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X. Applications to Physics 

10.1. Phase and State Space 

We propose to study a holonomic mechanical system with a finite 

number of degrees of freedom, avoiding collision phenomena. In this 

section we formulate the geometry of such a system. 

The position space is simply an n- dimensional manifold M. 

We next define the phase space attached to M. This is the space of 

all covariant vectors at all points of M. To make this precise, we 

consider a coordinate patch U on M with local coordinates 

nqq ,,1
K . 

At a point P of U, a covariant vector is simply a one-form at P, 

hence is given by its components 

npp ,,1 K , ( ip :real), 

(where the one-form itself is ∑ i
idqp ). 

If 

nqq ,,1
K  

is another local coordinate system valid at P, then the components of 

the same covariant vector with respect to the iq  are 

∑ ∂

∂
=

i

j

ji
q

q
pp . 

The totality of all such covariant vectors at all points of M constitutes 

the (2n)-dimensional phase space P. To each coordinate 

neighborhood U on M with local coordinates nqq ,,1
K  corresponds 

the coordinate neighborhood nEU ×  with local coordinates 

n
n ppqq ,,,,, 1

1
KK . 

It follows that the one-form 

∑= i
idqpα  

is a one-form on P, entirely independent of local coordinates. We have 

∑= i
idqdpdα , 

so that the phase density (see Section 2.3) 

n
n dqdqdpdp KL

1
1  

is a 2n-form on P, never zero, defined by 

))(!()( 1
1

n
n

n dqdqdpdpnd LL=± α , 

and serves us as a volume element on P. 

We shall derive some useful relations from the transformation of 
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coordinates 









∂

∂
=

=

∑ i

j

ji

nii

q

q
pp

qqqq ),,( 1
K

  (i=1,…,n) 

valid on the overlap of local coordinate neighborhoods U and U
1
. 

We set 

),,( 1 nqq K=q  and 















=

np

p

M

1

p  

and define q  and p  similarly. Then )(qqq =  implies 

Add qq = , )(qA
q

q
A

i

j

=










∂

∂
= . 

Since pqpq ⋅=⋅= ddα , we have 

pp A= , that is, pp A= , 

where 1−= AA  is also a Jacobean matrix. From 

ppp dAAdd +=  and Add qq =  

we deduce first that 












∂

∂
==











∂
∂

i

j

j

i

q

q
A

p

p
. 

To continue, we note two relations. From 1−= AA  we have 

AdAAdAAAAd −=−= −− 11 . 

From Add qq =  we have dAdq=0 , which easily implies 

k

j
l

j

k
l

q

a

q

a

∂

∂
=

∂

∂
. 

Now 

ppppppp dAdAAdAAdAAdAAdd +−=+−=+= . 

Also 

pppp AddAAdd +== )( . 

Thus k
i qp ∂∂ /  is the coefficient of kdq  in the i-th row of pdAA−   

and i
k qp ∂∂ /  is the coefficient of iqd  in the k-th row of pdA . 

Now 












∂

∂
= ∑ k

k

j
l

i
j

dq
q

a
adAA  

and 












∂

∂
=










∂

∂
=










∂

∂
= ∑∑∑ i

k

j
l

i
ji

j

k
l

i
ji

i

k
l

qd
q

a
aqd

q

a
aqd

q

a
dA . 

Therefore the coefficient of kdq  in the i-th row of pAdA−  and the 

                                                           
1 The proof of this Dover Edition is different from the original edition. 
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coefficient of iqd in the k-th row of pdA  are, respectively 

∑ ∂

∂
=

∂

∂
lk

j
l

i
j

k

i p
q

a
a

q

p
 and ∑ ∂

∂
=

∂

∂
lk

j
l

i
j

i

k p
q

a
a

q

p
. 

We conclude that i
k

k
i qpqp ∂−∂=∂∂ // , so we have proved 











∂

∂
=

∂
∂

∂

∂
−=

∂

∂

i

j

j

i

i

k

k

i

q

q

p

p

q

p

q

p

. 

Finally, the state space is the product 

1EPS ×= , 

a (2n + 1) dimensional space. We think of 1E  as the time axis. Local 

coordinates for S are 

tppqq n
n ,,,,,, 1

1
KK . 

**** 

The original edition 

We differentiate the relation 

i
kk

j

j

i

q

q

q

q δ=
∂

∂

∂

∂∑ , 

with respect to lq  to get 

∑∑ =
∂

∂

∂∂

∂

∂

∂
+

∂

∂

∂∂

∂
0

22

l

r

rk

j

j

i

k

j

lj

i

q

q

qq

q

q

q

q

q

qq

q
. 

Multiplying is qq ∂∂ /  and summing, we have 

0
22

=
∂

∂

∂∂

∂
+

∂

∂

∂∂

∂

∂

∂∑ l

r

rk

s

k

j

lj

i

i

s

q

q

qq

q

q

q

qq

q

q

q
. 

Then we change of indeces by 









slkirj

jilkrs
 

and get 

i

s

ks

l

l

j

k

r

ri

j

q

q

qq

q

q

q

q

q

qq

q

∂

∂

∂∂

∂

∂

∂
−=

∂

∂

∂∂

∂ ∑∑
22

. 

Next differentiate equation of ip  with respect to kq  and 

substituting we get 

∑

∑

∑

∂

∂

∂∂

∂
−=

∂

∂

∂∂

∂

∂

∂
−=

∂

∂

∂∂

∂
=

∂

∂

l

s

ks

l

j

l

s

ks

l

l

j

j

k

r

ri

j

jk

i

q

q

qq

q
p

q

q

qq

q

q

q
p

q

q

qq

q
p

q

p

2

2

2

. 
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But 

∑ ∂

∂
=

k

l

lk
q

q
pp , 

then 

∑ ∂

∂

∂∂

∂
=

∂

∂
l

s

sk

l

li

k

q

q

qq

q
p

q

p 2

. 

So we have an important symmetric relation: 

0=
∂

∂
+

∂

∂
i

k

k

i

q

p

q

p
. 

Also from 

∑ ∂

∂
=

i

j

ji
q

q
pp  

it is obvious that 

i

j

j

i

q

q

p

p

∂

∂
=

∂
∂

. 

 

10.2. Hamiltonian Systems 

We wish to consider a dynamical system in Hamiltonian form. We 

begin by tracing the evolution of this from Lagrange's equations of 

motion, which in Euclidean coordinates reduce to Newton's law of 

motion. We deal only with conservative holonomic systems. 

The treatment first of all is local. We deal with a coordinate patch 

in nqq ,,1
K  space. For each instant of time, there is a point 

(position) 

))(,),(( 1 tqtq n
K , 

which represents the trajectory of the system. As is customary, we set 

dtduu /=& . 

The kinetic energy is a function 

),,,,,( 11 nn qqqqT &K&K , 

which is supposed to be a positive definite quadratic form in the 

variables iq& . 

The potential energy is a function 

),,,( 1 tqqVV n
K= , 

and the Lagrangian function, or kinetic potential, is 

L = T – V. 

The differential equations of motion are then 

0=
∂

∂
−










∂

∂
ii

q

L

q

L

dt

d

&
 (i=1,…,n). 
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For the first term we have 

k

ki

j

jiii
q

qq

L
q

qq

L

tq

L

q

L

dt

d
&&

&&
&

&&& ∂∂

∂
+

∂∂

∂
+

∂∂

∂
=










∂

∂ 222

 

so that the Lagrange equations are a system of n second order ordinary 

equations for the unknowns nqq ,,1
K . We now convert these to a 

system of 2n first order equations in 2n unknowns. 

We introduce the generalized momentum components 

npp ,,1 K  

by 

iii
q

T

q

L
p

&& ∂

∂
=

∂

∂
= . 

Because the quadratic form T is definite, the transformation of 

variables 

),,,,,(),,,,,( 1
111

n
nnn ppqqqqqq KK&K&K ↔  

is a smooth one both ways. 

To reach the Hamilton form, we shall follow tradition and use a 

rather confusing notation. The matter was better expressed in Section 

3.5. 

The function T is always considered as a function of the 2n 

variables 

nn qqqq &K&K ,,,,, 11 . 

The function V which involves the iq  (and t) alone may be 

considered as a function on the space of variables nqq ,,1
K , 

nqq &K& ,,1 , t or on the space of variables nqq ,,1
K , npp ,,1 K , t. 

We introduce the Hamiltonian 

LqptppqqHH
i

in
n −== ∑ &KK ),,,,,,( 1

1
, 

always considered as a function on the space of variables 

tppqq n
n ,,,,,, 1

1
KK . 

Since T is homogeneous quadratic in the iq&  we have 

∑∑ =
∂

∂
= i

ii

i qp
q

T
qT &

&
&2 , 

hence H=2T –L = 2T –(T - V), 

H =T +V, 

and so H represents total energy. 

From 

∑= i
iqpT &2  
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we have 

∑∑ += i
ii

i dpqqdpdT &&2 . 

But 

∑∑∑ +
∂

∂
=










∂

∂
+

∂

∂
= i

i
i

i

i

i

i

i
qdpdq

q

T
qd

q

T
dq

q

T
dT &&

&
. 

Subtracting, 

∑∑ +
∂

∂
−= i

ii

i
dpqdq

q

T
dT & . 

From this, 

∑∑∑∑ +
∂

∂
−=+











∂

∂
+

∂

∂
−=+= i

ii

ii
ii

ii
dpqdq

q

L
dpqdq

q

V

q

T
dVdTdH &&

Thus 











=
∂
∂

−=










∂

∂
−=

∂

∂
−=

∂

∂

i

i

iiii

q
p

H

p
q

L

dt

d

q

L

q

H

&

&
&

. 

This gives us the equations of motion in Hamilton, or canonical, 

form 










∂

∂
−=

∂
∂

=

ii

i

i

q

H
p

p

H
q

&

&

 (i=1,…,n). 

 

We next check what functions H qualify as Hamiltonians. We 

write 

∑= ji
ij qqqaT &&)(

2

1
, 

where )(qaij  is a symmetric positive definite matrix function of the 

position variables q. It is convenient to set 

1
)()(
−

= qaqb ij
ij , 

also symmetric, positive definite. Then 

∑=∂

∂
= j

ijii qa
q

T
p &

&
, 

which we invert to 

∑= k
iki
pbq& . 
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This gives us 

∑∑ == lj
jl

lk
jlik

ij ppbppbbaT
2

1

2

1
. 

From this, 

),()(
2

1
),,( tqVppqbtpqH ji

ij += ∑ . 

This shows us the form of any Hamiltonian function. 

 

We now wish to formulate Hamiltonian mechanics globally. To 

discover the correct approach, we compare two Hamiltonian systems 





























∂

∂
−=

∂
∂

=

=

=

−=

∑

ii

i

i

ji
ij

q

H
p

p

H
q

tqVV

ppqbT

VTH

&

&

),(

)(
2

1

, 





























∂

∂
−=

∂
∂

=

=

=

−=

∑

ii

i

i

ji
ij

q

H
p

p

H
q

tqVV

ppqbT

VTH

&

&

),(

)(
2

1

 

which are supposed to be defined on intersecting regions U, U  and 

be equivalent on the common part UU ∪  of U and U . The 

coordinate transformation 

),,(),,( tpqtpq ↔  

is given as in Section 10.1: 









∂

∂
=

=

∑ i

j

ji

nii

q

q
pp

qqqq ),,( 1
K

. 

We have 

∑∑∑∑ ∂

∂
=

∂
∂

∂

∂
=

∂

∂
==

∂
∂

= l
kl

k

i

k
k

i
k

k

i
i

i
j

ij pb
q

q

p

H

q

q
q

q

q
q

p

H
pb && . 

Hence 

Tpbppb
q

q
ppbpT l

kl
kl

kl

k

i

ij
ij

i ==
∂

∂
== ∑∑∑

2

1

2

1

2

1
, 

and so 

TT =  

on the common part of U and U , hence also 

VVHH −=− . 

Using the symmetry relation, 

0=
∂

∂
+

∂

∂
i

k

k

i

q

p

q

p
, 

derived in the last section, and remaining equations of motion: 
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iki

k

j
i

j

k
k

ij

j

i
ii q

H

q

H

q

q

p

H

q

p
p

p

p
q

q

p
p

q

H

∂

∂
−=

∂

∂

∂

∂
−

∂
∂

∂

∂
−=

∂
∂

+
∂

∂
==

∂

∂
− ∑∑∑∑ &&&

 

ii q

H

q

H

∂

∂
=

∂

∂ . 

From this, 

0)( =−
∂

∂
VV

q i
 (i=1,…,n). 

It follows that VV −  is a function of t alone, 

)(tfVV += , 

)(tfHH += , 

this taking place on the intersection of U and U . 

 

Having this, we can formulate what we mean by a global 

Hamiltonian system. 

We begin with a position space M and form its derived spaces, 

phase space P, and state space S. We are give a function T on P such 

that over any local coordinate neighborhood U on M with coordinates 

nqq ,,1
K  we have 

∑= ji
ij

ppqbT )(
2

1
, 

a positive definite quadratic form. Here ),,,,,( 1
1

n
n ppqq KK  are 

the derived coordinates on the neighborhood nEU ×  of P lying over 

U. 

Now let K,, βα UU  denote the various local coordinate 

neighborhoods on M. For each one of these αU  we have a function 

),( tqVV =α  

defined on 

1EU ×α . 

Whenever αU  overlaps βU , then on the common part βα UU ∩  

we have 

)(tfVV αββα =− , 

a function of t alone. (Clearly 0=+ βααβ ff , and 

0=++ γαβγαβ fff  on γβα UUU ∩∩ .) 

On the part of state space S lying over αU , i.e., on 1EEU n ××α , 

set 

αα VTH += .The equations of motion are given by 
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








∂

∂
−=

∂
∂

=

ii

i

i

q

H
p

p

H
q

&

&

 

on 1EEU n ××α , where )( iq  are local coordinates on αU . These 

are independent of the local coordinate systems (consistent) and 

define a motion (or flow) on all of S, always moving forward in the t, 

or time, direction. 

Remark. It is customary in mechanics to exhibit the potential function 

so we have set down the functions αV  in our formulation. Actually 

the equations of motion merely require the gradient of the potential 

which is an intrinsic quantity on S. Precisely, there is a differential 

form ϖ  on S so that locally 

∑∑ ∂
∂

+
∂

∂
= i

i

i

i
dp

p

V
dq

q

V ααϖ . 

We can free ourselves altogether of reference to the functions αV  by 

requiring that there be given a one-form ϖ  on S satisfying 

(1) ϖ  is free of dt, 

(2) 0
0
=

=dt
dϖ . 

By the converse of the Poincaré Lemma (Sections 3.6 and 3.7, 

especially the last remark on p. 31) this implies the existence of the 

functions αV . 

 

A trajectory of the motion is any particular solution of this system 

of differential equations. From the theory of ordinary differential 

equations we know that there is a unique trajectory through each point, 

so that state space S is smoothly filled with these curves. Along each 

one, t steadily increases, but not necessarily to arbitrarily large values. 

(For example, a particle may run off to infinity in finite time.) 

Finally we note the energy law: 

Along any trajectory, 

t

H

dt

dH

∂
∂

= . 

For 

t

H

t

H
pqqp

t

H
p

p

H
q

q

H
H

dt

dH
i

ii
ii

i

i

i ∂
∂

=
∂
∂

++−=
∂
∂

+
∂
∂

+
∂

∂
== ∑∑∑∑ &&&&&&& )(

Remark. Whether or not the functions )(tfαβ  can be removed 

altogether by redefining each αV  so that there will be a single 
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potential function V on all of 1EM ×  depends on two things; the 

manner in which the applied forces vary with time, and the topology 

of M. 

The topological difficulties are easily seen from the standard 

example of the steady magnetic field in the manifold M, which 

consists of 3E  minus the z-axis, due to a steady electric current in 

the z-axis. The trouble is that there are closed loops in M which are 

not boundaries of surfaces. (Cf. the situation in De Rham's theorems, 

Section 5.9.) 

 

10.3. Integral-invariants 

Over a local coordinate neighborhood αUU =  in position space 

M we consider the one-form 

Hdtdqp
i

i −== ∑αωω . 

This is defined on the portion 1EEU n ××  of state space which lies 

over U. These forms αω  do not necessarily fit together to make a 

one-form on S because on an intersection βα UU ∩  we have 

)(tfVVHH αββαβα =−=− . 

If the αV  can be chosen so that all 0)( =tfαβ , then we do have 

such a one-form on all of S. This is exactly the case for a globally 

conservative system, the case in which the external forces are derived 

from a single potential function V. While this cannot be expected in 

general, we do see that 

dHdtdqdpdd
i

i −== ∑αωω  

is a 2-form on all of S, independent of local coordinates. This simply 

means that 

βα ωω dd =  

on βα UU ∩ , which is true because 

dtdHdtdtfdHdtfHddtdH ααβααβαβ =−=−= )()( & . 

We shall call this 2-form ωd  even though there is no one-form ω  

on all of S which it is the “d” of. 

Suppose we have on some portion of S an r-parameter family of 

solutions of the equations of motion. Let us denote by rxx ,,1 K  the 

parameters. What this means is that we have a mapping φ  on a 

region W of (t, x) space of the sort indicated, a cylinder in the t 

direction with top and bottom curved r-chains, 
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SW →:φ  

 

where in local coordinates 









=

=

=

tt

xxtgp

xxtfq

rii

r
ii

),,,(

),,,(

: 1

1

K

K

φ . 

For each ( ix ), this represents a trajectory, hence 










∂

∂
−=

∂
∂

∂
∂

=
∂
∂

),,(

),,(

t
q

H

t

g

t
p

H

t

f

i

i

i

i

gf

gf

. 

The mapping φ  is supposed smooth and one-to-one, so that an (r 

+1 )-dimensional region in S is evenly filled up by these trajectories. 

Now we compute )( ωφ d∗ . We have 










∂
∂

+










∂

∂
+=

∂
∂

−
∂

∂
−=

∑

∑∑∑

dt
p

H
dqdt

q

H
dp

dtdp
p

H
dtdq

q

H
dqdpd

i

i

ii

i
i

i

i

i
iω

. 

Now 

∑∑ ∂
∂

=
∂
∂

−










∂
∂

+
∂
∂

=








∂
∂

−∗
j

j

ii

j
j

ii

i

i
dx

x

f
dt

t

f
dx

x

f
dt

t

f
dt

p

H
dqφ  

and similarly 

∑ ∂
∂

=










∂

∂
+∗

k
k

i

ii dx
x

q
dt

q

H
dpφ , 

so that 

∑∑ =
∂
∂

=∗
kj

jk
kj

kj

i
i dxdxtAdxdx
xx

fg
d ),(

),(

),(

2

1
)( xωφ , 

which establishes our first point, )( ωφ d∗  is independent of dt. 

Since 0)( =ωdd , we have 0)]([ =∗ ωφ dd . But 
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0)terms_in_()]([ =+
∂
∂

=∑∗
kjikj

jk

dxdxdxdxdtdx
t

A
dd ωφ . 

We conclude that 

0=
∂
∂

t

A
jk

, 

each )(xjkjk AA =  is independent of t, and we may write 

∑=∗
kj

jk
dxdxAd )()( xωφ . 

A differential form α  of degree s on the state space S is called an 

(absolute) integral-invariant (historical terminology) if for each 

r-parameter family of trajectories given by such a mapping φ , 

)(αφ ∗  is an s-form on the x-space alone (no t nor dt terms) and if in 

addition 0=αd . 

Each of the forms 

nddd )(,,)(, 2 ωωω K  

is an integral-invariant. For 

0)( =sdd ω  

and 

∑== ∗∗ s
kj

jkss
dxdxxAdd ])([)]([)( ωφωφ  

is independent of t and dt. 

 

Consider in state space S a small piece 2c  of surface which is 

filled by a one-parameter family of trajectories. We may describe 2c  

analytically by 

 







=

=

),(

),(

ytpp

ytqq

ii

ii

 





≤≤

≤≤

10

),(),(

yyy

zybtzya
. 

Our reasoning above shows that the two-form we get by substituting 
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these expressions for p and q in ωd  is a two-form in y and dy only, 

hence vanishes. This means in particular 

0=∫
2c
ωd . 

Next, suppose one has a piece of volume, or three-chain 3c  in S 

which is the span of a two-parameter family of trajectories: 







=

=

),,(

),,(

zytpp

zytqq

ii

ii

 



 ≤≤

Dzy

zybtzya

in__in_a_doma),(

),(),(
. 

  

Then 

23 cc +−=∂ 01 ΣΣ , 

where 01,ΣΣ  are the terminal and initial surfaces, respectively and 

where the lateral surface 2c  is spanned by a one-parameter family of 

trajectories corresponding to the parameter point (y, z) on D∂ . Now 

0)(
3

== ∫∫∂ 3c
ωω ddd

c
, 

and we showed above that 

0=∫
2c
ωd , 

hence 

∫∫ =
01 ΣΣ
ωω dd . 

We have established the very striking property of the form ωd : 

If 0Σ  is any 2-chain in S transversal to the trajectories, and if 

one displaces each point of 0Σ  any amount along its trajectory to 

form a new surface 1Σ , then 

∫∫ =
01 ΣΣ
ωω dd . 

It should be clear that we have not used any special properties of 

ωd  in proving this result so that any integral-invariant satisfies a 

corresponding property. 
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Let a be an integral-invariant of degree r on S. Let rc  be any 

r-chain on S transversal to the trajectories. Let rc'  be a second such 

r-chain so that the points of rc  and rc'  may be put into one-one 

correspondence with corresponding points on the same trajectory. 

Then 

∫∫ =
rr c'c
αα . 

It is possible to reverse our steps to prove that the property 

expressed in this result actually characterizes integral-invariants. This 

is done in E. Cartan [8]. 

 

We pass on to relative integral-invariants. 

An r-form α  on S is a relative integral-invariant provided αd  

is an integral-invariant. The basic result about relative 

integral-invariants is this. 

 

Let α  be a relative integral-invariant of degree r. Let rb  and 

rb' be two r-dimensional boundaries which are in one-one 

correspondence in such a way that corresponding points are on the 

same trajectory. Then 

∫∫ =
rr b'b
αα . 

To prove this, we select (r + 1)-chains 1rc + , 1rc' +  so that 

1rr cb +∂= , 1rr cb +∂= ''  

and do this in such a way that 1rc +  and 1rc +'  correspond one-one 

with corresponding points on the same trajectory. Then 

∫∫∫∫∫∫ =====
++++ ∂∂ r1r1r1r1rr bccc'c'b'

αααααα dd . 

The differential form 

Hdtdqp
i

i −=∑ω , 

which is defined locally, is a relative integral-invariant of degree one 
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where it is defined. Consequently so are the forms 

nddd )(,,)(, 2 ωωωωωω K , 

since 

1)(])([ += rr ddd ωωω . 

We shall specialize by considering chains which exist at a single 

instance of time. Let α  be any differential r-form and c an r-chain in 

S lying in a hyperplane t = constant. Then clearly 

∫∫ =
=

cc 0dt
αα . 

Let us apply this to ωd  in particular. We have 

∑==
i

idt
dqdpd

0
ω , 

which leads to this result: 

Let 0Σ  be a 2-chain in S at 0tt =  and 1Σ  the 2-chain 

obtained by moving each point 0Σ  along its trajectory to time 1tt = . 

Then 

∫ ∑∫ ∑ =
10 ΣΣ

i
i

i
i dqdpdqdp . 

 

In this result we may think of 0Σ  and 1Σ  as 2-chains in phase 

space. 

If we apply the procedure to the (2n)-form 

dtdqdqdpdpnd n
n

n λω +±= )(!)( 1
1 LL  

which gives us the phase density 

n
n dqdqdpdp LL

1
1=µ , 

we have the 

LIOUVILLE THEOREM. If a 2n-dimensional region 0D  in phase 

space at time 0t  moves to a region 1D  at time 1t , then 

∫∫ =
01 DD
µµ . 

We shall close this section with a result which will be needed in 

Section 10.5. It shows that the integral-invariant ωd  completely 
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determines the equations of motion, in itself an important mechanical 

principle. 

Let 







=

=

),,(

),,(

pq

pq

tBp

tAq

ii

ii

&

&
 

be a system of equations on a region of state space S which has 

dHdtdqdpd
i

i −=∑ω  

as an integral-invariant. Then 










∂
∂

−=

∂
∂

=

qhi

H
B

p

H
A

i

i

i

/ 

For let 







=

=

),,,(

),,,(

21

21

nii

n
ii

xxtgp

xxtfq

K

K
 

be a general solution, so that ωd  must be expressible in the terms of 

idx  alone. From this, and the differential equations 










=
∂
∂

=
∂
∂

i
i

i
i

B
t

g

A
t

f

, 

we deduce 







+=

+=

iii

iii

dtBdp

dtAdq

µ
λ

, 

where i
i µλ ,  are one-forms in the jdx  alone, and so 

( ) dt
p

H

q

H
dtBA

dHdtdqdpd

i
i

i

i

i
i

i
ii

i

i
i












∂
∂

+
∂

∂
−+−=

−=

∑∑∑∑∑

∑
µλλµλµ

ω

. 

Since ωd  is free of dt, 

0=
∂
∂

−
∂

∂
−− ∑∑∑∑ i

i

i

i

i
ii

i

p

H

q

H
BA µλλµ , 

0=










∂

∂
+−









∂
∂

− ∑∑ i

iii
i

i

q

H
B

p

H
A λµ , 

0)()( =










∂

∂
+−−









∂
∂

− ∑∑ dtAdq
q

H
BdtBdp

p

H
A

ii

iiii
i

i
, 



 17 

0)( =+










∂

∂
+−









∂
∂

− ∑∑ dtdq
q

H
Bdp

p

H
A

i

iii
i

i
L . 

We conclude that 











=
∂

∂
+

=
∂
∂

−

0

0

ii

i

i

q

H
B

p

H
A

 

as asserted. 

 

10.4. Brackets 

In the transformation theory of classical mechanics one uses the 

bracket expressions of Poisson and Lagrange. In this section we shall 

show how these expressions relate to differential forms. 

Before doing this, it is a good idea to digress on the subject of Lie 

brackets. We take any differentiate manifold N and recall the 

definition in Section 5.3 of tangent vector and the definition of 

vector field at the end of that section. We may consider a vector field 

v on N as an operator which takes each function on N to another 

function on N: 

)()(: 00 NFNF →v . 

If 
n

xx ,,
1
K  x" is a local coordinate system in which v has the 

representation 

∑ ∂

∂
=

i

i

x
a )(xv , 

then 

∑ ∂

∂
=

i

i

x

f
af )()( xv  

shows, locally, what v does to a function f. One sees from this formula, 

or from the very definition of v as the assignment of a tangent vector 

(directional differentiation) at P to each point P of N, that 

)()()( gfgfgf vvv ⋅+⋅=⋅  

for any two functions f and g on N. If v  and w are two vector fields 

on N, we define the Lie bracket of v and w by 

vwwvwv oo −=],[ . 

This is another vector field on N. If in local coordinates 

∑ ∂

∂
=

i

i

x
av , ∑ ∂

∂
=

j

j

x
bw , 

then a computation shows that 
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∑ ∑∑ ∂

∂











∂

∂
−

∂

∂
=

ji

j
i

i

j
i

xx

a
b

x

b
a][ wv, . 

(The main point to notice is that the second partials cancel each other.) 

The following algebraic identities are easily established: 

(i) 0][ =vv, . 

(ii) 0][][ =+ wv,vw, . 

(iii) 0][][],[ 2 =+=+ w,vw,vwvv 121 . 

(iv) [ ] [ ] [ ] 0],[],,[],[ =++ vuw,uwvwvu,  (Jacobi identity). 

Now we return to mechanical systems. As before, let P be the 

phase space associated to a position space M. We denote by α  the 

differential form 

∑= i
idqpα  

on P so that 

∑= i
idqdpdα  

as in Section 10.1. 

 

POISSON BRACKETS. To each pair f , g of real functions on phase 

space P we associate a new function (f, g) defined by 

nn dgfddfdgn ))(,()()( 1 αα =∧ − . 

In local coordinates 

∑−=−
)()()(])!1[()(

1
1

1 n
n

i
i

n
dqdpdqdpdqdpnd LLα  

and 

n
n

n dqdpdqdpnd L
1

1)!()( =α , 

from which we deduce the local expression for (f, g) 

∑ ∂

∂
=

),(

),(
),(

i
i qp

gf
gf . 

From the definition one derives these relations 

(i) (f, f)=0. 

(ii) (f, g)+(g, f)=0. 

(iii) ),(),(),( 2121 gfgfggf +=+ . 

Using )()()()( 122121 dfdggdfdggggddf += , one has 

(iv) ).,(),(),( 122121 gfggfgggf ⋅+⋅=  

The identities (iii) and (iv) taken together may be expressed by saying 

that for fixed f, 

),( gfg →  
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is a vector field fv  on P: 

),()( gfgf =v . 

The basic connection between the Lie and Poisson brackets is given 

by 

(v) ],[),( gfgf vvv = . 

One has 

( )hgfhgf ),,()(),( =v  

and 

( ) ( )
( ) ( )
( ) ( )gfhfhg

hfghgf

hfhg

hhh

gf

fggfgf

),,(),,(

),(,),(,

),(),(

)]([)]([)(),(

−−=

−=

−=

−=

vv

vvvvv

 

so that (v) is equivalent to Jacobi's relation 

(vi) ( ) ( ) ( ) 0),,(),,(),,( =++ gfhfhghgf . 

One proves this relation [(v) or (vi)] either by a lengthy direct 

calculation, or by the following more sophisticated argument based on 

the fact that a vector field is completely determined locally by its 

effect on each member of a local coordinate system. 

First of all, 

ii
j

j
j

j
j

i
i

p

f
q

f

p

f

qp

qf
qf

∂
∂

=∂

∂
∂
∂

=
∂

∂
= ∑∑

δ0
),(

),(
),( , 

which may be interpreted as 

iq
p

i

∂

∂
−=v . 

Similarly 

ii
q

f
pf

∂

∂
−=),(  and 

ip
q

i ∂

∂
=v . 

Because of these relations (vi) easily follows when both g and h are 

taken from the set of coordinate functions { npq ,,1
K }. This means 

that 

],[),( xfxf vvv =  

when x is one of these coordinate functions since the vector fields on 

both sides agree when applied to any coordinate function jq  or jp . 

Hence for any h, 

( ) ( ) ( ) 0),,(),,(),,( =++ xfhfhxhxf . 

This is now established for any functions f and h and any coordinate 



 20 

function x. But this may be interpreted as saying 

xx fhfh ],[),( vvv =  

so that the vector field 

),( fhv  and ],[ fh vv  

must agree since they agree on all of the coordinate functions. Hence 

gg fhfh ],[)(),( vvv =  

for all f,g,h. This completes the proof of (v) and (vi). 

One applies brackets to a pair of functions on the state space S by 

simply treating t as a parameter. 

A function f on S is called a first integral of the equations of 

motion if it is constant on each trajectory. If this is the case, then 

t

f
fH

t

f

q

H

p

f

p

H

q

f

t

f
p

p

f
q

q

f

dt

df

i
ii

i

i
i

i

i

∂
∂

+=

∂
∂

+
∂

∂
∂
∂

−
∂
∂

∂

∂
=

∂
∂

+
∂
∂

+
∂

∂
==

∑∑

∑∑

),(

0 &&

, 

partial differential equation for first integral is 

),( Hf
t

f
=

∂
∂

. 

 

LAGRANGE BRACKETS. Let 

PE →2:φ , 

where 2E  is the Euclidean plane with rectangular coordinates u, v. 

Then )( αφ d∗  is a 2-form on 2E  (where as before 

∑= i
idqdpdα  ) and we write 

dudvvud ],[)( =∗ αφ  

defining the Lagrange brackets which have the local expression 

∑ ∂
∂

=
),(

),(
],[

vu

qp
vu

i
i . 

 

10.5. Contact Transformations 

Here we can but touch briefly on an extensive topic. For simplicity 

we shall only treat the local problem and shall look on contact 

transformations as coordinate changes. 

First we take the case of a time independent change. As usual, let 

iq , ip  denote local coordinates in phase space P. We consider new 

coordinates i
i pq , , 
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





=

=

),,,,,(

),,,,,(

1
1

1
1

n
n

ii

nn
ii

ppqqpp

ppqqqq

KK

KK
 

which are unrelated to the old except for one requirement. We set 

∑= i
idqpα , ∑= i

i qdpα  

and require 

αα dd = . 

This defines what we shall call a homogeneous contact 

transformation. 

Since 0)( =−ααd  and we are only working locally, the 

condition may be expressed as 

φαα d+= , 

where φ  is a real function on P. In the relation αα dd = , 

∑∑ = i
i

i
i dqpqdp , 

one replaces ipd  and iqd  by their expressions in terms of idp  

and idq  to obtain 
















=
∂

∂

=
∂
∂

=
∂

∂

∑

∑

∑

j
kk

j

i
i

kj

i
i

kj

i
i

qp

qp

pp

qp

qq

qp

δ
),(

),(

0
),(

),(

0
),(

),(

. 

(These relations may be expressed in terms of Lagrange brackets.) 

Similarly, 













∂
∂

=
∂
∂

∂

∂
+=

∂

∂

∑

∑

jj

i

i

jjj

i

i

pp

q
p

q
p

q

q
p

φ

φ

. 

If we have equations of motion 










∂

∂
−=

∂
∂

=

ii

i

i

q

H
p

p

H
q

&

&

, 

we shall show that they transform into equations of the same type. For 

suppose after changing the coordinates according to our contact 

transformation we arrive at 
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





−=

=

ii

ii

Bp

Aq

&

&
, 

so that 











∂

∂
∂
∂

+
∂
∂

∂

∂
−=

∂

∂
∂
∂

−
∂
∂

∂

∂
=

∑∑

∑∑

j
j

i

j
j

i
i

j
j

i

j
j

i
i

q

H

p

p

p

H

q

p
B

q

H

p

q

p

H

q

q
A

. 

If we multiply the first by 

∑∑ ∂
∂

+
∂

∂
= k

k

ik

k

i
i dp

p

p
dq

q

p
pd  

and the second by iqd  similarly and sum, we find after some 

simplification 

dt
t

H
dHdp

p

H
dq

q

H
qdBpdA k

k

j

j

i
ii

i

∂
∂

−=
∂
∂

+
∂

∂
=+ ∑∑∑∑ . 

Hence 










∂

∂
=

∂
∂

=

ii

i

i

q

H
B

p

H
A

, 

so that the equations of motion in the new coordinates are precisely 










∂

∂
−=

∂
∂

=

ii

i

i

q

H
p

p

H
q

&

&

. 

Now we pass to the general situation. We begin with a mechanical 

system 










∂

∂
−=

∂
∂

=

ii

i

i

q

H
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on the state space S and consider a coordinate change on S: 









=

=
=

tt

ppqqtpp

ppqqtqq

n
n

ii

nn
ii

),,,,,,(

),,,,,,(

1
1

1
1

KK
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. 

We set 

Hdtdqp
i

i −=∑ω  

as usual. The coordinate change is called a contact transformation if 
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there is a 

function H  and a function φ  so that if 

dtHqdp
i

i −=∑ω , 

then 

φωω d+= , 

or what is the same thing, 

ωω dd = . 

The first basic result is that the equations of motion in the new 

coordinates are precisely 










∂

∂
−=

∂
∂

=

ii

i

i

q

H
p

p

H
q

&

&

. 

For whatever the new equations of motion are, they admit 

dtHdqdpdd
i

i −=∑ω  

as an integral-invariant. But the final result in Section 10.3 tells us 

that the only equations with this integral-invariant are the stated ones. 

(Compare this slick proof with a direct computation!) 

A particular type of contact transformation is obtained as follows. 

Let 

),,,,,,( 11 nn yyxxt KKφ  

be a function of 2n+1 variables satisfying the independence condition 

0
2

≠
∂∂

∂
ji

yx

φ
. 

Set ),,,,,,( 11 nn qqqqt KKφφ = , 

ii
q

p
∂

∂
=

φ
, 

ii
q

p
∂

∂
−=

φ
. 

For fixed q and p, the q  are determined by the first set of equations 

(since the determinant above does not vanish) and then the p  are 

determined by the second set of equations. 

We have 

∑∑

∑∑

−+
∂
∂

=

∂

∂
+

∂

∂
+

∂
∂

=

i
i

i
i

i

i

i

i

qdpdqpdt
t

qd
q

dq
q

dt
t

d

φ

φφφ
φ

, 
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( ) ( )
HdtdtHdt

t
d

HdtdqpdtHqdp i
i

i
i
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∂
∂

−=

−+−−=− ∑∑
φ

φ

ωω
 

and so 

φωω d−=  

provided we set 

t
HH

∂
∂

+=
φ

. 

The most important case is that in which φ  is a solution of the 

Hamilton-Jacobi equation 

0,,,,),,( =










∂

∂
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In this situation 0=H  and the new equations of motion are simply 




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, 

with solutions 







=

=

constant

constant

i

i

p

q
. 

The original system is said to be transformed to equilibrium. 

One other point we shall notice is this. If a contact transformation 

is stationary, i.e., independent of time, then it is equivalent to a 

homogeneous contact transformation. For suppose 





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=

=

p)(q,

p)(q,
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and 

( ) ( ) φdHdtdqpdtHqdp
i

i
i

i +−=− ∑∑ . 

Equating coefficients: 
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∂

∂

∂
+=

∂

∂

∑

∑

t
HH

pp

q
p

q
p

q

q
p

kk

i

i

jjj

i

i

φ

φ

φ

. 

Since q, p, q , p  are independent of t, we deduce from the first two 

equations that 
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











=
∂∂
∂

=
∂∂

∂

0

0

2

2

k

j

pt

qt

φ

φ

. 

Hence t∂∂ /φ  is a function of t alone. This evidently implies 

),()(),,( pqtfpqt ψφ += , 

and so 

ψddqpqdp
i

i
i

i +=∑∑ , 

which means we have a homogeneous contact transformation as 

asserted. 

 

Let us briefly examine what are called infinitesimal contact 

transformations. 

We ask when 







+=

+=

iii

iii

gpp

fqq

ε
ε

 

is a contact transformation up to first order terms in ε . We restrict 

attention to the homogeneous (stationary) case. We have 

φεddqpqdp
i

i
i

i =−∑∑ , 

φεεε ddqpdfdqgp
i

i
ii

ii =−++ ∑∑ ))(( , 

( ) φεε ddqpdqg
i

i
i

i =+∑∑ , 

so the condition is 

φddfpdqg
i

i
i

i =+∑∑ . 

If we set 

∑−= i
i fpφψ , 

this becomes 

ψddpfdqg i
ii

i =−∑∑ , 

or 










∂
∂

−=

∂

∂
=

i

i

ii

p
f

q
g

ψ

ψ

. 
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We finally have 










∂

∂
+=

∂
∂

−=

iii

i

ii

q
pp

p
qq

ψ
ε

ψε
. 

Here ψ  is called a generating function for the infinitesimal contact 

transformation. 

 

10.6. Fluid Mechanics 

We consider a fluid moving in a region of 3E . The position 

vector as usual is 

),,(),,( 321 xxxzyx ==x . 

At each time t, the velocity at x is v, 

),,(),,(),( 321 vvvwvut === xvv . 

The density of the fluid is a scalar 

),( xtρρ = . 

In this section we shall denote the vectorial area element of a surface 

by σ , 

),,( dxdydzdxdtdz=σ . 

(See Section 4.5, p. 43.) 

If 3c  is a three-dimensional region which is fixed in space, the 

change in mass at each point x of 3c  per unit time is 

dxdydz
t∂
∂ρ

 

and so the total time derivative of mass in 3c  is 

∫ ∂
∂

3c
dxdydz

t

ρ
. 

We assume conservation of matter, so this must result from flux of 

fluid over the boundary, hence 

∫∫ ∂
⋅−=

∂
∂

3cc
σv

3

ρρ
dxdydz

t
. 

By Gauss' theorem, 

∫∫ =⋅
∂ 33

)(
cc

vσv dxdydzdiv ρρ . 

By taking 3c  arbitrary we deduce from the equality of these 

integrals the continuity equation 

0)( =+
∂
∂

vρ
ρ

div
t

, 
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a necessary condition the flow must satisfy. We shall deduce some 

con sequences of this. We set 

))()(( 332211 dtvdxdtvdxdtvdx −−−= ρΩ . 

To compute Ωd , we set 

))()(( 332211 dtvdxdtvdxdtvdx −−−=β , 

so that 

321

3

3

3
2132

2

2
1321

1

1

)(div dxdxdtdx

dtdx
x

v
dxdxdxdtdx

x

v
dxdxdtdxdx

x

v
d

v=












∂

∂
−











∂

∂
+

∂

∂
−=β

, 

)()(div

))((div

)(

321

321

dxdxdtdx
x

v
t

dxdxdtdxdx
x

dt
t

dddd

i

i

i

i






 +
∂

∂
+

∂
∂

=

+∧








∂

∂
+

∂
∂

=

+∧==

∑

∑

v

v

ρρρ

ρβ
ρρ

βρβρρβΩ

. 

Thus the continuity equation is equivalent to the relation 

0=Ωd . 

Suppose we express the flow in terms of initial conditions (or other 

parameters) by 

),,,( 321 αααtxx = , 

so that the iα  are the parameters and 

v
x
=

∂
∂
t

. 

Thus 

∑∑ ∂

∂
=−











∂

∂
+

∂
∂

=− j

j

i
ij

j

ii
ii

d
x

dtvd
x

dt
t

x
dtvdx α

α
α

α
)( , 

so that 

321321

321

)321

),(
),,(

,,( αααααα
ααα

ρΩ dddtAddd
xxx

α=
∂

∂
= . 

Since 0=Ωd , we deduce that 0/ =∂∂ tA , 

321)( αααΩ dddA α= . 

This means that Ω  is an integral-invariant for the flow as explained 

in Section 10.3. We consequently have the following result. 

Let 33 c',c  be three-chains in the four-dimensional (t, x) space 

which are in one-one correspondence in such a way that 

corresponding points lie on the same trajectory of the flow. Then 

∫∫ =
33 cc '
ΩΩ . 

In particular, if all the points of 3c  exist simultaneously, i.e., at a 
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fixed time 0t , then 

∫∫∫ ==
=

333 ccc
dxdydz

tt
ρΩΩ

0

. 

Thus if we take a region 
)0(

3c  at time 0t  and follow it to 
)1(

3c  at 

time 1t , we have 

∫∫ =
)0()0(

33 cc
dxdydzdxdydz ρρ , 

which says that mass is preserved in the flow, another form of the 

conservation of mass. 

 

We now proceed to the dynamic situation. We suppose our fluid 

is nonviscous so that the pressure is a force per unit area at each point 

acting normal to any surface element through the point, always with 

the same magnitude. Let 

 p = p(t,x) = pressure, 

 F = F(t,x) = body force per unit mass. 

Let 3c  be a fixed region in space. The total acceleration of all 

matter in 3c  is 

∫
3c

v
dxdydz

dt

dρ . 

At the instant of time in question, this must equal the total force on the 

matter in 3c  which is 

∫∫ ∂
−

33 cc
σF pdxdydzρ . 

By a variant of Gauss' theorem, 

∫∫ =
∂ 33 cc

σ dxdydzpp )(grad , 

hence 

0grad

3

=
⌡

⌠







 +−
c

v
dxdydzpF

dt

d ρρ . 

We conclude that 

pF
dt

d
grad

1

ρ
−=

v
, 

the Euler equation of motion. 

Here the interpretation is 

∑ ∂

∂
+

∂
∂

= i

i
v

xtdt

d vvv
. 

Let us suppose that the body force F is conservative, 
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Vgrad−=F , 

where 

V = V(t, x) 

is the force potential. 

We shall add the hypothesis that p and ρ  are functionally related, 

i.e., 

0=∧ dpdρ , 

as is the case, for example, with an isothermal motion. In this case we 

can define a function q = q(t, x) by 


⌡
⌠=

),(

0

xt
dp

q
ρ

, 

so that 

ρ
dp

dq = . 

The equations of motion may be written 

)grad( qV
dt

d
+−=

v
 

or 

)( qV
xdt

du
+

∂
∂

−= , etc., 

i.e., 

)( qV
xz

u
w

y

u
v

x

u
u

t

u
+

∂
∂

−=
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

, etc. 

We set 

qVwvu

qVE

++++=

++⋅=

)(
2

1

)(
2

1

222

vv

, 

the energy per unit mass.  

Finally we define the vorticity 









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−
∂
∂

∂
∂

−
∂
∂

∂
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−
∂
∂
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y

u

x

v
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z
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y

w
,,),,( ζηξξ . 

We compute 

ηζ wv

z
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y

u
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x

w
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x
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w
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x
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x
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
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


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∂
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



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+
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+
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∂
∂

+
∂
∂
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, 

and similarly 
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




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




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∂
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∂
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x

E

. 

(These are equivalent to the vector formula 

ξv
v

×=
∂
∂

+
t

Egrad .) 

Now we consider the differential form 

Edtwdzvdyudx −++=ω . 

We have 

dtdzEdyEdxE

dzwdyvdxudt

dxdydzdxdydzd

zyx

ttt

)(

)(

)(

++−

+++

++= ζηξω
, 

])()()[(

)(

dzvudyuwdxwvdt

dxdydzdxdydzd

ξηζξηζ
ζηξω

−+−+−+

++=
. 

Actually, ωd  is an integral-invariant so that ω  is a relative 

integral-invariant One sees this indirectly by making a comparison to 

Hamiltonian systems. For if one thinks for the moment of x, y, z, u, v, 

w, t as independent variables, the equations of motion are 


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




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, 

or 
















∂−∂=

∂−∂=
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∂∂=

∂∂=

∂∂=

zEw

yEv

xEu

wEz
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uEx
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&
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&
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&

, 

which makes our assertion clear. It follows that if 22 c',c  are 

two-chains in (t, x) space which are in one-one correspondence so that 

corresponding points are on the same trajectory, then 
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∫∫ =
2c'c2

ωω dd . 

In particular if 
)0(

2c  is a 2-chain in 3E  at time 0t  and it moves to 

)1(
2c  at time 1t  according to the motion, then 

∫∫ ++=++
)1()0(

)()(
22 cc

dxdydzdxdydzdxdydzdxdydz ζηξζηξ . 

This is the Helmholtz theorem on conservation of vorticity. In the first 

integral we must understand ),( 0 xtξξ = , etc., and in the second, 

),( 1 xtξξ = , etc. An important consequence is this further result of 

Helmholtz.  

Suppose at a fixed time 0t , the vorticity vanishes identically. Then 

it always vanishes. 

For by the formula above, 

0)(
)1(

=+∫
2c

Ldydzξ  

for each 2-chain 
)1(

2c  at each time 1t , which evidently means that 

the integrand must vanish. 

 

10.7. Problems 


