I. Introduction
1.1. Exterior Differential Forms
The objects which we shall study are called exterior differential forms.
These are the things which occur under integral signs. For example, a line

integral

J-Adx + Bdy + Cdz

leads us to the one-form

o = Adx+ Bdy + Cdz ;

a surface integral

J- Pdydz + Qdzdx + Rdxdy

leads us to the two-form
a = Pdydz + Qdzdx + Rdxdy ;

and a volume integral

J- J. Hdxdydz

leads us to the three-form

A = Hdxdydz .
These are all examples of differential forms which live in the space E° of
three variables. If we work in an n-dimensional space, the quantity under the
integral sign in an r-fold integral (integral over an r-dimensional variety) is
an r-form in n variables.

In the expression « above, we notice the absence of terms in dzdy,
dxdzx, dydx, which suggests symmetry or skew-symmetry. The further
absence of terms dxdx,... strongly suggests the latter.

We shall set up a calculus of differential forms which will have certain
inner consistency properties, one of which is the rule for changing variables
in a multiple integral. Our integrals are always oriented integrals, hence we
never take absolute values of Jacobians.

Consider
J- A(x, y)dxdy

with the change of variable
x =x(u,v)
{y = y(u,v)
We have



“‘A(x, V)dxdy = J.J.A[x(u,v),y(u,v)] o, 7) dudv ,

o(u,v)
which leads us to write
o o
dxdy = Ma’udv =0 Vgudy .
o(u,v) »
ou Ov

If we set y = x, the determinant has equal rows, hence vanishes. Also if we
interchange x and y, the determinant changes sign. This motivates the rules
dxdx =0
{dydx = —dxdy
for multiplication of differentials in our calculus.
n

. . . 1 .
In general, an (exterior) r-form in n variables x ,---,x" will be an

expression

a):l A

r!

i i,
g dxteedxr

i

where the coefficients 4 are smooth functions of the variables and
skew-symmetric in the indices.

We shall associate with each r-form @ an (r + I)-form dw called the
exterior derivative of @ . Its definition will be given in such a way that

validates the general Stokes' formula

W= I do.
or  Jx
Here 2 isan (r+1)-dimensional oriented variety and 02 is its boundary.
A basic relation is the Poincaré Lemma:
d(dw)=0.

In all cases this reduces to the equality of mixed second partials

1.2. Comparison with Tensors

At the outset we can assure our readers that we shall not do away with
tensors by introducing differential forms. Tensors are here to stay; in a great
many situations, particularly those dealing with symmetries, tensor methods
are very natural and effective. However, in many other situations the use of
the exterior calculus, often combined with the method of moving frames of E
Cartan, leads to decisive results in a way which is very difficult with tensors
alone. Sometimes a combination of techniques is in order. We list several
points of contrast.
(a) Tensor analysis per se seems to consist only of techniques for calculations

with indexed quantities. It lacks a body of substantial or deep results
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established once and for all within the subject and then available for
application. The exterior calculus does have such a body of results.

If one takes a close look at Riemannian geometry as it is customarily

developed by tensor methods one must seriously ask whether the geometric
results cannot be obtained more cheaply by other machinery.
(b) In classical tensor analysis, one never knows what is the range of
applicability simply because one is never told what the space is. Everything
seems to work in a coordinate patch, but we know this is inadequate for most
applications. For example, if a particle is constrained to move on the sphere
$?, a single coordinate system cannot describe its position space, let alone
its phase or state spaces.

This difficulty has been overcome in modern times by the theory of
differentiable manifolds (varieties) which we discuss in Chapter V.

(c¢) Tensor fields do not behave themselves under mappings. For example,
given a contravariant vector field a’ on x-space and a mapping ¢ on
x-space to y-space, there is no naturally induced field on the y-space. [Try the
map t— (tz,t3) on E' into E?.]
With exterior forms we have a really attractive situation in this regard. If
oM —>N
and if @ isap-form on N, there is naturally induced a p-form ¢*a) on M.

Let us illustrate this for the simplest case in which @ 1is a 0-form, or

scalar, i.e., a real-valued function on N. Here ¢*a) =wo ¢ , the composition

of the mapping ¢ followed by @ .

¢

P*w=wed

Reals

(d) In tensor calculations the maze of indices often makes one lose sight of
the very great differences between various types of quantities which can be
represented by tensors, for example, vectors tangent to a space, mappings
between such vectors, geometric structures on the tangent spaces.

(e) It is often quite difficult using tensor methods to discover the deeper
invariants in geometric and physical situations, even the local ones. Using
exterior forms, they seem to come naturally according to these principles:

(i) All local geometric relations arise one way or another from the



equality of mixed partials, i.e., Poincaré’s Lemma.

(ii) Local invariants themselves usually appear as the result of applying
exterior differentiation to everything in sight.

(iii) Global relations arise from integration by parts, i.e., Stokes' theorem.

(iv) Existence problems which are not genuine partial differential

equations (boundary value or Cauchy problems) generally are of the type of
Frobenius-Cartan-Kéhler system of exterior differential forms and can be
reduced thereby to systems of ordinary equations.
(f) In studying geometry by tensor methods, one is invariably restricted to the
natural frames associated with a local coordinate system. Let us consider a
Riemannian geometry as a case in point. This consists of a manifold in which
a Euclidean geometry has been imposed in each of the tangent spaces. A
natural frame leads to an oblique coordinate system in each tangent space.
Now who in his right mind would study Euclidean geometry with oblique
coordinates? Of course the orthonormal coordinate systems are the natural
ones for Euclidean geometry, so they must be the correct ones for the much
harder Riemannian geometry. We are led to introduce moving frames, a
method which goes hand-in-glove with exterior forms.

We conclude the case by stating our opinion, that exterior calculus is here
to stay, that it will gradually replace tensor methods in numerous situations
where it is the more natural tool, that it will find more and more applications
because of its inner simplicity, body of substantial results begging for further
use, and because it simply is there wherever integrals occur. There is
generally a time lag of some fifty years between mathematical theories and
their applications. The mathematicians H. Poincaré, E. Goursat, and E.
Cartan developed the exterior calculus in the early part of this century; in the
last twenty years it has greatly contributed to the rebirth of differential
geometry, now part of the mathematical main stream. Physicists are
beginning to realize its usefulness; perhaps it will soon make its way into

engineering.



II. Exterior Algebra
2.1. The Space of p-Vectors
Notation:
R = field of real numbers a, b, c,...
L = an n-dimensional vector space over R with elements «, f,...
Foreach p=0,,2,...,n we shall construct a new vector space
AP L
over R, called the space of p-vectors on L. We begin with
AL=R, A'L=L.

Next we shall work out A2 L in some detail. This space consists of all sums
Z a;(a; N J;)
subject only to these constraints, or reduction rules, and no others:

(ma) +aya,) A f—ay(ay Af)—ay(ay A ) =0
an(bfy+b,8,) =bi(anp)=by(anfp,)=0
ana=0"
anpf+pra=0
Here a,f, etc, are vectors in L and a, b, etc., are real numbers;, a A B is
called the exterior product of the vectors ¢ and f. If ¢ and [ are
dependent, say S =ca, then
anf=an(ca)=clanf)=c-0=0
according to our reductions. Otherwise a A f#0.

Suppose o',...,o" is a basis of L. Then
a=Zaiai, ﬂszjaj,
a/\/)’:(Zaiai)A(ijO'-/):Zaibj(aiaj).

We rearrange this as follows. Each term o' Ao’ =0 and each

o’ no' =-c' Ao’ fori<j. Hence
— _ i J
anp= Z(aib‘/ ab)o’ no’ .
i<j

The typical element of A*L is a linear combination of such exterior
products, hence the 2-vectors
O'i/\O'j, 1<i<j<nm,

form a basis of A% L. We conclude

dima? L =M=["j.
2 2

In general, we form A” L (2 < p<n) by the same idea. It consists of



all formal sums (p-vectors, or vectors of degree p)

Za(al A AN p)

subject only to these constraints:

(i) (@a+bp)yna, nrna, =alarnay nnay)+b(Bra, Ana),)
and the same if any ¢; isreplaced by a linear combination.

(i) oy A--Aa, =0 if for some pair of indices i# j, a;=a;

(iii) a; A---Aa, changessignifany two ¢; are interchanged.

P

It follows easily from (i) that a; A---Aa, is linear in each variable; we

P
may replace any variable by a linear combination of any number (not just
two) of other vectors and compute the value by distributing, for example

aNDO B +D, By + 038Ny A =bi(anBiAy AO)+by(anfy Ay AO)+Dy(an Py Ay AD)

It follows from (iii) that if z is any permutation of the {1,2, ey p} , then
Apy N ANy = (ST A A,

Exactly as in the case p =2, we can show that if

is a basis of L, then a basis of A” L is made up as follows: for each set of
indices

H =V hyyeshy f, 1Sy <hy <-<h, <n,
we set

H _ N hy,
o' =0 AANO .

Then the totality of o/ is a basis of A” L. We conclude that

dima? L = [”j
p

the number of combinations of » things taken p at a time. In particular
dimA" L=1.

If 4 isin AP L, then
l:ZGHO'H ,
H

summed over all of these ordered sets H. One can also sum over all p-tuples

of indices by introducing skew-symmetric coefficients:

where the b, ,  is a skew-symmetric tensor and
ety

By, =0 for H={n,hyshyfy by <hy<-o<h

X
This skew-symmetric representation is often quite useful.

Let us note why we do not define A? L for p > n. (Sometimes it is
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convenient to simply set A? L=0 for p > n.) We express each « in a

roduct a; A---Aa, as a linear combination of the basis vectors
1 p

o',...,0" and completely distribute according to Rule (i). This leads to

= Mo hy
ALAANQY =D ay g O A AT

b
Each term o™ A--AG™” isa product of p > n vectors taken from the set

o',...,0" so there must be a repetition; by Rule (ii) it vanishes. We are left

with a; A--Aa, =0 as the only possibility.

We close with a very important property of the spaces A? L .

In order to define a linear mapping f on A” L it suffices to present a
function g of p variables on L such that (i) g is linear in each variable
separately, (ii) g is alternating in the sense that g vanishes when two of its
variables are equal and g changes sign when two of its variables are
interchanged. Then

flagn-na,)=gla,....,a,)
defines f on the generators of A” L.
It can be shown that this property provides an axiomatic characterization

of AP L . In the next section we apply this property to define the

determinant of a linear transformation.

2.2. Determinants
As above L is a fixed linear space of dimension n. Let 4 be a linear
transformation on L into itself. We define a function g =g, of n variables
on L as follows:
gylay,...,a,)=Aoy AN A, ,
g X"Lo>A"L
where x" L denotes the cartesian product. Since g is multilinear and
alternating, there is a linear functional f = f,,
fa:nA"L>A"L
satisfying
faloynna,) =g la,...,a,) =Aa; A Aa,.
But A" L is one-dimensional so the only linear transformation on this space
is multiplication by a scalar. We denote the particular one here by |A| and
have
Aoy n--AAa, :|A|(a1 A AD,
This serves to define the determinant |A| of 4. We must not fail to note

definition is completely independent of a matrix representation of 4.

We observe next



|AB|(a1 Anay,)=(ABa)) A--A(ABa,,)
:|A|(Bal A--ABa,)
:|A|.|B|(a1 NSNS
hence
|4B|=|4]-{8].
We can relate this to the determinant of a matrix as follows. Let

1 . .
o,...,0" beabasis of L and ”alj" a nxn matrix. Set

_ J
a; = E a;o’ .
Then

1
a A Aa, :|aij|0' Anot.

In particular, if one obtains the matrix representation of 4 with respect to the

basis (c') by

Ac! :Zaijaj ,
then

Ac' A A AT :‘a’j‘al ArAO", |A|=‘a'j‘.

2.3. Exterior Products

We now observe that our spaces A” L have a built-in multiplication
process called exterior multiplication and denoted by A for obvious
reasons. We multiply a p-vector u by a g-vector v to obtain a
(ptq)-vector p Av (which is 0 by definition ifp + g >n):

A (/\” L)>< (/\q L)—) APTL
It suffices to define A on generators and use the basic principle at the end
of Section 1 to extend it to all p- and g-vectors:
(@ Ana IANBAAB) =y A Aay, AP A A By

The basic properties of this exterior product are
(1) AAu isdistributive,
2) AA(unv)=(AAp) Av,the associative law,
@) urA=CED"AApu.
Property (3) simply says that any two vectors of odd degrees anticommute,

otherwise vectors commute. The following will illustrate why this is the case:



() nay ) N f=—(ay nay AP Aas)
= (—1)2(051 AP Ao, Aay),
= (DBl ray nas)
(@ nay nas) NSy A r) = (1) B alay nay nay) oy

=(D'ED BAB) Aen nay naty).

= (DB A o) Ay naty nary)
Examples. We take for L the linear space based on the differentials dx,dy,...
and, as is customary, omit the exterior multiplication sign A between dx's.
Thus dxdy denotes dx Ady .
1.
(Adx + Bdy + Cdz) A (Edx + Fdy + Gdz) = (BG — CF)dydz + (CE — AG)dzdx + (AF — BE)dxdy
illustrating the vector-, or cross-product of two ordinary vectors.
2.
(Adx + Bdy + Cdz) A (Pdydz + Qdzdx + Rdxdy) = (AP + BQ + CR)dxdydz
illustrating the dot-, or inner-product of vector algebra.
3.Let a beany form of odd degree. Then

a’=ana=0.
Forif ¢ and g are of odd degree p, then
Pra=—anp.
Weset f=a tohave
arna=—-anrna, 2aara)=0, ara=0.
4. Here we take
o=dp,dq" +---+dp,dq",
a form arising in mechanics. The two-forms dpidqi all commute, hence
" = (n)dpdq'dpdg”* ---dp,dq"
= (""" (n)dp, - dp,dg' -~ dg"

The product dp,---dq" is called phase-density. We shall discuss this
further in Chapter X.

We apply the exterior product to obtain the Laplace expansion of a

determinant by complementary minors.

Let "aij" bean nxn matrix. For H = {hl,...,hp}, set
A G,
by =
Loy ap,hp

Set p + g =n. For K:{kl,...,kq}, set



Thus if K = H', the complementary set of indices to H (always arranged in

natural order), then b, and cg are complementary minors of ”a,]"

Now set

— J
o= a0

where (o) is a basis of L. We easily see that

_ H
g AAa, —ZbHO' ,

_ K
A p A AQ, —ZCKO' ,

hence
QN A, = A AN (A A Aay,)
:szCKO'H Aok
But
a A AQ, :|a,-j|(0'l A-Ao™)
and
1 '
ol r oK 0 if K#H
e ™) if K=H"
hence

_ HH'
|aij|—zg bycy .

If H=1{,.h, |, H'=Y,....k, |, then
HH 1 2 - n
£ —sgn(h1 By ek J

2.4 Linear Transformations
In this section we deal with two linear spaces M and N with
dimM =m, dimN =n.
Let us agree that when we need bases, o',...,c™ will denote a basis of M
and 7',...,z" abasis of N.

Let A be a linear transformation,

A:M — N.
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The mapping

(a1,..,a,) > Aoy~ AN Aa,,

sends
<P M > APN.
It is alternating multilinear, hence defines a linear transformation, denoted

APA4 on AP M to AP N. This exterior p-th power of A is defined on

generators by
(AP Ay A na,)= Aoy AN Aa

p*

Suppose 4 is represented by the m xn matrix ”ai ]“ according to

Ac' = Za’jr’ .

The o and % form bases of A? M and AP N, respectively, where

H and K are ordered sets of p indices. We have

(AP Ao = Ac™ A A Ao

2: Iy h k k

= alkl...a kaz-l/\.../\z'p.
H K

= E a KtT

Hence A? A isrepresented by the matrix

Jo"«]
of all pxp minors of Hai ,“ This is sometimes called the p-th compound

of |a',].
Suppose one has three spaces L, M, N and this situation:

L—2 > M

AB

We compute AP (4B):
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AP (AB)ay A+ na ) =(ABay) A A (4Ba )
=N DI(Bay) A+~ (Bay)]

= (AP DA B)ay A+ nay)]
=[(AP DA B A nay)

hence
AP (AB) = (AP A) (AP B).
It follows that the pth compound of the product of two matrices is the product
of their pth. compounds, a nontrivial result.
We must consider one other matter. Again let 4: M — N . Suppose @
isin AP M and 5 isin A? M . Then
(AP A)(@ A7) = (A7 A)(@) A (AT A)7) -
For if we take monomials, o =ay A---Aa,, 1=/ A=A p,, then
(AP A) @A) = (N A)ay Aty Ay A P
=Aa; A--NAP,
=(dayn-nAa,) A4Sy~ NAB)
= (AP A)(@) A (AT A)m)

2.5. Inner Product Spaces
In the remainder of the chapter we shall study a space L which has an
inner product («,f) . This is a real-valued functionon Lx L which is
(i) Linear in each variable,
(i) Symmetric: (o, f) =(f,a),
(iii) Nondegenerate: if for fixed «, (o,f)=0 forall f,then a=0.
Example 1. The Euclidean inner producton E” is given by
a=(a,....,a,), B=(,....b,),
(a,B)=aby+--+a,b,.
Example 2. The Lorentz inner product in four-space:
a=(ay,....,a4), P=(b,....04),
(a,B) = ayb, +asb, +azby —c*ab,
where c is the speed of light.

Condition (iii) is equivalent to the following. If o',...,c" is a basis of L,

then
‘(O'i,aj)‘ #0.

(The left-hand member is the Gram determinant, or Grammian.) For this

determinant vanishes if and only if there is a nontrivial solution (a,...,a,)

of the homogeneous system
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> a(0'.07)=0.

But this is the same as having the vector

a= Zaiai
satisfy the relation (o,f)=0 forall .
An orthonormal basis of L consists of a basis o',...,c" such that
(c',07)=+5".
If there are r plus signs and s minus signs, then »+ s= n, and t= r - s is the
signature of the inner product. It does not depend on the choice of basis.
It is a basic fact that each inner product space L has an orthonormal
basis. This is proved in several steps.
1. If dim L > 0, there is a vector o in L such that (o,0)#0. For if
(a,)=0 forall «,then
0=(a+p,a+p)=(a,a)+2a,p)+(B.0)=2a.p),
(a,p)=0 forall a,p,
a contradiction to nondegeneracy.
2. Pick a maximal sequence o',...,c" of vectors satisfying
(c',07)=+5".

Let M be the subspace of L these vectors span. Then dimM =r. [The o'

are independent since Za,-ai =0 implies Za,-(ai,a") =0, a;=0]

We suppose r < n.

3. Let N be the orthogonal complement of M, i.e., N is the space of all vectors
p such that («,f)=0 for all ¢ in M. Since N is determined by the r
relations (o',8)=0, dimN >n—r. But obviously M "N =0 (ie., the
only vector common to M and N is 0), hence dimN =n—-r, M and N
together span L, M+ N= L.

4. N itself is an inner product space relative to the inner product of L. Only
the property (iii) of nondegeneracy must be checked. Suppose S is in N
and (y,f)=0 for all ¥ in N. But («,f8)=0 for all ¢ in M, hence
(a,)=0 forall o inL since M and N together span L. Hence £ =0.
5.By (1), there is a vector « in N such that (a,a)# 0. We set

o = a/|(0:,0:)|1/2

and see that we have constructed a sequence oo longer than a
maximal one. Since this is impossible we conclude that we must have had r =

n in the first place, which completes the proof.
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There is another basic property of inner product spaces which we shall
need below.
Let f be a linear functional on L. Then there is a unique vector [ in L
such that
f(@)=(a.p).
This is easily established by taking an orthonormal basis o',...,c" . We set

b, = f(c') andfor B simply take

ﬂ:ZibjO'j :Z(o*",o*")bjaj.
For then

(@'.8)=Y (6,0 )b,(c",0")=b, = f(c)).
J

2.6. Inner Products of p-Vectors
Again we start with an n-dimensional vector space L with an inner

product («, ). We shall define an induced inner product on each of the

spaces AP L. We set
(A1) =|(@;. )

for A=y A-na,, p=p A-AB,. This definition works because the
determinant on the right is an alternating multilinear function of the «'s,
ditto the p's. This means the formula defines a scalar-valued function on
(APLYx(AP L) which is linear in each variable. Next (u,A)=(A,u)
because interchanging the rows and columns of a matrix (transposing) does
not change its determinant.

The nondegeneracy of this inner product is most easily seen by computing

with respect to an orthonormal basis o',...,c" of L. As usual the o,

Hz{h1 <h, <---<hp},formabasisof AP L. We have

ok
(" ") =" o)

If H=# K, this is zero since the determinant has a row (also a column) of
zeros. If H =K , all but the diagonal elements vanish and these are +1,
hence

(c”,o%)y=x5"K.
In other words; the o form an orthonormal basis of Af L ,
nondegeneracy follows free of charge.

1

In particular o =0 A---Ac” is an orthonormal basis of A? L and
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(G,O‘) = (gl’gl)...(o-”’g’l) — (_1)(114)/2 ,
where ¢ is the signature of L.

For another example, set

1 1 i+l n

a'=c'AncT A A AT R
forming a basis of A" L. Clearly
(@',a')=(o,0)/(c",0") = (0,0)(c",0"),

hence

Yaa'.Y ba' )=o) (@0 ab,
= (o-,o-)(ZaiO'i,ijO'j).

2.7. The Star Operator

Again let L have inner product («,f). We shall take a definite
orientation of L which will remain fixed. (This simply means we take one
basis for L and only consider other bases which are expressed in terms of this
one by a matrix with positive determinant. The space L has two orientations
and we take one of them.) We only use bases coherent to the orientation.

We shall define an operation *, called the (Hodge) star operator. This
will be a linear transformation on A” L onto A"” L. This operator
depends, of course, on the inner product and also depends on the orientation.
Reversing orientation will change its sign.

We note that the orientation of L determines a definite orthonormal basis
o of A"L.

Now fix A in A” L. The mapping

H>AANU

is a linear transformation on A""? L into the one-dimensional space A" L .
We may write

Anp=f(u)o,
where f,; is a linear functional on A"7” L. By our result at the end of
Section 2.5, there is a unique (n - p)-vector, which we denote *4 to indicate
its dependence on A, such that

Anu=CF o .
This equation defines the * map which is evidently linear on A” L into
AP L

In order to compute *1 for generators of A” L, in view of the linearity,
it is enough to compute *1 where A=o0'A---Ac? and where
o',...,0" is an orthonormal basis. Let K run over sets of ¢ = n - p indices.

Then
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Anc® =(*2,6%)0 .
The left-hand side vanishes unless K = {p +1L,p+ 2,...,n}, hence
*p=co? nno",
and the constant c is determined taking K = {p + 1,...,n} :
oc=Anrc® =c(c®, 650,
c=(0X,05)=41,
*=(0X,0%)0k.
For definiteness, set H = {1,...,p} , K= {p + 1,...,n} . We have proved

H K _Ky\_K
*o"l =(c",07)o" .

Since 0% Ao =(=1)P"P o AoX | we deduce, taking orientation into
account,
* 5K = (_I)P(ﬂ*p) (GH’GH)GH ,
hence
*(fo') = ()" (" 0" )" "),
or

(o) = ()" (o,0)0 "
— (_l)p(n—p)+(n—t)/20_H
where ¢ is the signature.
It follows that if o is any p-vector, then

#kpy — (_l)p(n*p)+(n*t)/2 a.

Another consequence of these formulas is this result.

Ifa, S are p-vectors, then

an*f=pnr*a==D)""%a,p)o.

" as above, the only generator a =oc” for which both

For when f=0
sides do not vanishis a = o’ , and then
an*p= ol /\(O'K,GK)GK = (GK,GK)G
— (o, )(-1)"D2
=" (a.p)o
Example 1. We take 4-space with coordinates so normalized that dx', dx?,
dx®, dt is an orthonormal basis with (dx',dx"y=1, (dt,dt)=-1. We
have n=4, =2, (-1)"""'2 =_1. We shall study certain two-forms. For p=2,
p(n-p)=4. Thus
*(dx'dt) = dx’ dx* |
where (i, j, k) is cyclic order,
*(dx’ dx®y = —dx'dt .
Let E; be the components of electric field strength, H; the components of
magnetic field strength (all in free space) and consider the form

o = (Edx" + Eydx* + Eydx®)dt + (H,dx*dx® + Hydx dx' + Hydx'dx?) .
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Then
* o =—(H,dx" + Hydx? + Hydx*)dt + (E,dx*dx® + Eydx’dx' + Esdx'dx?) .
We shall see the use of these forms in Maxwell's equations later.

Example 2. E* with the ordinary metric. If fand g are functions,

df :idx+gdy+zdz ,
Ox Oy Oz

*df = gdydz +gdzdx + zdxafy ,
Ox Oy 0z

and we have

df A*dg = i@_g+16_g+16_g dxdydz .
Ox Ox Oy oy 0Oz Oz

2.8 Problems
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II1. Exterior Derivative
3.1. Differential Forms

Let Pbe apointin E". The one-forms at P are the expressions

n
i
Zaisx , (a; constants).
1

These form an n-dimensional linear space L = Lp. The p-forms at P are the
elements of
AP L=ATL I

i.e., expressions

h h
Zade 1...dx"™ , ay constants.

Note that we are dropping the notation “ A ™ so that differentials dx’

juxtaposed will always be multiplied by exterior multiplication.

Now let U denote an (open) domain in E”. A p-form on U is obtained
by choosing at each point P of U a p-form at that point, and doing this

smoothly. Thus a p-form @ has the representation
W= ZaH (' xMydx

where the functions a, (x) are smooth functions on U, differentiate as
often as we please.

The exterior algebra applies at each point of U and so may be interpreted
on the differential forms on U itself. Thus if @ is a p-form and 7 is a

g-formon U, then @ A7 isa(p+ g)-formon U. (Of course wAnp=0 ifp
+g>n)lf

a):ZadeH, n:ZbdeK,
then
A= ZaHbdedeK ,

so that the coefficients of @ A7 are again smooth functions, being
polynomials in the coefficients of @ and 7.

For example a one-form

o = Pdx + Qdy + Rdz

may be identified with an ordinary vector field (P, O, R) in E* a two-form
a = Adydz + Bdzdx + Cdxdy

may be identified with a polar vector field in E* .

3.2. Exterior Derivatives
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We denote by
F'(U)
the totality of p-forms on U. In particular F ‘) is simply the set of all
smooth functions on U.
We shall now set up an operation d which takes each p-form @ to a

(pHD)-form dw.In E* it will work this way. For a 0-form f,
df = 6fd +Zfd +ld

For the one-form @ above,

do= R _%Q dydz+[ap aR]dd + 0 _oP dxdy ,
oy Oz 0z Ox ox Oy

while for the two-form « above,

6A GB oC
da=
ax ay

> jdxdydz
Thus the operator d subsumes the ordinary gradient, curl or rotation, and
divergence.

It will turn out that d is completely independent of coordinate systems.
This will be more or less clear when we axiomatize d.

We shall establish the existence and uniqueness of an operator

d:FFU) > Fw)

such that
() dlw+n)=dwo+dn,
(i) dAAp)=dAnpu+ (D)%) A Adu,
(iii) Foreach @, d(dw)=0,

(iv) For each function f, df = Z%dxi .
X

Let us note the consistency of (iv) as it applies to the coordinate functions.
For example x! is a function on U and d(x') the effect of d on this
function x' is the symbol dx" . Thus from (iii), d(dx')=0 once we have
d.

First we prove there is only one such operation d. Suppose we are given

such a d. We first show that
d(dx" --dx") =0

by induction on p. We have just noted this for p = 1. If it is true for p-1, then
by (ii),

dx" (dx™ ey )] = dx" e ,
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d(dx" --ax") = d{d(xh‘ dx" " )}: 0
by (iii). Now if @ is a p-form,

a):ZaH(x)dxH ,

do= Zd(adeH)
= Z(daH Yaxft |
= Z—aaH dx’ dx"
ox’

which shows that the recipe (i-iv) completely determines dw . To prove that

there exists such an operator d, we simply set

_ GaH j H
do = Zydx dx

for o= Za deH and check that the properties are satisfied. Properties (i)

and (iv) are fairly clear; let us look at (ii) and (iii). Evidently if we can
establish these for monomials, by summation they will follow generally.
Suppose
A=adx™ | p=bdx*
Then
d(A A ) = d(abdx™ dx*
za(“b)d L dxX

ox'

= Z _pdx’ dx! dx® +z dx ' dxt K

oa b
- 2( _dx'dx j/\(bdx +(- 1)(deg/l)2(adx )/\[a dx'dx j
=(dA) A+ (1)) 3 A du
The sign results from
dx'dx™ = (1) gy gy !
This proves (ii).

Again, let @ = adx’ . Then
Oa i, H
d(dw) = d( —dx'dx j
2 5

= Z dx~/dxidxH
ox' ax]
524
= —Z dx/ dxdx
ox'ox’ axfax

=0

which verifies (iii).
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Property (iii) is nothing more than the equality of mixed second partial
derivatives. It is the source of most "integrability conditions" in partial
differential equations and differential geometry. It is usually referred to as

the Poincaré Lemma.

3.3. Mappings
We study the following situation: U is a domain in E™, V'is a domain in

E" and ¢ isasmooth mapping on U into V. We write
o:U—>V.

1 m

Also, we denote by x',...,x™ the coordinates of E™ and by y1 s Y
the coordinates of E". Then we can write
yi=yix . x™)
to show that the point with coordinates x is transformed by ¢ to the point
with coordinates y. The functions y’(x) are smooth.
As before, R denotes the reals. If g is any real-valued function on V,
g:V—->R
then we may combine this with ¢ to obtain a function on U to R which we
write
p*g=g9.
Thus
¢* F'V)y> F'(U).
From the mapping ¢ on U to V' we have constructed a new (induced)

mapping ¢* on F'7) to F°(r).

¢*9g=g-¢ g

We are now going to define a map ¢* taking p-forms on V to p-forms
on U:
¢ FPvy—> Fr ).
(Strictly speaking we should index ¢* and write ¢p *,p =0, 1,..., but we
shall skip this.) We have taken care of p = 0 already. The crucial case is p=1;
after we do that, the algebraic considerations of Chapter II do the rest of the
work.

The basic idea is substitution of coordinate functions, replacing dy' by
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idxj .

ox’

Thus if @ = Za,- (»)dy" is a one-form on ¥, we set

% — ayi j
p*o= Zaxy(x))ydxf .

We now have

¢ F'(V)—> F'(U).
By the method of Section 2.4, we extend this mapping to the exterior
products to obtain

¢ FPvy-> Fr ).

As an example,
¢*(dy'dy*) = (p*dy" )p* dv®)

- {Z%dxf]{zgijdxf J

1 A2 1 A2
y(atet atatl,,,
2 ox' ox/  ox’ ox'

:lz a(ylayz) dildx!
24 5(x",x7)

We now list the basic properties of ¢*.

(@) ¢*(w+n)=¢*0+¢*n.

(i) $*(Anu)=(F* DA @* ).

(iii) If w isap-formonV, d(¢*w)=¢*(dw).

(v If ¢:U >V and w:V > W ,then (yod)*=¢*op*.

The first property is evident and the second follows from the final formula of
Section 2.4.

Property (iii) is essentially the chain rule for partial derivatives. First we

take a O-form g on V.
-y 08 i
dg - ay/ dy E)

oyl o'
* A
32678 4
ox'
= dp*g

We proceed inductively, supposing we have verified (iii) for (p-1)-forms. It
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suffices to verify (iii) for p-forms @ which are monomial since each p-form

is a sum of such. Suppose then that

w=gdy" = gdy,
where 7 = y™"dy™ ---dyh" is a (p- 1)-form. Then

pro=(p*g)g*dn) =(p*g)A(dp*n),
d(@*w)=d(@*g)nd(9*n),
and
do=dgndn,
p*do=(p*dg) n(p*dn)
=d(@*g)nd(g*n);
=d¢*w
we have pushed through the next case.
We now look at the final property (iv).
For a 0-form (function) /2 on ¥ we have
[ o ) * h1(x) = Wy © $)(0)) = hp[p(x)]}
= [y * hlp(0) = ¢ * [y * hljx).
=[(g* oy *)h](x)
hence
(od)*h=(p*y*)h.
An induction similar to that above establishes the property in general. All it
means is that one can substitute directly the expressions for the coordinates
z% on W in terms of the coordinates x' on U, or indirectly by first going

through the coordinates y’ of V; the results are the same.

*
u,_..f__;..v F’(U)*—HL— FA (V)
Voo v (W o) v+

=1{9%- ¥*)
w F/ (W)

What has really been seen in this section is that one can carry on
fearlessly with the most obvious kind of calculations with differential forms.
Examples. Consider the map ¢:¢ — (x,y) on E' — E? given by x = 1%,

y:t3. If @=xdy,aone-formon E?,
¢*a):(t2)%dt:3t4dt.

Take the map v :(x,y) >t=x-y.
v *(dt)=dx—dy.
One final remark. Suppose m < n and ¢ is a map on the domain U of
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E™ into the domain ¥V of E". If w is a p-form on ¥V and p > m, then

necessarily ¢*w=0.

3.4 Change of Coordinates

We apply the results of the last section to the special case in which U and
V are both domains in E” and ¢ is a one-to-one mapping on U onto V
with both ¢ and yw =¢ ' smooth. (Note the map x—y= x> on
E' - E' is one-to-one and smooth. But the inverse map y — x = y”3 is
not smooth - no derivative at y=0.) In each figure, : is the identity map,
1(x)=x. It follows that ¢* is a one-one map on FPW) onto FF(U)
and its inverse is w *. If we interpret the coordinates y of V as new
coordinates on U, the result

d¢*o=¢*do

means that the exterior derivative of a differential form is independent of

the coordinate system in which it is computed.

ULI-—V V——J——-)-U
, Jw . ¢
U v

This inner consistency of the differential form calculus is most important.
Later we shall base the global theory (forms on manifolds) on this.

We note in passing that with a proper formulation this independence of d
on the coordinate system can be obtained as a consequence of the four basic

defining properties (i-iv) of the exterior derivatives in Section 3.2.

3.5 An Example from Mechanics
The following problem is taken from E. Goursat [15, p.85]. We work in a
region with coordinates (x,u) = (x,...,x,.u;,....,u, ). We are given a

function
¢ =P(x,u)

which is supposed homogeneous of degree 2 in the variable u. (For example,
a kinetic energy form Zaif (x)u;u ; .) Define

p; =0¢/0u; .
We assume that the mapping (x,u) — (x, p) defines a regular change of

variables. We then write
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P(x,u) =y (x,p).

The problem is to prove the relations

oy __09 v _
Ox; ox;  op,

Uy .
The proof depends on two things, the Euler formula for homogeneous
functions which in our case implies

Z%”k =2¢

Ou,

1e.,

Zpkuk =24,

and the fact that exterior relations are independent of how they are derived.

We have
_Z ¢ o¢ _Z ¢ Z
d¢— G_)Cidxi + aduk = G_)Cidxi + pkduk ,

and

2d¢g = Zpkduk + Zukdpk ,
hence by subtracting

dg= —Z%dx,. + > wdpy

1

Now everything follows from ¢ =y and

B oy oy
dl// = Za_xl.dxi +Zadpk .

3.6. Converse of the Poincaré Lemma

The Poincaré Lemma, d(dw) =0, has these interpretations in 3-space:

curl(grad /) =0,
div(curlv) =0,

according to the examples at the beginning of Section 3.2. In vector analysis
one proves that a curl-free vector field is a gradient by line integrals and that
a divergence-free vector field is a curl, usually by a brute-force method. We
are now going to prove a general result. If @ is a p-form (p>1) and
dw =0, then there is a (p - I)-form « suchthat @ =da . The result is hard
if p > 1 because there are many solutions. Also the result is valid only in
domains which are not too complicated topologically.

The demonstration is based on a “cylindrical construction.” We begin

with a domain U in E". We denote by [ =[0,1] the unit interval on the
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t-axis and consider the cylinder or product space.
IxU.

This consists of all pairs (¢, x) where 0<¢<1 and x runs over points of U.

tJL

O
0 -

/

We single out the two maps which identify U with the top and bottom of

the cylinder, namely,

JiU—IxU, ji(x)=(1,x),

Jo:U—>IxU, jo(x)=(0,x)
Thus

i FP(IxU)—> FP@U), (i=0]).
For example, to form j, *@ where @ isaformon /xU simply replace
t by 1 wherever it occurs in @ (and dt by 0 correspondingly)
We now form a new operation K,
K:FMuxu)y- FPw);

K is defined on monomials by the formulas

K(a(t,x)dx")y=0,
K(a(t,x)dtdx” ) = (J:)la(t,x)dtjdxj ,

and on general differential forms by summing the results on the monomial
parts. Here is the basic property of K: If @ is any (p + 1)-formon IxU,
then

K(dw)+d(Ko)=j*o—-j,*o.
It is enough to check this for monomials
Case 1. o=a(t,x)dx .
Wehave Kow=0, dKkw=0,

do = %dtdxH +[terms_free of dt],

14
Kdw = ( jo a—jdtjdxH — [a(l, x) — a(0, x)Jdx"" .

But j, *eo=a(l, x)dx' Jo*o= a(0,x)dx™  so the formula is valid.
Case 2. o = a(t,x)ddx” .

First j, *w= j,*w=0.Next
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Kdow= 1{— Za—"idtdx"dxj}
. _Z( Iol;—adtjdxidxj |
X

dKo = dK Iola(t, x)dtjdxj}
- zi[ Iola(t, x)dt}dx"dxj ,
19
- Z(Jloﬁdtjd i

so the formula again works.
Definition. A domain U is deformable to a point P if there is a mapping
¢:IxU->U
such that
s(lLx)=x, ¢0,x)=P.
The boundary conditions may be interpreted in terms of the j, as
follows:
poji=t, ¢ojo =P
Fora (p +)-form @ on U we have as a consequence
*prol=w, jo*[¢*e]l=0.
Now we can state and prove the main result.

Let U be a domain in E" which can be deformed to a point P. Let @
be a (p + 1)-form on U such that dw =0 . Then there is a p-form a on U
such that

w=da.
We merely substitute ¢ * @ in the formula above to have
Kld(¢* )]+ d[K(¢* 0)]=
But d(¢*w)=¢*(dw)=0,hence w=da with a=K(¢*w).

It is interesting to see how far the solution of the equation da=w is
determined. If £ is another solution, then df =w=da, d(a—-f)=0.1f
p =1, we conclude by the main result again that o —f =dA where A4 is
a (p - I)-form. In other words, given one solution « , the general solution is
a—dA where A is absolutely arbitrary. (When p = 0, ¢ and [ are

functions and we conclude that « — § is constant.)

3.7. An Example
We shall illustrate this whole method in the case n =3, p =2. Thus we

take a two-form
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o = Adydz + Bdzdx + Cdxdy
in E* forwhich dw=0,ie.,

04 0B oC
—t—+—=

=0.
ox 0oy Oz

The space E> can be deformed to 0 by the map
o(t,x,y,z) = (tx,tp,1z2) .
The assertion is that @ =da where
a=K¢*w.

First we compute ¢* w :

o* o= A(tx,ty,tz)d (ty)d(tz) + -
= A(tx,ty, tz)(tdy + ydt)(tdz + zdt) + - -- .
= A(tx, ty, tz)(ytdtdz — ztdtdy) + - -- + (terms_free of dt)

Now we have

a=K(@*w)= (I;A(tx, ty, tz)tdtj(ydz —zdy)
+ (J‘;B(tx, ty, tz)tdtj(zdx —xdz) .
+ U-;C(tx, , tz)tdt](xdy ~ ydx)

One verifies after some calculation that indeed da =w .

3.8. Further Remarks

For
o = Adydz + Bdzdx + Cdxdy
the problem of finding
a = Pdx+ Qdy + Rdz
so that

da=ow
is that of finding three unknown functions P, O, R of the three variables x, y,

z so that the system

oR_9Q _ ,
oy Oz
OP _OR _p
0z Ox
o9 _or _ ,
ox Oy

of three partial differential equations is satisfied, the given functions 4, B, C

being subject to the necessary condition
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04 0B oC
—t—+—=

=0.
ox 0oy Oz

It is remarkable that this system (and the more general ones covered in
Section 3.6) can be solved by an explicit formula involving quadratures. In
general, the theory of exterior differential forms exposes many types of
systems of partial differential equations which are reducible to systems of
ordinary differential equations and often solved by quadratures.

Another point to be noted is this. If we are dealing with a (p + 1)-form @
such that do=0 and @ happens to depend on several parameters
smoothly, then we can find an o such that da =w and « depends on
the same parameters just as smoothly. This again follows from the explicit

formulas of Section 3.6.

3.9. Problems
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IV. Applications

4.1. Moving Frames in E 3
We first point out that in dealing with vectors in Euclidean space, no
matter where we draw them for picturesque purposes, when we deal with

them analytically, they always start at the origin.

x
\\
! e 3
I
i
J

We attach to each point x of E° a right-handed orthonormal frame

e;,e,,e; and suppose that the vector fields e; are smooth fields.

What we shall do is express everything in sight in terms of the e;, apply
d to these relations to derive further ones, and continue until we obtain no
further results.

First of all, dx is a vector with one-form coefficients, for example,

dx = (dx,dy,dz) = dxi + dyj + dzk .
We express dx in terms of the frame e;,e,,e; at the point x, which we
certainly may do, say, by first expanding i, j, k in terms of the e; ; and then
collecting terms:
dx =06, +0,e, +0;e;,
where the o; are one-forms. We do the same with each e;;
de; = w;e; +wpne, +wze; (i=1,2,3)

where the w;; are one-forms.

Since e; -e, =9, , we have

de; -e, +e;de, =0,
that is,
Wy + o, =0.

In particular, w;; =0.

It will be convenient to introduce some matrix notation. We set

€
e=\e, |, 0=(0,,0,,03), 2 :"a),]",

€3

and have these structure equations:
30



dx =oe ,
de = Qe ,
02+'02=0.
Here applying d to a matrix means simply applying it to each element. In the
last equation, the left-hand superscript ¢ denotes transpose of the matrix, i.e.,
interchange of rows and columns, so this equation expresses the
skew-symmetry of (2.
From d(dx) = 0 we have

doe—ode =0,
doe—of =0,
(do—o2)e=0.

Because the e; are linearly independent, this means
do=0(2.
Similarly, from d(de) = 0, we have
0=dQe— Qde = (d2 - 2%)e,

dQ =%,
In summary, then we have
Structure equations Integrability conditions

dx = ox
do =002

de = (e )

. =0
0+'02=0

Further differentiation does not lead to new results. We shall see in our study

of Riemannian geometry that the equation d€2— Q% =0 expresses the lack
of curvature of Euclidean space.

A point to be noticed is that the three-form o, Ao, A o5 is precisely

the element of volume in E*
0| A0y Aoy =dxdydz .
We shall verify this in the next section.

z
| e,
e
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It will be observed that the calculations of this section work equally well

in E".

Example. Spherical coordinates. The orthonormal unit vectors e,,e,,e;
are taken in the directions of increasing r,¢, 8, respectively. From

x = (rsing@cos @, rsin ¢gsin 8,7 cos f)

we have
dx = (sin ¢ cos @,sin ¢sin &, cos 8)dr
+ (rcos¢@cos@,rcos@gsin 8,—rsin @)dg
+ (—rsin ¢sin @, rsin ¢ cos 8,0)d 6 ’
=(dr)e; +(rd@)e, + (rsingdO)e;
with
e; = (singcosd,sin ¢sin 6, cos @)
e, =(cosgcosd,cosgsind,—sing),
e, =(—sind,cos6,0)
and so
oy =dr, o,=rd¢, o3 =rsingdl.
Differentiating,

de; =(dg)e, + (singdO)e;
de, = (~d@)e, +(cosgdO)e;’
hence since (2 is skew-symmetric,
0 dg sin ¢d @
Q=| —-d¢ 0 cos@dd |.
—singdf —cosgdd 0
The volume element is

O\ ANOy ANO3 = r2 sin gdrd gd @ .

4.2. Relation between Orthogonal and Skew-symmetric Matrices

It is no accident that (2 turns out to be skew-symmetric. This is a
consequence of the principle that the first-order approximation to an
orthogonal transformation is a skew-symmetric one. We shall look at this
from several viewpoints.

A matrix B is orthogonal if its transpose equals its inverse, ‘B =B"", or

B'B='BB =1 . Suppose 4 is skew-symmetric, 4+'4=0. Then for small &
weset B=171+¢&4 and have

B'B=(I+ed)I—-ed)=1+0(e?)
that B is orthogonal up to first-order terms.

Here is another approach. Let A be skew-symmetric. Since the
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characteristic roots of 4 are pure imaginary, / + 4 and [ - 4 are non-singular.

Set

Then

gp_(lrAYI-4)_,
I-ANT+4 ’

Next we re-examine the calculations of the last section. Let

so that B is orthogonal.

iI
i: i2 N
i3

where the i; are the fixed unit vectors in the x, y, z directions, respectively

(i, j, k in usual vector notation). Then
e; :sz‘jij , e=Bi

leading to a matrix B = "b,j" which is clearly orthogonal:

I=e'e=Bi'i'B=BI'B=B'B.
(Now we can prove the fact dxdydz =0, Ao, Ao; mentioned at the
end of the last section. We have
dx = (dx,dy,dz)i = oe = oBi ,
(dx,dy,dz) = 0B,
hence

dxdydz = |B|0'l NPV NP
But from ‘BB =1 we have |B|2 =1, |B| ==1. Since we are supposing e is

a right-handed system, |B| =+1,
dxdydz = o) NOy NO3 )
Then we have
de = dBi = (dB)B e
so that
Q=(dB)B™".

We note this general result: If A is an orthogonal matrix whose elements are
functions of any number of variables, then

(dA)A™
is a skew-symmetric matrix of one-forms.

For we have
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‘44=1
'dAA+'AdA =0
‘AN dA+dAaT =0
"(dAA™ Y +dAA™ =0
There is also a converse which is important. Suppose A4 is a matrix of
functions defined on a domain U. Suppose A is orthogonal at a single point of
U and that
d4d = A4,
where A is a skew-symmetric matrix of one-form. Then A is orthogonal on
all of U.
We set C='AA and have
dC =("dA) A+'A(dA) = (' AN)A+'A(AA4) = 0,
hence C is a constant matrix on U. But we are assuming C = [ at one point of
U,hence C=Ion U, ‘4dA=1 on U, 4 is orthogonal.
Another point is this. If 4 is a variable orthogonal matrix (transformation),
each point v, ofspace is sent by the general 4 to
v=Av,.
We then have
dv =dAv, = (dA) A,
so that one passes from v to the "infinitely near" vector v + dv under the
action of the general 4 of our family by means of
dv > v+dv=[+(dA)A" v
with the skew-symmetric (dA)A™' representing this “infinitesimal
transformation."

All of these considerations work equally well in E”".

4.3. The 6-dimensional Frame Space
We consider the space of all right-handed orthonormal frames E;, E,,
E; at all points x of E 3 This space is 6-dimensional because we have

three degrees of freedom in choosing x, two degrees of freedom in choosing
the unit vector E;, one degree of freedom in choosing the unit vector E,,

perpendicular to E; andthen E; is determined.

We write
E,
E=F, |,
E;
and have
E = Ae,



where A4 is a variable (three parameter) orthogonal matrix and e =e(x) isa
definite moving frame.
Then
dx=ce=cd"'E,
dE = (dA)e + Ade =[dA+ AQ)e =[dA+ AQ]A'E .
We set
G=0d"", Q=(dA)A™" + 447",

These are matrices of one-forms on the 6-dimensional frame space and we

have
Structure equations Integrability conditions
dx =cE Jo 50
dE - G {dg—gz.
D+'0=0 B

To check the integrability conditions we note
0 = d(dx) = d6E — GdE = (d6 — GQ)E
dG =G0, etc.
In making a penetrating study of the differential geometry of E* one is

necessarily led to this 6-dimensional frame space and its differential forms

~i

o', 54-/- which, it will be noted, are entirely independent of the choice of

the moving frame e on E 3,

4.4. The Laplacian, Orthogonal Coordinates

We continue the considerations of Sections 4.1 and 4.2. The forms dx, dy,
dz make up an orthonormal basis for the Euclidean geometry of the space of
one-forms at each point; these are related to the fixed (absolute) frame i.
From

e=Bi, dx=oce=(dx,dy,dz)i
we have
oB = (dx,dy,dz)

as already noted. As B is orthogonal, we see that o,0,,0; is an
orthonormal basis for one-forms at cach point.

Let /be a function on E*. Then we have

df :@dx+gdy+zdz ,
Ox Oy Oz

*df = gdydz +gdzdx + zdxafy ,
Ox oy oz
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o f o*f 8f
d*df = + + dxdydz = (Af)dxdydz .
if (aﬁ o lydz = (Af )dxdy

The Laplacian Af of f'is known as soon as the three-form d *df is known,
for this has turned out to be the Laplacian multiplied by the volume element
dxdydz.

Now we know that the * operator can be computed equally well in any
orthonormal coordinate system. Also o, Ao, Ao3 =dxdydz , so our
procedure is this. We express dfin terms of the o;,

df = a0, +a,0, +a;0;5.
Then
*df = a,0,05 +a,0,0, +a;0,0,,
d*df =(4f)o,0,0;.

A coordinate system u, v, w in a domain in E3 is called an orthogonal
coordinate system if the vectors

o ax ax

ou’ v’ ow
are mutually perpendicular. This means that for suitable functions A,u,v,
the vectors

1 ox 1 ox 1 ox
e, =———, e,=——, e3=——

A Ou U Ov v Ow
form an orthonormal, or moving frame. We shall presuppose that this is a
right-handed one. (Otherwise we merely permute w and v.) We have

dx = duﬁ+dv6—x+dwa—x

u ov ow ,

= (Adu)e; + (udv)e, + (vdw)e;
so that
oy =Adu, o, =pudv, o3 =vdw
build an orthonormal frame for one-forms. Now we compute the Laplacian:

df = f,du+ f,dv+ f,dw
=(f, /Aoy +(f, | oy +(f, 1v)os

*df =(f,/ Moyo3+(f,/ w)osoy+(f, /v)o0,
= (uvf, | Aydvaw + (AVf, | w)dwdu + (Auf, | v)dudv

We compare this to

d*df = (4 )o0,05 = Auv(Af)dudvdw :

yo ]2 () (i), o ()
_/1,uv ou\ A ou) vl uov) ow\l v ow)|

Let us apply this to spherical coordinates r,¢,0 :
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x =rsingcosf
y=rsingsiné .

rcos @

 sin ¢ df
dr

rdd

The orthogonality is easily checked (it is obvious geometrically) and we have
o, =dr, o,=rd¢, o3 =rsingdl,

IR Y T AN Y T AN (RO
Af_rzsinqﬁ{ar(r Sm¢6rj+6¢(Sm¢6¢j+89(sin¢ aeﬂ'

4.5. Surfaces

We study a smooth surface X in E°. We choose a moving frame e at

each point x of 2 insuch a way that e; is the normal to the surface. Then
e, and e, span the tangent plane at each point. We shall see how the

equations of Section 4.1 specialize.

unit normal

tangent plane

e,

Since x is constrained to move in the surface, dx must lie in the tangent
plane, 05 =0:
dx=0e;+0,e,.

It is clear that the two-form o5, represents the element of area of 2.
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We exploit the skew-symmetry of (2 by writing

0 o _a)l
Q: —w 0 _0)2

o o, 0

The structure and integrability conditions now reduce to

Structure equations Integrability conditions
do, =m0,
dx =0,e; +0,e, do,y, = -0,
de; = we, — m,e; 0@, +0,0, =0
de, = —me, — m,e; do +ww, =0
dey = we| + wye, do, = ow,
do, = o,

In a certain sense, all of local surface theory is contained in these equations.
It remains to interpret them in terms of curvatures, curves on the surface, etc.
We illustrate a little of this.

As already remarked, o0, is the element of area on 2 . As x moves
over 2, e; moves over a region on the unit sphere S 2 , called the normal,
or spherical, image of 2 . Since e; and e, are orthogonalto e;, they lie
in the tangent plane to the spherical image and form a frame there. We see
that the equation de; = we; + w,e, plays the same role for the spherical
image as dx=o0,e; +0,e, does for X , hence ww, represents the
element of area of the spherical image.

Since there is only one linearly independent 2-form on the 2-dimensional
space X', we have
w0, =Koo,,
where K is a scalar called the Gaussian curvature. We shall see shortly that
it is entirely independent of the choice of e; and e,.
Similarly o0, —o,®, isa2-formon 2, and so
o0, —0,0, =2Ho|0,
defines a scalar H called the mean curvature of 2 .
The one-forms ,;,w, are linear combinations of o, and o,. Because
of the relation
o0, +0,0, =0,
we have a symmetry in the coefficients:
{a)l =po,+40,
W, =qO| +ro,
We easily have from this

2H=p+r, K:pr—qz.
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The characteristic roots of the symmetric matrix

27
q r
are called the principal curvatures «,,x, of X .We consequently have
2H =K +x,, K=Kk,.
From the relation d@ + w,w, =0 we have
do+Ko0,=0.
This relation gives us K once we know o,,0, and @ . But the relations
do, =wo,, do, =-wo,
suffice to determine @ once o; and o, are given. (For then
do,=a0c,0, and do, =boyo, are determined and we must have
@ =ao,+bo,.) In total then, K is completely determined analytically
from o, and o,. This contains the theorem of Gauss that the curvature K
is an intrinsic invariant of Y , independent of how X isimbedded in E*,
so long as the distance between points of 2 measured along 2 (on
geodesies, or shortest paths) is preserved locally.

When we apply vector operations to vectors with differential form
coefficients, we must always combine the coefficients according to the rules
of exterior algebra and pay strict attention to the ordering of the factors. With
this we form vector (cross) products:

dxxdx =(oe; +0,e,)x(0,€; +0,€,)

= O'12(91 xe)+ 0'22(92 xe;)+010,(e;xe;)+ 0,0 (e, Xel).
Now 0'12 =0 (and e; xe; =0), etc. Also

0,0,(e; xe)) =(-0,0,)(-e, xe,) = (0,0, )e;,
so finally
dxxdx =2(0,0,)e;
and we have obtained the vectorial area element. Precisely, the vectorial area
element is
(010)e;,

a vector directed along the normal with magnitude o,0,, the element of
area of X . Since

dx x dx = (dx,dy,dz) x (dx,dy, dz) = 2(dydz, dzdx, dxdy)
we have

(dydz,dzdx,dxdy) = (0,0, )e; .

Ifv=(P, O, R) is a vector field, then

j (Pdydz + Qdzdx + Rdxdy) = J‘v (0104¢5) = J' v-e;)(0,0,)
P 2
is the flux of v through 2.
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Similarly we have
dxxdx =2(0,0,)e;
dxxde; =2H(0,0,)e;
de; xde; =2K(0,0,)e;
which shows the independence of H and K on the tangent vectors e;,e,.
Iffsafunctionon X with
df = a0, +a,0,,
thenon X,
*df =—a,0, +a,0,,
d*df =d —a,o, +a,0,) =(4)o,0,
defines the Laplacian of f on the surface or the second Beltrami operator
A . The same works for vectors and we have
dx =o0e; +0,e,,

*dx =0,e; —0€,.

We notice that
dxxe; =(0e;+0,e,)xe; =0,e —0)€,
hence
*dx =dx xes,
d*dx =—dxxde; =2H(0,0,)e;
and so

Ax = (Ax, Ay, Az) = -2 He;, .
A minimal surface (surface of stationary area) is one for which the mean
curvature vanishes, H = 0. We have proved: The coordinate functions x, y, z
are harmonic on each minimal surface. (That 1is, they satisfy
Mx=Ay=42=0.)

In this section we have given a sample of how the exterior calculus fits
into the classical differential geometry of surfaces. Further material will be
found in Sections 8.1 and 8.2, but there is much of the subject that we cannot
cover in this text. A treatment from this point of view of exterior calculus
which is not quite completely satisfactory and which unfortunately is

embellished with historical comments often in bad taste is found in Blaschke

[3].

4.6. Maxwell's Field Equations
In classical electromagnetic field theory one deals with the following
quantities:
E = clectric field H = magnetic field

B = magnetic induction J = electric current density
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D = dielectric displacement p = charge density

3

These are all functions of the space variables xl,xz,x and the time ¢. The

basic Maxwell equations in ordinary vector language are

(i) curlE = —l%—l: (Faraday’s law of induction)
c
(ii) curlH = 4—”] +16_D (Ampére’s law)
c c ot
(iii) divD =4znp (continuity)
(iv) divB=0 (nonexistence of true magnetism)

Here c is the speed of light. We shall put these equations into the language of
exterior forms. To this end, we set
a = (Edx' + Eydx?® + Eydx®)(cdt) + (Bydx*dx® + Bydx*dx' + Bydx'dx?)
B =—(Hdx" + Hydx? + Hydx?)(cdt) + (Dydx?dx® + Dydx>dx' + Dydx'dx?),
y = (JydxPdx’ + Jydxdx' + Jydx dxe?)dt — pdxdx?dx? .
Equations (i) and (iv) become
da=0.

Equations (ii) and (iii) become

df+4ny =0.

Applying d to this last equation yields

in vector notation
. 0
divJ + o _ 0.
ot

From the equation da =0 one concludes, at least in any region of
space-time which can be shrunken to a point, that there is a one-form A
such that
di=a.
We introduce the vector potential 4 and a scalar 4, by writing
A = Aydx" + Aydxh2 + Aydxy + Agedt .

The equation dA =« in vector form is

curlA=B
grad 4, 1o =E-
c

ot

In free space, everything simplifies according to
E=D,H=B,
J=0, p =0,

so that the Maxwell equations become
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1 0H

curlE=—— divE=0

c ot )

curl H :la—E divH =0
c Ot

We introduce the Lorentz metric into 4-space whereby
dx! ,dxz,dx3,cdt
is an orthonormal basis:
(dx',dx’)=6", (dx',cdt)=0, (cdt,cdt)=-1.

The signature is 3 - 1 =2.

According to the formulas of Section 2.7,

*(dx'dx?) = —dx> (cdr) , etc.,
*(dx'cdr) = dx2dx?, ete.

We see that
a = (Edx' + Eydx® + Eydx®)(cdt) + (H,dx*dx® + Hydx*dx' + Hydx'dx?),
B =—(Hdx" + Hydx? + Hydx*)(cdt) + (Eydx*dx® + Eydx’dx’' + Eydx'dx?) .

=*g

Consequently Maxwell's equations in free space are simply
da=0
d*a=0

We return to the general situation and refine our analysis by introducing

one-forms:

o, = E;dx' + Eza’x2 + E3dx3 ,

W, = Bla’xza’x3 + Bzdx3dx1 + B3dxldx2 ,

wy = Hydx' + Hydx* + Hydx®

W, = Dldxzdx3 + Dzdx3dx1 + D3dxla’x2 ,

ws = Jydx2dx® + Jyd dx' + Jydx dx?
These involve space variable differentials only. Now we interpret d’ to denote
the exterior derivative with respect to space variables only. We introduce

0/ 0t 1n this form
0 . <
5(0)1)261)1 :Eldx +"',etC.

Now the Maxwell equations are

1.
d'a)l :__a)z
c
4 1.
d' o, :—”a)s +—w, .
c c
d’a)z :0
d'w, = 4rpdx' dx*dx?

The Poynting energy-flux vector S is introduced by
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s=|-S|ExH,
4r
that is
(%jwl Ay = Sydx dx’ + Sydxdx’ + Sydx'dx? .
T
Poynting's theorem,
c \y 1 : .
— B-H+E-J+|— |E-D+divS =0,
4 4z

follows from

d' (o rnwy)=d"' o, Aoy —o; Ad' @y

( 1. j (4;; 1. j
Sl——W) [Ny —O AN — @5 +—y |.
C C C

1. 4 1 .
:_—a)z /\0)3 __0)1/\0)5 _—a)l /\0)4
C C c

For bodies at rest, one assumes D =xE, B=uH where the dielectric
constant xk and the permeability p are constant in time. Then Poynting's

theorem becomes
—%:diVS+E~J,
ot
where
u= L(/(E 24 uH?)
8

is the energy density of the field. The quantity E-J is called the

thermochemical activity.

4.7. Problems
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