µδκ  gives 

0)4( :
1 =+− −

ν
µνµ πσ Fv . 

From (29.3) we see that µσv  is the charge current vector µJ , so we get 

µ
ν

µν πJF 4: = .   (29.8) 

This is the Maxwell equation (23.13) for the presence of charges. 

Finally, the coefficient of µb  gives 

0: =+ ν
µν

ν
νµ σρ vFvv , 

or 

0: =+ ν
µν

ν
νµρ vFvv .  (29.9) 

The second term here gives the Lorentz force which causes the trajectory of 

an element of the matter to depart from a geodesic. 

The equation (29.9) can be deduced from (29.7) and (29.8). Taking the 

covariant divergence of (29.7) and using the Bianci relations, we get 

0)( : =+ ν
µννµρ Evv .  (29.10) 

Now from (28.3) 

α
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=
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, 

from (23.12) and (29.8). So (29.10) becomes 

0)( :: =++ α
µα

ν
µν

ν
νµ ρρ JFvvvv . (29.11) 

Multiply by µv  and use (25.2). We get 

0)( : =−= αµ
µα

ν
νρ JvFv . 

if we use the condition αα σvJ = , expressing that αJ  and αv  are 

constrained to lie in the same direction. Thus the first term of (29.11) 

vanishes and we are left with (29.9). 

This deduction means that the equations that follow from the action 
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principle (29.6) are not all independent. There is a general reason for this, 

which will be explained in Section 30. 

 

30. The comprehensive action principle 

The method of Section 29 can be generalized to apply to the gravitational 

field interacting with any other fields, which are also interacting with one 

another. There is a comprehensive action principle, 

0)'( =+ II gδ ,   (30.1) 

where gI  is the gravitational action that we had before and I' is the action 

of all the other fields and consists of a sum of terms, one for each field. It is a 

great advantage of using an action principle that it is so easy to obtain the 

correct equations for any fields in interaction. One merely has to obtain the 

action for each of the fields one is interested in and add them all together and 

include them all in (30.1). 

We have 

∫= xdLI g
4~

, 

where L
~

 is 1)16( −π  times the L
~

 of Section 26. We get 
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The work of Section 26, leading to (26.11), shows that 
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. (30.2) 

Let nφ  (n =1, 2, 3, . . .) denote the other field quantities. Each of them is 

assumed to be a component of a tensor, but its precise tensor character is left 

unspecified. I' is of the form of the integral of a scalar density 

∫= xdLI
4

'
~

' , 

where '
~
L  is a function of the nφ  and their first derivatives µφ ,n  and 

possibly also higher derivatives. 

The variation of the action now leads to a result of the form 

∫ ∑+=+ xdgpII
n n

n
g

4
)()'( δφχδδ µν

µν
, (30.3) 
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with νµµν pp = , because any term involving δ  (derivative of a field 

quantity) can be transformed by partial integration to a term that can be 

included in (30.3). The variation principle (30.1) thus leads to the field 

equations 

0=µνp ,    (30.4) 

0=nχ .    (30.5) 

µνp  will consist of the term (30.2) coming from gI  plus terms coming 

from '
~
L , say µνN . We have of course νµµν NN = . '

~
L  usually does not 

contain derivatives of the µνg  and then 

µν

µν

g

L
N

∂
∂

=
'

~

   (30.6) 

The equation (30.4) now becomes 

016
2

1
=−− µνµνµν πNRgR . 

It is just the Einstein equation (24.6) with 

µνµν NY 2−= .   (30.7) 

We see here how each field contributes a term to the right-hand side of the 

Einstein equation, depending, according to (30.6), on the way the action for 

that field involves µνg . 

It is necessary for consistency that the µνN  have the property 

0: =ν
µνN . This property can be deduced quite generally from the condition 

that I' is invariant under a change of coordinates that leaves the bounding 

surface unchanged. We make a small change of coordinates, say 

µµµ bxx +=' , with the µb  small and functions of the x's, and work to the 

first order in the µb . The transformation law for the µνg  is according to 

(3.7), with dashed suffixes to specify the new tensor, 

)'()( ''
'

,
'

, xgxxxg βα
β
ν

α
µµν = .  (30.8) 

Let αβδg  denote the first-order change in αβg , not at a specified field 

point, but for definite values of the coordinates to which it refers, so that 

αβ
σ

σαβαβ
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δ

δ
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++=

+=

,

''
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)'()'(
. 

We have 

α
µ

α
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ααα
µ ,,

'
, )( bgbxx +=+= . 

Thus (30.8) gives 
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We now determine the variation in I' when the µνg  are changed in this 

way and the other field variables keep the same value at the point with 

coordinates 'µx  that they previously had for µx . It is, if we use (30.6), 

[ ]
∫
∫
∫
∫

=

−=

−−−=

=

xdbN

xdbNgN

xdbgbgbgN

xdgNI

4
:

4
,,

4
,,,

4

2

)(2

)(

'

α
ν

ν
α

αµν
αµνν

ν
α

σ
σµν

α
µνα

α
νµα

µν

µν
µνδδ

 

from the theorem expressed by (21.4), which is valid for any symmetrical 

two-index tensor. The invariance property of I' requires that it shall be 

unaltered under this variation, for all αb . Hence 0
:

=ν
ν
αN . 

On account of this relation, the field equations (30.4), (30.5) are not all 

independent. 

 

31. The pseudo-energy tensor of the gravitational field 

Define the quantity ν
µt  by 
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from (30.2). With the help of the field equations (24.6) we now get 
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µαβ
αβ

ν
ν
µ ,,

2

1
)( gYt = , 

so from (21.4) and 0
:

=
ν

ν
µY , we get 

0])[( , =+ ν
ν
µ

ν
µ Yt .   (31.2) 

We have here a conservation law, and it is natural to consider the 

conserved density )( ν
µ

ν
µ Yt +  as the density of energy and momentum. 

We have already had ν
µY  as the energy and momentum of the fields other 

than the gravitational field, so ν
µt  represents the energy and momentum of 

the gravitational field. But it is not a tensor. The equation (31.1) that defines 

it may be written 

Lgg
g

L
t ν

µµαβ
ναβ

ν
µ −

∂
∂

= ,
,

;  (31.3) 

but L is not a scalar, because we had to transform the scalar R, which was 

originally used to get t he gravitational action, in order to remove the second 

derivatives from it. Thus ν
µt  cannot be a tensor. It is called a pseudo-tensor. 

It is not possible to obtain an expression for the energy of the 

gravitational field satisfying both t he conditions: (i) when added to other 

forms of energy the total energy is conserved, and (ii) the energy within a 

definite (three-dimensional) region at a certain time is independent of the 

coordinate system. Thus, in general, gravitational energy cannot be localized. 

The best we can do is to use the pseudo-tensor, which satisfies condition (i) 

but not (ii). It gives us approximate information about gravitational energy, 

which in some special cases can be accurate. 

We may form the integral 

∫ + 32100
)( dxdxdxYt µµ   (31.4) 

over a large three-dimensional volume enclosing some physical system at a 

certain time. As the volume tends to infinity, we may suppose the integral to 

give the total energy and momentum, provided: (a) it converges and (b) the 

flux through the surface of the large volume tends to zero. The equation 

(31.2) then shows that the integral (31.4) taken at one time ax =0  equals 

its value at another time bx =0 . Furthermore, the integral must be 

independent of the coordinate system, since we could change the coordinates 

at bx =0  without changing them at ax =0 . We thus have definite 

expressions for the total energy and momentum, which are conserved. 
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The conditions (a) and (b), which are needed for conservation of total 

energy and momentum, do not often apply in practical cases. They would 

apply if space were static outside a definite tubular region in four dimensions. 

This could be so if we had some masses which start to move at a certain time, 

so that the motion creates a disturbance which travels outward with the 

velocity of light. For the usual planetary system t he motion will have been 

going on since the infinite past and the conditions do not apply. A special 

treatment is needed to discuss the energy of the gravitational waves, and this 

will be given in Section 33. 

 

32. Explicit expression for the pseudo-tensor 

The formula (31.1) for defining ν
µt  is of the form 
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where the nq (n = 1 , 2 , . . . , 10) are the ten µνg  and a summation over all 

n is implied. We could equally well write it 
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where the mQ  are any ten independent functions of the nq . To prove this, 

note that 
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The equality of (32.1) and (32.2) follows. 

To deduce an explicit expression for ν
µt  it is convenient to work with 
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(32.2) and to take the mQ  to be the quantities µνg . We can now use 

formula (26.7), which gives (bringing in the coefficient π16 ), 

)()_()()(16 ,
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ν
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ν
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ν
αβ δδΓΓπδ gcoeftsomeggL +−= , 

and hence 

Lgggt
~

))((16 ,
ν
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αβσ
ασ

ν
β

ν
αβ

ν
µ ΓΓπ −−= . (32.3) 

 

33. Gravitational waves 

Let us consider a region of empty space where the gravitational field is weak 

and the µνg  are approximately constant. We then have equation (16.4) or 

0)( ,,,, =+−− µνρσνρµσνσµρρσµν
µν ggggg . (33.1) 

Let us take harmonic coordinates. The condition (22.2) gives, with the suffix 

λ  lowered, 

0)
2

1
( ,, =− ρµννρµ

µν
ggg .  (33.2) 

Differentiate this equation with respect to σx  and neglect second-order 

terms. The result is 

0)
2

1
( ,, =− ρσµννσµρ

µν
ggg .  (33.3) 

Interchange ρ  and σ : 

0)
2

1
( ,, =− ρσµννρσρ

µν
ggg .  (33.4) 

Add (33.1),(33.3), and (33.4). We get 

0, =µνρσ
µν gg . 

Thus each ρσg  satisfies the d'Alembert equation and its solution will 

consist of waves traveling with the velocity of light. They are gravitational 

waves. 

Let us consider the energy of these waves. Owing to the pseudo-tensor 

not being a real tensor, we do not get, in general, a clear result independent of 

the coordinate system. But there is one special case in which we do get a 

clear result; namely, when the waves are all moving in the same direction. 

If the waves are all moving in the direction 3x , we can choose our 

coordinate system so that the µνg  are functions of only the one variable 

30 xx − . Let us take the more general case in which the µνg  are all 

functions of the single variable σ
σ xl , the σl  being constants satisfying 



 59

0=σρ
ρσ llg , with neglect of the variable part of the ρσg . We then have 

σµνσµν lug =, ,   (33.5) 

where µνu  is the derivative of the function µνg  of σ
σ xl . Of course, 

νµµν uu = . The harmonic condition (33.2) gives 
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or as 

0
2

1
=







 − ν
µνµν

lugu .  (33.7) 

We have from (33.5) 
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The expression (26.3) for L reduces, with harmonic coordinates, to 
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This gives nine terms when multiplied up, but we can easily see that every 

one of them vanishes, on account of (33.6) and 0=σ
σ ll . Thus the action 

density vanishes. There is a corresponding result for the electromagnetic field, 

for which the action density also vanishes in the case of waves moving only 

in one direction. 

We must now evaluate the pseudo-tensor (32.3). We have, from (7.9) 
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and from (20.5), 
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from (33.8) and (33.7). We are left with 

ν
µ

αβ
αβ

µ
αβαβν

αβα
ν
ββ

ν
α

µ
αβαβν

αβ
ν
µ Γπ

lluuu

lugulululu

lugut

)
2

1
(

2

1

)
2

1
)((

2

1

)
2

1
(16

2−=

−−+−=

−−=

 (33.9) 

We have a result for ν
µt  that looks like a tensor. This means that ν

µt  

transforms like a tensor under those transformations that preserve the 

character of the field of consisting only of waves moving in the direction σl , 

so that the µνg  remain functions of the single variable σ
σ xl . Such 

transformations must consist only in the introduction of coordinate waves 

moving in the direction σl , of the form 

µµµ bxx +=' , 

where µb  is a function only of σ
σ xl . With the restriction that we have 

waves moving only in one direction, gravitational energy can be localized. 

 

34. The polarization of gravitational waves 

To understand the physical significance of (33.9), let us go back to the case 

of waves moving in the direction 3x , so that 10 =l , 021 == ll , 13 −=l , 

and use coordinates approximating to those of special relativity. The 

harmonic conditions (33.6) now give 

uuu
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uuu
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1
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Thus 

332211003300 uuuuuuu −−−==− , 

so 

02211 =+ uu .   (34.1) 

Also 

)(2 330003 uuu +−= . 

We now get 
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from (34.1). Thus 
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and 

0
0

3
0 tt = . 

We see that the energy density is positive definite and the energy flows in 

the direction 3x  with the velocity of light. 

To discuss the polarization of the waves, we introduce the infinitesimal 

rotation operator R in the plane 21xx . Applied to any vector 21, AA , It has 

the effect 

21 ARA = ,  12 ARA −= . 

Thus 

11
2 AAR −= , 

so iR has the eigen values ±1 when applied to a vector. 

Applied to αβu , it has the effect 

12122111 2uuuRu =+= , 

112212 uuRu −= , 

12211222 2uuuRu −=−−= . 

So 

0)( 2211 =+ uuR  

and 

122211 4( uuuR −=− , 

)(4)( 22112211
2 uuuuR −−=− . 

Thus 2211 uu +  is invariant, while iR has the eigenvalues ± 2 when applied 

to 2211 uu −  or 12u . The components of αβu  that contribute to the energy 

(34.2) thus correspond to spin 2. 

 

35. The cosmological term 

Einstein has considered generalizing his field equations for empty space to 

µνµν λgR = ,   (35.1) 
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where λ  is a constant. This is a tensor equation, so it is permissible as a law 

of nature. 

We get good agreement with observation for the solar system without this 

term, and therefore if we do introduce it we must take λ . to be small enough 

not to disturb the agreement. Since µνR  contains second derivatives of the 

µνg , λ  must have the dimensions 2)distance( − . For λ . to be small this 

distance must be very large. It is a cosmological distance, of the order of the 

radius of the universe. 

The extra term is important for cosmological theories, but has a negligible 

effect on the physics of nearby objects. To take it into account in the field 

theory, we merely have to add an extra term to the Lagrangian; namely, 

∫= xdcIc
4

, 

with c a suitable constant. 

We have from (26.10) 


⌡
⌠= xdggcIc

4

2

1
µν

µνδδ . 

Thus the action principle 
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gives 
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 − µνµνµνπ cgRgR . (35.2) 

The equation (35.1) gives 

λ4=R , 

and hence 

µνµνµν λgRgR −=−
2

1
. 

This agrees with (35.2), provided we take 

λπ −=c8 . 

For the gravitational field interacting with any other fields, we merely 

have to include the term cI  in the action and we will get the correct field 

equations with Einstein's cosmological term. 

      (The end) 


