X. Applications to Physics
10.1. Phase and State Space

We propose to study a holonomic mechanical system with a finite
number of degrees of freedom, avoiding collision phenomena. In this
section we formulate the geometry of such a system.

The position space is simply an n- dimensional manifold M.

We next define the phase space attached to M. This is the space of
all covariant vectors at all points of M. To make this precise, we
consider a coordinate patch U on M with local coordinates

q'.....q".
At a point P of U, a covariant vector is simply a one-form at P,
hence is given by its components

pl""’pn’(pi :real)’

(where the one-form itself is Z pidqi ).

If
q'....q"
is another local coordinate system valid at P, then the components of
the same covariant vector with respect to the g’ are
J

D = ZP j 2?7 .
The totality of all such covariant vectors at all points of M constitutes
the (2nm)-dimensional phase space P. To each coordinate
neighborhood U on M with local coordinates ¢',...,q" corresponds
the coordinate neighborhood U x E” with local coordinates

ql,...,q",pl,...,pn.

It follows that the one-form

a= Zpidqi

is a one-form on P, entirely independent of local coordinates. We have
do = dp,dq’

so that the phase density (see Section 2.3)
dp,---dp,dq"...dq"
is a 2n-form on P, never zero, defined by
+(da)" = (n\)(dp, ---dp,dq'---dq"),
and serves us as a volume element on P.

We shall derive some useful relations from the transformation of



coordinates

ql’ — qi(ql’...’qll)
_ oq’ (=1,...,n)
t Z J 651
valid on the overlap of local coordinate neighborhoods U and U .
We set
Pi
q=(q",....¢q") and p=| :
Py
and define ¢ and p similarly. Then ¢ =¢(q) implies

dq =dqA, A:(aq—.J:A(q).
oq'
Since a=dq-p=dq-p,wehave
p=Ap,thatis, p= Zp,
where 4 = A7' is also a Jacobean matrix. From

dp=dAp+ Adp and dq=dqA

op. _ J
@) 5. (o)
P; q'
To continue, we note two relations. From A4 = A~ we have

dA =-A"'"dAA™" =-AdAA .
From dq =dgqA we have 0= dqdA , which easily implies

we deduce first that

oa' 6alj
6qj - qu .
Now
dp =dAp+ Adp = —AdAAp + Adp = —AdAp + Adp .
Also

dp = d(Ap) = dAp + Adp .
Thus Gﬁi/aqk is the coefficient of qu in the i-th row of —ZdApT
and dp, /0g" is the coefficient of dg' in the k-th row of dAp.

Now

I
Ada=Ya’; a“kf dq"
oq

and

_ aalk il —j aalk il _lﬁal] i
dA-(Z o dJJ—(Za i o0 dqg' |= Za i 6qk dq' |.

Therefore the coefficient of qu in the i-th row of — 4 deT and the

! The proof of this Dover Edition is different from the original edition.



coefficient of dg’ in the k-th row of dAp are, respectively

op; - oal; _ op _.aa'; _
DS Ly e L S
oq oq oq oq

We conclude that Jp;

1

/6qk =—0py /6g", so we have proved

Pi __ %Pk
aq* oq'
P _oq’
op; g’

Finally, the state space is the product
S=PxE",
a (2n + 1) dimensional space. We think of E' as the time axis. Local

coordinates for S are

1
G sees Q" Dlseees Dyt

sheskskosk

The original edition

We differentiate the relation
oq' oq’
ZL% =5,
oq’ 0q
with respect to ql to get

zﬂ%ﬂziiﬂaﬂ:o.
oq’0q" og* oq’ oq*oq" oq'

Multiplying 8¢*/dg' and summing, we have

oq' oqg’oq' og*  ogteg oq'

Then we change of indeces by

s r kI i j
jor i kI s

z a2qj air__zaij 8261 aiv

8q'0g" og*  “og' oq*eq* o'

and get

Next differentiate equation of p; with respect to qk and

substituting we get

p; o’q’ g’
k :ij —iq—r qk
oq 0q'dq" oq
B i T

J aal aqsaqk aql :

:_zﬁ 6251 aqv
J aqsaqk 6&1




But

then

7N

So we have an important symmetric relation:
Pp; + Py

oq"  aq’

Also from
_ dq’
pi= Pj—
Z J aqt
it is obvious that
P _0q’
op; oq'

10.2. Hamiltonian Systems

We wish to consider a dynamical system in Hamiltonian form. We
begin by tracing the evolution of this from Lagrange's equations of
motion, which in Euclidean coordinates reduce to Newton's law of
motion. We deal only with conservative holonomic systems.

The treatment first of all is local. We deal with a coordinate patch
in ¢',...,q" space. For each instant of time, there is a point
(position)

(@' (0, q" (),
which represents the trajectory of the system. As is customary, we set
u=duldt.

The kinetic energy is a function

7(q',..nq",q" 0 d"),

which is supposed to be a positive definite quadratic form in the
variables ¢’ .

The potential energy is a function

V=V, ..q" 1),
and the Lagrangian function, or kinetic potential, is
L=T-V.
The differential equations of motion are then

N )
dt 65}' aq'



For the first term we have
d( oL ’L 9L .; O’ .4
. =, i + i -q° + cimck q
0q'or  0q'oq’ 0q'0q

oq'

dt

so that the Lagrange equations are a system of n second order ordinary
equations for the unknowns ¢',...,¢". We now convert these to a
system of 2 first order equations in 2n unknowns.

We introduce the generalized momentum components

P1s>--5 Py
by
oL _oT

Because the quadratic form 7 is definite, the transformation of
variables

(@'nq"d ") > (@ q" 1o py)
is a smooth one both ways.

To reach the Hamilton form, we shall follow tradition and use a
rather confusing notation. The matter was better expressed in Section
3.5.

The function T is always considered as a function of the 2n
variables

g'...q"dt "
The function ¥ which involves the ¢’ (and 7) alone may be
considered as a function on the space of variables ¢',....q",

g',...,¢" , t or on the space of variables ¢',....q", DiseeosDyst

We introduce the Hamiltonian
H= H(ql,...,q",pl,...,pn,t) = Zpi(f -L,

always considered as a function on the space of variables

1
G seesq" Dlsees Pyt

Since T is homogeneous quadratic in the ¢’ we have

N 0T
2= 4 o D pid

hence H=2T-L =2T—T-V),
H=T+V,
and so H represents total energy.

From

2T = Zpiqi



we have

2dT =) pdi' + g'dp; .
But

or ., oT ,.; or . ; i
dTl = —dql +—Adq'l = —dql + pidql .
Subtracting,
or |, ; y

dT = —z?qul +Zq’dpi .

From this,
or ov i i oL | ; ;

dH =dT +dV = ——+—1dq' + ) ¢'dp,=-) —dq' + ) q¢'dp;

Thus

aq'

A A
oq' aq' dt '

This gives us the equations of motion in Hamilton, or canonical,

form
g = o
op.
T G )

We next check what functions H qualify as Hamiltonians. We

write
1 Qe
T=22 4 @i,
where "aij (q)” is a symmetric positive definite matrix function of the

position variables ¢. It is convenient to set

I’ @l =l

also symmetric, positive definite. Then
oT L
Pi :a = Zaijq«/ s

which we invert to

‘?i = Zbikpk .



This gives us
1 ik jI 1 jl
T—Ezaljb b pkpl_Ezb pipi-
From this,
1 y
2 ij
Hg,p0) =22 0" @pip; +V (@)

This shows us the form of any Hamiltonian function.

We now wish to formulate Hamiltonian mechanics globally. To

discover the correct approach, we compare two Hamiltonian systems

[H=T-V 1 77:?—_ ]
1 i —__ i == =
T:EZb’(q)pipj i—gzb (@)pip;
V =V(q,t) :Vg,t)
q-i _a_H ’ =i _ OH
p; 1 p;
. OH . oH
| 1 aql ] pl aql |

which are supposed to be defined on intersecting regions U, U and
be equivalent on the common part UuU of U and U . The
coordinate transformation

(q,p:0) <> (q,P:1)

is given as in Section 10.1:

qi :qi(ql’...’qil)

pi = ZP‘/GLJ-

aq'
We have
—_  OH aq' oq' oH oq
Zb’Pj:—=‘1 =Z k k_z k _Z s
p Oq oq" Opy, oq
Hence
7 I -mi= _IN=- 9 u 1 e
- 5 -2 - =
T_2 lb J Zzlakbpl 2Zpkb P T,
and so
T=T
on the common part of U and U , hence also
H-H=V-V.
Using the symmetry relation,
dp; O
B, ey
oq" oq'

derived in the last section, and remaining equations of motion:



oH - ;i . 6p, aH o¢* 0H  ©oH
o EPiE o9t ——p = T
Z k Z Z@ql aqk aql

From this,

9 7-ry=0 (L.
po V' =V)=0 @=L,....n).

It follows that ¥ —V is a function of ¢ alone,
V=V [,
H=H+f(),

this taking place on the intersection of Uand U .

Having this, we can formulate what we mean by a global
Hamiltonian system.

We begin with a position space M and form its derived spaces,
phase space P, and state space S. We are give a function 7 on P such
that over any local coordinate neighborhood U on M with coordinates

q',....q" wehave
T—l bY
=3 E (@pip;,

a positive definite quadratic form. Here (ql,...,q”,pl,...,pn) are

the derived coordinates on the neighborhood U x E" of P lying over
U.

Now let U,,U B denote the wvarious local coordinate

neighborhoods on M. For each one of these U, we have a function
Vo =V(g:0)
defined on
U, xE".
Whenever U, overlaps Uy, then on the common part U, NUy
we have
Vo =V =Jap®),
a function of 7 alone. (Clearly f,3 + f4, =0, and
faﬂ +fﬁ7 +f7a =0 on U, mUﬁ mUy )

On the part of state space S lying over U, ie.,on U, xE" x E',

set

H, =T +V, .The equations of motion are given by



i _OH

- p;

pi = oq
on U, xE"xE', where (q') are local coordinates on U, . These
are independent of the local coordinate systems (consistent) and
define a motion (or flow) on all of S, always moving forward in the ¢,
or time, direction.
Remark. 1t is customary in mechanics to exhibit the potential function
so we have set down the functions V, in our formulation. Actually
the equations of motion merely require the gradient of the potential
which is an intrinsic quantity on S. Precisely, there is a differential

form @ on S so that locally

d i aVa
@ = Z —dq Zap,. p;

We can free ourselves altogether of reference to the functions ¥V, by

requiring that there be given a one-form @ on S satisfying

(1) @ isfree of dt,

@) do|, =0
By the converse of the Poincaré Lemma (Sections 3.6 and 3.7,
especially the last remark on p. 31) this implies the existence of the

functions V.

A trajectory of the motion is any particular solution of this system

of differential equations. From the theory of ordinary differential

equations we know that there is a unique trajectory through each point,

so that state space S is smoothly filled with these curves. Along each
one, ¢ steadily increases, but not necessarily to arbitrarily large values.
(For example, a particle may run off to infinity in finite time.)

Finally we note the energy law:

Along any trajectory,
an_ai
a ot
For

=Y T b = Db Db+ G

Remark. Whether or not the functions f,;(f) can be removed

altogether by redefining each V, so that there will be a single

OH
o



potential function ¥ on all of M x E' depends on two things; the
manner in which the applied forces vary with time, and the topology
of M.

The topological difficulties are easily seen from the standard
example of the steady magnetic field in the manifold M, which
consists of E°® minus the z-axis, due to a steady electric current in
the z-axis. The trouble is that there are closed loops in M which are
not boundaries of surfaces. (Cf. the situation in De Rham's theorems,

Section 5.9.)

10.3. Integral-invariants

Over a local coordinate neighborhood U =U, in position space

M we consider the one-form
w=w, = Zpidqi — Hdt .

This is defined on the portion U x E" x E' of state space which lies
over U. These forms @, do not necessarily fit together to make a
one-form on § because on an intersection U, NU, we have
Hy,-Hpg=V,-Vg=/[op@).

If the V, can be chosen so that all f,;(#)=0, then we do have
such a one-form on all of S. This is exactly the case for a globally
conservative system, the case in which the external forces are derived
from a single potential function V. While this cannot be expected in

general, we do see that
do =do, = dp,dq’ - dHdt

is a 2-form on all of S, independent of local coordinates. This simply
means that
do, =dog
on U, NUy, which is true because
dH gdt =d(H , - f,z)dt = (dH , —faﬁdt)dt =dH ,dt.

We shall call this 2-form dw even though there is no one-form w
on all of S which it is the “d” of.

Suppose we have on some portion of S an r-parameter family of

solutions of the equations of motion. Let us denote by x,,...,x, the

”

parameters. What this means is that we have a mapping ¢ on a

region W of (¢, x) space of the sort indicated, a cylinder in the ¢

direction with top and bottom curved r-chains,

10



oW -8

z,

where in local coordinates

q =f'(tx,....x,)
$:ap;=gi(t,x,....,x,) .
t=t

For each (x;), this represents a trajectory, hence

oft oH

- = ) ’t

o o, (f.81)
Jg;,  OH '
=T ) st
o o (f.80

The mapping ¢ is supposed smooth and one-to-one, so that an (r
+1 )-dimensional region in S is evenly filled up by these trajectories.

Now we compute ¢” (dw) . We have

do= dpdg’ —Z%dqidt—z(%{dpidt
q i

=> dp,.+a—Hdt dq"+a—Hdt

oq' p;

Now

., OH of' o' of' of’
dg' ———dt |=|Z—dt+ Y Z—dx, |[-Z—dt=Y ~—dx,
¢(q op ] (at Zaxj XJJ o Zaxj g

and similarly

gf{dpi +(%{dtj = Zaidxk ,

X

so that

* _1 (g, S _ Jk '
¢ (dm)—ZZ—a(xj’Xk)dxjdxk ZA (x,)dx dx,

which establishes our first point, ¢*(dw) is independent of dt.
Since d(dw)=0, we have d[¢"(dw)]=0.But

11



Jk

dig )= Y

; dtdx ;dx ) + (terms_in_dx;dx ;dx; ) =0.

We conclude that

047
ot

>

each A" = 4% (x) is independent of t, and we may write
¢ (dw) = A% (x)dx;dx, .

A differential form « of degree s on the state space S is called an

(absolute) integral-invariant (historical terminology) if for each

r-parameter family of trajectories given by such a mapping ¢,
¢"(a) 1is an s-form on the x-space alone (no ¢ nor dt terms) and if in
addition da =0.
Each of the forms
do,(dw)?,...,(do)"
is an integral-invariant. For
d(dw)’ =0

and
#'(dw)’ =[p" ([do)]' =[D_ 4™ (x)dxdx,]*

is independent of 7 and dt.

Consider in state space S a small piece ¢, of surface which is
filled by a one-parameter family of trajectories. We may describe c,

analytically by

—_d C
/ — t
q
i i
{q =q'(1,)
pi =pi(t,y)
{a(y,z)ﬁtﬁb(y,z)
yo<y<y

Our reasoning above shows that the two-form we get by substituting
12



these expressions for p and ¢ in dw is a two-form in y and dy only,

hence vanishes. This means in particular
J.da) =0.
5]

Next, suppose one has a piece of volume, or three-chain ¢; in §

which is the span of a two-parameter family of trajectories:

{qi =q'(t.y.2)
pz = pi(t,y,z)

a(y,z)<t<b(y,z)
(y,2)_in_a_domain D~

'_e
—— |
/ >y

Then

q

603:21_20"1‘('2,
where 2,2 are the terminal and initial surfaces, respectively and
where the lateral surface ¢, is spanned by a one-parameter family of

trajectories corresponding to the parameter point (y, z) on 0D . Now

J-da) d(d) =0,

and we showed above that

de:O,

hence

J.da) da)

We have established the very striking property of the form dw:
If 2y is any 2-chain in S transversal to the trajectories, and if
one displaces each point of X, any amount along its trajectory to

form a new surface X\, then

J.da) da)

It should be clear that we have not used any special properties of
do in proving this result so that any integral-invariant satisfies a

corresponding property.

13



Let a be an integral-invariant of degree r on S. Let ¢, be any
r-chain on S transversal to the trajectories. Let c¢', be a second such
r-chain so that the points of ¢, and c', may be put into one-one

correspondence with corresponding points on the same trajectory.

Then
[a=[a.
c, c’,

It is possible to reverse our steps to prove that the property
expressed in this result actually characterizes integral-invariants. This

is done in E. Cartan [8].

We pass on to relative integral-invariants.

An r-form « on S is a relative integral-invariant provided do
is an integral-invariant. The basic result about relative
integral-invariants is this.

P

Cret

~

q

r+1

Let o be a relative integral-invariant of degree r. Let b, and
b', be two r-dimensional boundaries which are in one-one
correspondence in such a way that corresponding points are on the

same trajectory. Then

Ia =|lx.
b, b’.

To prove this, we select (» + 1)-chains ¢ ¢',.; so that

r+l»
b, =0c,.;, b',.=0c,,,

and do this in such a way that ¢,.; and ¢',,; correspond one-one

with corresponding points on the same trajectory. Then

a=|a :jda:J.da:J.a :Ia.
b', oc'., g ! d oc, b,

Cr1 Cri1 r+1

The differential form
o= Zpl-dqi - Hdt,

which is defined locally, is a relative integral-invariant of degree one
14



where it is defined. Consequently so are the forms

wdo,o(dw)?,...,o(dw)",

since
dla(dw) ] = (dw)™ .
We shall specialize by considering chains which exist at a single
instance of time. Let « be any differential 7-form and ¢ an r-chain in

S lying in a hyperplane ¢ = constant. Then clearly

J;a = La|dt:0 :

Let us apply this to dw in particular. We have

dw|dt:0 = deidqi ’

which leads to this result:
Let X, be a 2-chain in S at t=t, and 2, the 2-chain
obtained by moving each point X, along its trajectory to time t =t,.

Then
LO > dp,dg’ = Ll > dp,dg" .

P

In this result we may think of 2, and 2, as 2-chains in phase
space.
If we apply the procedure to the (2rn)-form
(dw)" = +n\(dp, ---dp,dq" ---dg") + Adt
which gives us the phase density
p=dp,--dp,dq"---dq",
we have the
LIOUVILLE THEOREM. If a 2n-dimensional region D, in phase

space at time t, moves to a region D, attime t|, then

j p=\ u.
D, Dy

We shall close this section with a result which will be needed in

Section 10.5. It shows that the integral-invariant deo completely

15



determines the equations of motion, in itself an important mechanical
principle.
Let
{q" = 4'(t.4.p)
pi = Bi(taqﬂp)

be a system of equations on a region of state space S which has
do =) dp,dq' - dHdt

as an integral-invariant. Then

A = 8_H
op; /
B =- OH
Oqhi

For let

{ql = fl(t’x]""BXZn)
Pi = &i(t,xy,..x5,)
be a general solution, so that dw must be expressible in the terms of

dx; alone. From this, and the differential equations

aLi:Af
ot

we deduce

dg' = A'dt+ 2
dp; = B;dt + p; ’

where A, y; are one-forms in the dx; alone, and so

dow ="y dp,dq' —dHdt
- (ZAi,in —ZBi/li)dt+Zyi/1i —(Z%I +Za—?yi]dz'

Since dw is free of dt,
i i oH ; OH
ZAI/JZ-—ZBM,I—ZEI— =0,
Z(Ai—a—iji—Z PR
op; oq'

. OH oH ;o
A" —— |(dp; — B;dt) - B, +——|(dq'A'dt) =0,
Z[ . j( p ) Z[ aqu( q'A'dr)

16



Z(Ai —Z—depi —Z(B,. +%quf +(-)dt =0,

D
We conclude that

A=
op;

B; +a—H.—0
oq'

as asserted.

10.4. Brackets

In the transformation theory of classical mechanics one uses the
bracket expressions of Poisson and Lagrange. In this section we shall
show how these expressions relate to differential forms.

Before doing this, it is a good idea to digress on the subject of Lie
brackets. We take any differentiate manifold N and recall the
definition in Section 5.3 of tangent vector and the definition of
vector field at the end of that section. We may consider a vector field
v on N as an operator which takes each function on N to another
function on NV:

v:FO(N) > FO(N).

If x',...,x" x" is a local coordinate system in which v has the
representation
; 0
v=>Y a'(x)—,
Z axl
then

N i I
v(f) =) a'(x) =

shows, locally, what v does to a function f. One sees from this formula,
or from the very definition of v as the assignment of a tangent vector
(directional differentiation) at P to each point P of NV, that
v(f-g)=v(f)-g+ [ vgQ)
for any two functions fand g on N. If v and w are two vector fields
on N, we define the Lie bracket of v and w by
[v,w]l=vow—wov.

This is another vector field on . If in local coordinates

; 0 ;0
v=>Ya—, w=>» b/l —,
2 o W=
then a computation shows that

17



o] = z(zaz‘ L LJL |
Ox ox' ) ox’

(The main point to notice is that the second partials cancel each other.)

The following algebraic identities are easily established:
@ [»v]=0.
@ii) [w,v]+[v,w]=0.
(ii) [v; +v,,wl=[v;,w]+[v,,w]=0.
(iv) [[u,v],w]+ [[v, w],u]+ [[w, u],v] =0 (Jacobi identity).

Now we return to mechanical systems. As before, let P be the

phase space associated to a position space M. We denote by « the

differential form

a= Zpidqi

on P so that
do = dp,dq'

as in Section 10.1.

POISSON BRACKETS. To each pair f, g of real functions on phase
space P we associate a new function (f; g) defined by
n(dfdg) n (da)"™ = (f,g)da)".

In local coordinates

(de)"™" =[(n =1 (dpidg")---(dp,dq")--(dp,dq")

and
(de)" = (n)dp,dq" --dp,dq"

from which we deduce the local expression for (f, g)

of.8)
(f.8)= ZW .

From the definition one derives these relations
(@ (£, N)=0.
(i) (/, &)+(g,/)=0.
(i) (f.g1+8&2)=(f,8)+(/f.€2)-
Using (df)d(g,8,) = &(dfdg,) + g,(dfdg,) , one has
(iv) (f.282)=81(f.82)+& (/.8
The identities (iii) and (iv) taken together may be expressed by saying
that for fixed f,
g9

18



is a vector field v, on P:

v(g)=(/f.2).
The basic connection between the Lie and Poisson brackets is given
by
M) Vi =lvyv, ]
One has
Vo =((f,2).h)
and

Virg (D =v v, (W] =v,[v,(h)]
=v;((g.m)-v, (/)
= (/.. m)-(g.(f,1)
=((g.n.1)-((h.1).¢)
so that (v) is equivalent to Jacobi's relation
o) (/2 8)h)+((g.h). 1)+ (h.1).8)=0.
One proves this relation [(v) or (vi)] either by a lengthy direct
calculation, or by the following more sophisticated argument based on
the fact that a vector field is completely determined locally by its

effect on each member of a local coordinate system.

First of all,
, of of
i a(/.q") 1.9
(fsq): - = ap] aq/ == >
Za(pjaq]) Z 0 St p;
J
which may be interpreted as
0
Vi=—""
q apl
Similarly
of 0
(fip)=—-L and v, =,
6q’ Pi 6q’

Because of these relations (vi) easily follows when both g and % are
taken from the set of coordinate functions {q',..., P, }- This means
that

Vi =Vravyl

when x is one of these coordinate functions since the vector fields on

both sides agree when applied to any coordinate function ¢’ or p;-

Hence for any 4,
((F20.1)+ (. ). )+ (. f).x) = 0.

This is now established for any functions f and /# and any coordinate

19



function x. But this may be interpreted as saying
VX = [vy, vy 1x
so that the vector field
Vg and [vy,v,]
must agree since they agree on all of the coordinate functions. Hence
Vi (&) =[vy,vrlg
for all f,g,h. This completes the proof of (v) and (vi).
One applies brackets to a pair of functions on the state space S by
simply treating ¢ as a parameter.
A function f on S is called a first integral of the equations of

motion if it is constant on each trajectory. If this is the case, then

i ~of ..~ . o
0=L_NL i .y L
o Zaq,q zap,. P

ot
of OoH of 6H 0
_ 24_ _ Zl* T
dq" Op; op; oq' Ot
o
=(H,f)+—
(H,1) o
partial differential equation for first integral is
0
L.,
LAGRANGE BRACKETS. Let
¢:E> > P,

where E? is the Euclidean plane with rectangular coordinates u, v.

Then ¢"(da) is a 2-form on E* (where as before
da=2dpidqi ) and we write

¢* (do) = [u,v]dudv

defining the Lagrange brackets which have the local expression

10.5. Contact Transformations

Here we can but touch briefly on an extensive topic. For simplicity
we shall only treat the local problem and shall look on contact
transformations as coordinate changes.

First we take the case of a time independent change. As usual, let
q', p; denote local coordinates in phase space P. We consider new

coordinates g',p;,
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{qi :qi(ql9""qn’pl""’pn)
- - 1 n
Pi=Pi(q ssq” s Prsees Py)

which are unrelated to the old except for one requirement. We set

a= pdq', @=) pdq'

and require
da =da .
This defines what we shall call a homogeneous contact
transformation.
Since d(a—a)=0 and we are only working locally, the
condition may be expressed as
a=a+dg,

where ¢ is areal function on P. In the relation da =da,

Zﬁidai = Zpidqi >

one replaces dp, and dgq' by their expressions in terms of dp;

1

and dg' to obtain

3920
aq’.q")

3 2P0
a(pjspk)
ap:,q") j

i =5/

Za(p_,-,q"> *

(These relations may be expressed in terms of Lagrange brackets.)

Similarly,
_ 0q' 0
Zpi L} =P +_¢;
oq” g
_dq" 0
Sp A
odp; Op;

If we have equations of motion

1 op;
5 __OH
1 aql

we shall show that they transform into equations of the same type. For
suppose after changing the coordinates according to our contact

transformation we arrive at
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so that

- Zaia_H_zaia_H

oq” P;oq"
l dq’ p; op; oq’

If we multiply the first by
Pi . k P
dp; =) —dq" + ) ——dp
4 Z aqk Z apk k
and the second by dg’ similarly and sum, we find after some

simplification
; ; oH , ; OH OH
EA’J-+EB-J’:E+dJ+E—d =dH ——dt.
Di iaq 6qf q apk P ot

Hence

Al :a_H
p;
5
oq'

so that the equations of motion in the new coordinates are precisely

=i _ OH

T,

[
1 6671

Now we pass to the general situation. We begin with a mechanical

system
P
K p;
. OH

on the state space S and consider a coordinate change on S:

qi :qi(tsqla"-Bqn’pl""’pn)
]_7i :I_ji(tsqls'"7qn7p1""’pn).
t=t

We set
= Zpidqi — Hdt
as usual. The coordinate change is called a contact transformation if
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there is a

function H and a function ¢ so that if
@ =Y pdg' - Ht,

then
0=0+d¢,
or what is the same thing,
do =do.
The first basic result is that the equations of motion in the new

coordinates are precisely

= _OoH

T

5 OH
1 6671

For whatever the new equations of motion are, they admit
dw =) dp,dg’ - dHdt

as an integral-invariant. But the final result in Section 10.3 tells us
that the only equations with this integral-invariant are the stated ones.
(Compare this slick proof with a direct computation!)
A particular type of contact transformation is obtained as follows.
Let
pt,x' . x"y ™)

be a function of 2n+1 variables satisfying the independence condition

2
M #0.
ox' oy’
Set ¢:¢(t’ql""’qn’ql""’qn)’
_00 — __09
! aql ’ ! aal .

For fixed ¢ and p, the ¢ are determined by the first set of equations

(since the determinant above does not vanish) and then the p are

determined by the second set of equations.

We have

o¢ op , op _;
dp=—dt+ ) ——dq'+ ) ——dq

~L i+ pdy' -y pidq’
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o-o = pdg' - Hat)+ (3 p,dg’ - Har)

=d¢—%dt+17dt—Hdt

and so
0=0-d¢
provided we set
F-n+22.
ot

The most important case is that in which ¢ is a solution of the

Hamilton-Jacobi equation

o _ b
—(t,q9,9)+H| t,q,...,——,...|=0.
az( q.9) ( q S J

In this situation H =0 and the new equations of motion are simply
q'=0
p=0

{qi = constant

with solutions

p; = constant ‘
The original system is said to be transformed to equilibrium.
One other point we shall notice is this. If a contact transformation
is stationary, i.c., independent of time, then it is equivalent to a
homogeneous contact transformation. For suppose
{a" =3'@p)
p: = p;(a,p)

and
(> pdq’ - Har)= (> p,dg’ ~ Har)+ dg.

Equating coefficients:

_ a7 o¢
Zpia—p‘/ T

oq’
_ a3t o
SpA -
apk apk

F-u-22

ot

Since ¢, p, q, p are independent of 7, we deduce from the first two

equations that
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2
99 _
otog’

2
0°¢ _0
OtOp,,

Hence 0¢/0t is a function of # alone. This evidently implies

#(t.q.p) = (O +y(q,p),

and so
D pidg =) pidq' +dy,

which means we have a homogeneous contact transformation as

asserted.

Let us briefly examine what are called infinitesimal contact
transformations.
We ask when
{a" =q'+g’
Di =D; +&g;
is a contact transformation up to first order terms in &. We restrict

attention to the homogeneous (stationary) case. We have

D pidg' =Y pdq = edg,
D (pi+ag)dq' +edf') =) pdq' =zdg,

E(Zgidqi +Zp,-dq")= &g,
so the condition is
D gidq’ + ) pdf =dg.
If we set
v=¢-> pf,
this becomes

D gdq' =Y fldp, =dy,

or
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We finally have

—i i al//

= —&—

1 1 op;
0

pz = pi +g_¥;
27}

Here y is called a generating function for the infinitesimal contact
transformation.

10.6. Fluid Mechanics

We consider a fluid moving in a region of E®. The position
vector as usual is

x=(x,y,2)= (xl,xz,x3) .
At each time ¢, the velocity at x is v,

v=v(t,x) = u,v,w) = (V' v 07).
The density of the fluid is a scalar

p=ptx).
In this section we shall denote the vectorial area element of a surface

by o,

o = (dtdz,dzdx, dxdy) .
(See Section 4.5, p. 43.)

If ¢; is a three-dimensional region which is fixed in space, the

change in mass at each point x of ¢; per unit time is
0
L ixdydz
ot
and so the total time derivative of mass in ¢; is

0

I —’Ddxdydz .

¢; Ot

We assume conservation of matter, so this must result from flux of
fluid over the boundary, hence

J.cj Z—i)dxdydz = —J.ac3 pv-o.

By Gauss' theorem,

R pv-o =I div(pv)dxdydz .

By taking c¢; arbitrary we deduce from the equality of these
integrals the continuity equation

ap .
4+ d —0’
y lV(pV)
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a necessary condition the flow must satisfy. We shall deduce some
con sequences of this. We set
Q = p(dx" —v'dr)(dx? —vide)(dx® —vidr) .
To compute d(2, we set
B = (dx' —v'de)(dx® —vidr)(dx® —vidr),
so that

1 2 3
dp = —a—vldxldtdxzdx3 +di! a%dxzdr dx® — dx'dx? a%dx%zt
ox ox ox ,

= (divv)drdx'dx*dx>

dQ =d(pp)=dp r p+ pdf

= (Z_/;dt + z%dx’) A B+ p(divv)(dtdx'dx?dx’).

op ; Op . 17243
==+ ) v\ ——+ p(divv) |(dtdx dx~dx
[ - > A )}( )

Thus the continuity equation is equivalent to the relation
dQ2=0.
Suppose we express the flow in terms of initial conditions (or other
parameters) by
X = x(t,ot1 ,az,a3) s
so that the o' are the parameters and

ox
Xy
ot

Thus

i i _ ﬁ_xl 6xi il _ 6xi j
(dx —vdt)—[ ~ dt+zaaj da j vdt_Z—aaj da’ |

so that

a(xl,xz,x” 17,25 3 17243
ﬁd(x da“da’ = A(t,a)da da“da” .
oa,a”,a’)

Q=
Since d€2 =0, we deduce that 04/0t =0,
Q= Aa)da'da*da’ .
This means that 2 is an integral-invariant for the flow as explained

in Section 10.3. We consequently have the following result.

Let c;,c'; be three-chains in the four-dimensional (t, x) space
which are in one-one correspondence in such a way that

corresponding points lie on the same trajectory of the flow. Then

[e-]a.
c; c's
In particular, if all the points of ¢; exist simultaneously, i.e., at a
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fixed time ¢, , then

J-C;Q = J.c 3 Q| - J-c} pdxdydz .

(0) O]

Thus if we take a region c; ' attime #, and followitto c;  at

time ¢;, we have
-[03(0) pdxdydz = L(O) pdxdydz

which says that mass is preserved in the flow, another form of the

conservation of mass.

We now proceed to the dynamic situation. We suppose our fluid
is nonviscous so that the pressure is a force per unit area at each point
acting normal to any surface element through the point, always with

the same magnitude. Let

p = p(tx) = pressure,
F = F(t,x) = body force per unit mass.
Let c¢; be a fixed region in space. The total acceleration of all

matter in ¢; 1is
I pﬂdxdydz.
c; dt

At the instant of time in question, this must equal the total force on the

matter in ¢z which is
J. pFdxdydz — J. po .
c; Ocs
By a variant of Gauss' theorem,
J. po = J. (grad p)dxdydz ,
Ocs c;

hence

J (p%—pF + gradpjdxdydz =0.
]

We conclude that

% =F —% gradp,
the Euler equation of motion.
Here the interpretation is
dv_ov 50w

=—+ -y’
dt ot ox'
Let us suppose that the body force F is conservative,
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F =—gradV ,
where
V=Wt x)
is the force potential.

We shall add the hypothesis that p and p are functionally related,
1e.,
dpondp=0,
as is the case, for example, with an isothermal motion. In this case we

can define a function g = ¢(t, x) by

(t,x)
d,
[
o P
so that
dq:d—p.
P

The equations of motion may be written

dv
— =—grad(V +
8 V+9

or
du 0
—=——W+gq), etc.,
i w e
1e.,
%+ua—u+v6—u+wa—u=—i(V+Q),etCo
Ot ox oy Oz Ox
We set

1
E:E(v~v)+V+q
:%(u2 v+ w4V +¢q
the energy per unit mass.

Finally we define the vorticity

ow v ou oOw ov 6uJ

§:(§’n’§):(§ 0z 0z ox ox Oy

We compute

OF oOu ou ov ow) ou 0
—+t—=u—+|v—+w— |+ —+—V +9q)
ox Ot Oox ox ox ot 0
ov ow ou ou
=|v— —|v ,
ox Ox oy Oz
=v{—-wn

and similarly
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a—E+%—v§’—w
o ar "
a—E+Q—W§—ué’
oy O
a—E+6—W—u -v&
oz o "

(These are equivalent to the vector formula
ov
rad E+—=vx¢.
g py ¢

Now we consider the differential form
o = udx +vdy + wdz — Edt .
We have
dw = (&dydz + ndzdx + {dxdy)
+dt(u,dx +v,dy +w,dz)
—(E dx+Edy+E_dz)dt
dw = (&dydz + ndzdx + {dxdy)
+dt{(vS —wn)dx + (WE —ul)dy + (un —v&)dz]
Actually, dw is an integral-invariant so that @ 1is a relative
integral-invariant One sees this indirectly by making a comparison to
Hamiltonian systems. For if one thinks for the moment of x, y, z, u, v,

w, t as independent variables, the equations of motion are

X=u

y=v

zZ=w

. 0

u=——>WV+
%x( 9

v=—-xo(V+gq)
o

. 0
=——W+

W az( q)

or

X =0E/ou
y=0FE/0v
z=0E/ow
iw=—0E/ox’
v=—0E/0y
w=—0FE/0z

which makes our assertion clear. It follows that if ¢,,c’, are
two-chains in (¢, x) space which are in one-one correspondence so that

corresponding points are on the same trajectory, then
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Lda) = c{lw.

)

In particular if ¢ 2(0 is a 2-chainin E° attime ¢, and it moves to

c 2(1) attime ¢, according to the motion, then

J' o (&dydz + ndzdx + Cdxdy) = J' \, (&ydz + pdzdy + Cdxdy)

This is the Helmholtz theorem on conservation of vorticity. In the first
integral we must understand & = £(¢,,x), etc., and in the second,
&=£&(t,x), etc. An important consequence is this further result of
Helmbholtz.

Suppose at a fixed time t, the vorticity vanishes identically. Then
it always vanishes.

For by the formula above,

[ @bz =0

]

for each 2-chain ¢, ’ at each time ¢;, which evidently means that

the integrand must vanish.

10.7. Problems
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