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1 First-Order Equations 

1.1 The Simplest Example 

 The constant a in the equation axx   can be considered a parameter. If a changes, the 

equation changes and so do the solutions. Can we describe qualitatively the way the solutions change? 

The sign of a is crucial here: 

1. If a > 0,  equals  when k > 0, and equals at
t kelim    when k < 0; 

2. If a = 0, =constant; atke

3. If a < 0, . 0lim 
at

t ke

The qualitative behavior of solutions is vividly illustrated by sketching the graphs of solutions as in 

Figure 1.1. Note that the behavior of solutions is quite different when a is positive and negative. When a 

> 0, all nonzero solutions tend away from the equilibrium point at 0 as t increases, whereas when a < 0, 

solutions tend toward the equilibrium point. We say that the equilibrium point is a source when nearby 

solutions tend away from it. The equilibrium point is a sink when nearby solutions tend toward it. 

We also describe solutions by drawing them on the 

phase line. Because the solution x(t ) is a function of time, we may 

view x(t ) as a particle moving along the real line. At the 

equilibrium point, the particle remains at rest (indicated by a solid 

dot), while any other solution moves up or down the x-axis, as 

indicated by the arrows in Figure 1.1. 

The equation  is stable in a certain sense if axx  0a . More 

precisely, if a is replaced by another constant b whose sign is the 

same as a, then the qualitative behavior of the solutions does not 

change. But if a = 0, the slightest change in a leads to a radical 

change in the behavior of solutions. We therefore say that we have 

a bifurcation at a = 0 in the one-parameter family of equations 

. axx 

 

1.3 Constant Harvesting and Bifurcations 

Now let’s modify the logistic model to take into account harvesting of the population. Suppose that the 

population obeys the logistic assumptions with the parameter a = 1, but is also harvested at the constant 

rate h. The differential equation becomes 

hxxx  )1(  

where h ≥ 0 is a new parameter. 

Rather than solving this equation explicitly (which can be done — see Exercise 6 at the end of 

this chapter), we use the graphs of the functions 

hxxxfh  )1()(  
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to “read off ” the qualitative behavior of solutions. In Figure 1.6 we display the graph of  in three 

different cases: 0 < h < 1/4, h = 1/4, and h > 1/4. It is straightforward to check that  has two roots 

when 0 ≤ h < 1/4, one root when h = 1/4, and no roots if h > 1/4, as illustrated in the graphs. As a 

consequence, the differential equation has two 

equilibrium points  and  with  when 

0 < h < 1/4. It is also easy to check that 

hf

hf

lx rx rl xx 0

)(  0
lh xf

0 rx

, so 

that  is a source, and  so that  is a 

sink.  

lx ) lx(hf

As h passes through h = 1/4, we encounter 

another example of a bifurcation. The two equilibria  and  coalesce as h increases through 1/4 

and then disappear when h > 1/4. Moreover, when h > 1/4, we have  for all x. Mathematically, 

this means that all solutions of the differential equation decrease to −∞ as time goes on. 

lx rx

0)( xfh

We record this visually in the bifurcation diagram. 

In this diagram we plot the parameter h horizontally. Over each 

h-value we plot the corresponding phase line. The curve in this 

picture represents the equilibrium points for each value of h. 

This gives another view of the sink and source merging into a 

single equilibrium point and then disappearing as h passes 

through 1/4 (see Figure 1.7).  

Ecologically, this bifurcation corresponds to a 

disaster for the species under study. For rates of harvesting 1/4 or lower, the population persists, provided 

the initial population is sufficiently large (x(0)≥ ). But a very small change in the rate of harvesting 

when h = 1/4 leads to a major change in the fate of the population: At any rate of harvesting h > 1/4, the 

species becomes extinct. 

lx

This phenomenon highlights the importance of detecting bifurcations in families of differential 

equations, a procedure that we will encounter many times in later chapters. We should also mention that, 

despite the simplicity of this population model, the prediction that small changes in harvesting rates can 

lead to disastrous changes in population has been observed many 

times in real situations on earth. 

Example. As another example of a bifurcation, consider the family of 

differential equations 

)()( 2 axxaxxxgx a   

which depends on a parameter a. The equilibrium points are given by 

x = 0 and x = a. We compute , so 0 is a sink if a > 0 and aga  )0(
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a source if a < 0. Similarly, , so x = a is a sink if a < 0 and a source if a > 0. We have a 

bifurcation at a = 0 since there is only one equilibrium point when a = 0. Moreover, the equilibrium 

point at 0 changes from a source to a sink as a increases through 0. Similarly, the equilibrium at x = a 

changes from a sink to a source as a passes through 0. The bifurcation diagram for this family is depicted 

in Figure 1.8.  

aaga  )(

axx 

 

1.5 Computing the Poincare Map 

Before computing the Poincare map for this equation, we introduce some important terminology. To 

emphasize the dependence of a solution on the initial value x0, we will denote the corresponding solution 

by φ(t , x0). This function φ :R × R → R is called the flow associated to the differential equation. If we 

hold the variable x0 fixed, then the function 

t → φ(t , x0) 

is just an alternative expression for the solution of the differential equation satisfying the initial condition 

x0. Sometimes we write this function as . )( 0xt

Example. For our first example, , the flow is given by 
atexxt 00 ),(  . 

For the logistic equation (without harvesting), the flow is 

at

at

exx

ex
xt

)0()0(1

)0(
),( 0 



(tfx

. 

 

Now we return to the logistic differential equation with periodic harvesting 



t,(

))2sin(1()1(), thxaxx  . 

The solution satisfying the initial condition x(0) = x0 is given by t → φ(t , x0). While we do not have a 

formula for this expression, we do know that, by the fundamental theorem of calculus, this solution 

satisfies 

t dsxssfxx 0 000 )),(,()   

since 

)),(,(),( 00 xttfxt
t







 

and . 00 ),0 xx （

If we differentiate this solution with respect to x0, we obtain, using the chain rule: 












t

dsxs
x

xss
x

f

0
0

0
0

0

),()),(,(1





xt
x 0

0

),(


. 

Now let 
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1),0()0( 0
0





 x
x

z


. 

Differentiating z with respect to t, we find 

)()),(,(

),()),(,(

0
0

0
0

0
0

tzxtt
x

f

xt
x

xtt
x

f
z



















 

Again, we do not know φ(t , x0) explicitly, but this equation does tell us that z(t ) solves the differential 

equation 

)()),(,( 0
0

tzxtt
x

f
z 




  

with z(0)=1. Consequently, via separation of variables, we may compute that the solution of this 

equation is 








t

dsxss
x

f
tz

0
0

0

)),(,(exp)(   

and so we find 









 1

0
0

0
0

0

)),(,(exp),1( dsxss
x

f
x

x


. 

Since p(x0) = φ(1, x0), we have determined the derivative p’_(x0) of the Poincare map. Note that p’(x0) > 

0. Therefore p is an increasing function.  

Differentiating once more, we find 

































1

0
0

0
0

00

2

00 )),(,(exp)),(,()()( dsduxuu
x

f
xss

xx

f
xpxp  , 

which looks pretty intimidating. However, since 

))2sin(1()1(),( 000 thxaxxtf  , 

we have 

a
xx

f
2

00

2





. 

Thus we know in addition that p’’(x0) < 0. 

Consequently, the graph of the Poincare map is 

concave down. This implies that the graph of p can 

cross the diagonal line y = x at most two times. That is, 

there can be at most two values of x for which p(x) = x. 

Therefore the Poincare map has at most two fixed 

points. These fixed points yield periodic solutions of 
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the original differential equation. These are solutions that satisfy x(t +1) = x(t ) for all t . Another way to 

say this is that the flow φ(t , x0) is a periodic function in t with period 1 when the initial condition x0 is 

one of the fixed points. We saw these two solutions in the particular case when h = 0. 8 in Figure 1.10. In 

Figure 1.11, we again see two solutions that appear to be periodic. Note that one of these solutions 

appears to attract all nearby solutions, while the other appears to repel them. We will return to these 

concepts often and make them more precise later in the book.  

 Recall that the differential equation also depends 

on the harvesting parameter h. For small values of h there 

will be two fixed points such as shown in Figure 1.11. 

Differentiating f with respect to h, we find 

)2sin1(1),( 0 txt
h

f 



 

Hence ∂f /∂h < 0 (except when t = 3/4). This implies that the 

slopes of the slope field lines at each point (t , x0) decrease as 

h increases. As a consequence, the values of the Poincare map also decrease as h increases. Hence there is 

a unique value h∗  for which the Poincare map has exactly one fixed point. For h > h∗ , there are no 

fixed points for p and so p(x0) < x0 for all initial values. It then follows that the population again dies out. 
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2. Planar Linear Systems 

2.4 Planar Linear Systems 

Proposition. The planar linear system AXX   has 

1. A unique equilibrium point (0, 0) if 0det A . 

2. A straight line of equilibrium points if 0det A  (and A is not the 0 matrix). 

2.5 Eigenvalues and Eigenvectors 

Theorem. Suppose that V0 is an eigenvector for the matrix A with associated eigenvalue λ. Then the 

function  is a solution of the system 0)( VetX t AXX  . 

2.6 Solving Linear Systems 

Theorem. Suppose A has a pair of real eigenvalues  and associated eigenvectors V1 and V2. 

Then the general solution of the linear system 

21  

AXX  is given by 

21
21)( VeVetX tt     

 

3. Phase Portraits for Planar Systems 

3.1 Real Distinct Eigenvalues 

Consider AXX   and suppose that A has two real eigenvalues λ1 < λ2. Assuming for the moment that 

, there are three cases to consider: 0i

1. λ1 < 0 < λ2; 

2. λ1 < λ2 < 0; 

3. 0 < λ1 < λ2. 

We give a specific example of each case; any system that falls into any one of these three categories may 

be handled in a similar manner, as we show later. 

Example 1. (Saddle) First consider the simple system AXX   where 











2

1

0

0




A  

withλ1 < 0 < λ2. This can be solved immediately since the system decouples into two unrelated 

first-order equations: 

x’ = λ1x 

y’ = λ2y. 

The characteristic equation is 

(λ − λ1)(λ − λ2) = 0 

so λ1 and λ2 are the eigenvalues. An eigenvector corresponding to λ1 is (1, 0) and to λ2 is (0, 1). Hence 

we find the general solution 




















1

0

0

1
)( 21 tt eetX   . 

Since λ1 < 0, the straight-line solutions of the form (1, 0) lie on the x-axis and tend to (0, 0) as t → te 1
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∞. This axis is called the stable line. Since λ2 > 0, the solutions (0, 1) lie on the y-axis and tend 

away from (0, 0) as t →∞; this axis is the unstable line. All other solutions (with 

te 2
0,  ) tend to ∞ in 

the direction of the unstable line, as t →∞, since X(t ) comes closer and closer to (0, ) as t increases. 

In backward time, these solutions tend to ∞ in the direction of the stable line.  

te 2

 In Figure 3.1 we have plotted the phase portrait of this system. 

The phase portrait is a picture of a collection of representative solution 

curves of the system in , which we call the phase plane. The equilibrium 

point of a system of this type (eigenvalues satisfying λ1 < 0 < λ2) is called a 

saddle.  

2R

Example 2. (Saddle) We consider AXX   where 












11

31
A . 

As we saw in Chapter 2, the eigenvalues of A are ±2. The eigenvector associated to λ = 2 is the vector (3, 

1); the eigenvector associated to λ = −2 is (1,−1). Hence we have an unstable line that contains 

straight-line solutions of the form 











1

3
)( 2

1
tetX  . 

each of which tends away from the origin as t →∞. The stable line contains the straight-line solutions 











 

1

1
)( 2

2
tetX  , 

which tend toward the origin as t →∞. By the linearity principle, any other solution assumes the form 





1

1













 

1

3
)( 22 tt eetX   

for some α, β. Note that, if α _= 0, as t →∞, we have 

)(
1

3
)( 1

2 tXetX t 







   

whereas, if β _= 0, as t →−∞, 

)(
1

1
)( 2

2 tXetX t 









  . 

Thus, as time increases, the typical solution approaches X1(t ) while, as 

time decreases, this solution tends toward X2(t ), just as in the previous 

case. Figure 3.2 displays this phase portrait.  

 

 In the general case where A has a positive and negative eigenvalue, we always find a similar 

stable and unstable line on which solutions tend toward or away from the origin. All other solutions 

approach the unstable line as t →∞, and tend toward the stable line as t →−∞. 

 11



 

Example 3. (Sink) Now consider the case AXX   where 











2

1

0

0




A  

but λ1 < λ2 < 0. As above we find two straight-line solutions and then the general solution: 




















1

0

0

1
)( 21 tt eetX    

Unlike the saddle case, now all solutions tend to (0, 0) as t →∞. The question is: How do they approach 

the origin? To answer this, we compute the slope dy/dx of a solution with 0 . We write 

tetx 1)(   
tety 2)(   

and compute 

t
t

t

e
e

e

dtdx

dtdy

dx

dy )(

1

2

1

2 12

1

2

/

/ 








  . 

Since λ2−λ1 > 0, it follows that these slopes approach ±∞ (provided 0 ). Thus these solutions tend to 

the origin tangentially to the y-axis.  

 Since λ1 < λ2 < 0, we call λ1 the stronger eigenvalue and λ2 the weaker eigenvalue. The 

reason for this in this particular case is that the x-coordinates of solutions tend to 0 much more quickly 

than the y-coordinates. This accounts for why solutions (except those on the line corresponding to the λ1 

eigenvector) tend to “hug” the straight-line solution corresponding to the weaker eigenvalue as they 

approach the origin. The phase portrait for this system is displayed in Figure 3.3a. In this case the 

equilibrium point is called a sink.  

 More generally, if the system has eigenvalues λ1 < λ2 < 0 with eigenvectors (u1, u2) and (v1, 

v2), respectively, then the general solution is 



















2

1

2

1 21

v

v
e

u

u
e tt   . 

The slope of this solution is given by 

121
)(

1

222
)(

1

1211

2221

1211

2221

21

21

2

2

21

21

21

21

vue

vue

e

e

veue

veue

veue

veue

dx

dy

t

t

t

t

tt

tt

tt

tt




























































 

which tends to the slope v2/v1 of the λ2 eigenvector, unless we have β = 0. If β = 0, our solution is the 

straight-line solution corresponding to the eigenvalue λ1. Hence all solutions (except those on the straight 

line corresponding to the stronger eigenvalue) tend to the origin tangentially to the straight-line solution 
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corresponding to the weaker eigenvalue in this 

case as well. 

Example 4. (Source) When the matrix 











2

1

0

0




A  

satisfies 0 < λ2 < λ1, our vector field may be 

regarded as the negative of the previous 

example. The general solution and phase 

portrait remain the same, except that all 

solutions now tend away from (0, 0) along the same paths. See Figure 3.3b.   □ 

 

3.2 Complex Eigenvalues 

Example. (Center) Consider AXX   with 












0

0




A  

and 0 . The characteristic polynomial is , so the Eigenvalues are now the imaginary 

numbers ±iβ. Without worrying about the resulting complex vectors, we react just as before to find the 

eigenvector corresponding to λ = iβ. We therefore solve 

022  





























0

0

y

x

i

i




 

or iβx = βy, since the second equation is redundant. Thus we find a complex eigenvector (1, i), and so the 

function 











i
etX ti 1

)(   

is a complex solution of AXX  . 

Now in general it is not polite to hand someone a complex solution to a real system of 

differential equations, but we can remedy this with the help of Euler’s formula 

tite ti  sincos  . 

Using this fact, we rewrite the solution as 
























tit

tit

titi

tit
tX







cossin

sincos

)sin(cos

sincos
)( . 

Better yet, by breaking X(t ) into its real and imaginary parts, we have 

)()()( ImRe tiXtXtX   

where 












t

t
tX




sin

cos
)(Re ,  










t

t
tX




cos

sin
)(Im
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But now we see that both  and  are (real!) solutions of the original system. To see this, 

we simply check 

)(Re tX )(Im tX

).()(

))()((

)(

)()()(

ImRe

ImRe

ImRe

tiAXtAX

tiXtXA

tAX

tXtXitX








 

Equating the real and imaginary parts of this equation yields ReRe AXX   and  which 

shows that both are indeed solutions. Moreover, since 

ImIm AXX 











0

1
)0(ReX ,   , 










1

0
)0(ImX

the linear combination of these solutions 

)()()( Im2Re1 tXctXctX   

where c1 and c2 are arbitrary constants provides a solution to any initial value problem. 

 We claim that this is the general solution of this equation. To prove this, we need to show that 

these are the only solutions of this equation. Suppose that this is not the case. Let 











)(

)(
)(

tv

tu
tY  

be another solution. Consider the complex function . Differentiating this 

expression and using the fact that Y (t ) is a solution of the equation yields f’(t ) = 0. Hence u(t ) + iv(t ) is 

a complex constant times . From this it follows directly that Y (t ) is a 

linear combination of  and . 

tietivtutf ))()(()( 

tie 

)(Re tX )(Im tX

 Note that each of these solutions is a periodic function with 

period 2π/β. Indeed, the phase portrait shows that all solutions lie on circles 

centered at the origin. These circles are traversed in the clockwise direction 

if β > 0, counterclockwise if β < 0. See Figure 3.4. This type of system is 

called a center.  

 

Example. (Spiral Sink, Spiral Source) More generally, consider AXX   where 















A  

and 0,  . The characteristic equation is now , so the eigenvalues are λ = 

α±iβ. An eigenvector associated to α+iβ is determined by the equation 

02 222  

0))((  yxi  . 

Thus (1, i) is again an eigenvector. Hence we have complex solutions of the form 

 14



).()(

cos

sin

sin

cos

1
)(

ImRe

)(

tiXtX

t

t
ie

t

t
e

i
etX

tt

ti
































 





 



 

As above, both  and  yield real solutions of the system whose initial conditions are 

linearly independent. Thus we find the general solution 

)(Re tX )(Im tX





















t

t
ec

t

t
ectX tt





 

cos

sin

sin

cos
)( 21 . 

Without the term , these solutions would wind 

periodically around circles centered at the origin. The 

 term converts solutions into spirals that either 

spiral into the origin (when α < 0) or away from the 

origin (α > 0). In these cases the equilibrium point is 

called a spiral sink or spiral source, respectively. 

See Figure 3.5.  

te

te

 

3.3 Repeated Eigenvalues 

The only remaining cases occur when A has repeated real eigenvalues. One simple case occurs when A is 

a diagonal matrix of the form 













0

0
A . 

The eigenvalues of A are both equal to λ. In this case every nonzero vector is an eigenvector since 

AV = λV 

for any .Hence solutions are of the form 2RV 

VetX t)( . 

Each such solution lies on a straight line through (0, 0) and either tends to (0, 0) (if λ < 0) or away from 

(0, 0) (if λ > 0). So this is an easy case.  

A more interesting case occurs when 













0

1
A . 

Again both eigenvalues are equal to λ, but now there is only one linearly independent eigenvector given 

by (1, 0). Hence we have one straight-line solution 











0

1
)(1

tetX  . 

To find other solutions, note that the system can be written 
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yy

yxx







 

Thus, if , we must have 0y

tety )( . 

Therefore the differential equation for x(t ) reads 
texx   . 

This is a nonautonomous, first-order differential equation for x(t ). One might first expect solutions of the 

form , but the nonautonomous term is also in this form. As you perhaps saw in calculus, the best 

option is to guess a solution of the form 

te

tt teetx   )(  

for some constants α and μ. This technique is often called “the method of undetermined coefficients.” 

Inserting this guess into the differential equation shows that μ = β while α is arbitrary. Hence the solution 

of the system may be written 


















10

1 t
ee tt   . 

This is in fact the general solution (see Exercise 12). 

 Note that, if λ < 0, each term in this solution tends to 0 as t → ∞. 

This is clear for the t  and t  terms. For the term t  this is 

an immediate consequence of l’Hopital’s rule. Hence all solutions tend to 

(0, 0) as t →∞. When λ > 0, all solutions tend away from (0, 0). See Figure 

3.6. In fact, solutions tend toward or away from the origin in a direction 

tangent to the eigenvector (1, 0) (see Exerci

e e  te

se 7).  

 

3.4 Changing Coordinates 

Example. Suppose 














21

01
A . 

The characteristic equation is , which yields eigenvalues λ = −1 and λ = −2. And we have 

an eigenvectors (1, 1)for λ = −1 and (0, 1) for  λ =−2. 

0232  

 We therefore have a pair of straight-line solutions, each tending to the origin as t →∞. The 

straight-line solution corresponding to the weaker eigenvalue lies along the line y = x; the straight-line 

solution corresponding to the stronger eigenvalue lies on the y-axis. All other solutions tend to the origin 

tangentially to the line y = x. 

 To put this system in canonical form, we choose T to be the matrix whose columns are these 

eigenvectors: 

 16













11

01
T  

so that 













11

011T . 

Finally, we compute 














20

011ATT , 

so ATT 1  is in canonical form. The general solution of the system  is YATTY )( 1


















 

1

0

0

1
)( 2tt eetY   

so the general solution of AXX   is 



























































1

0

1

1

1

0

0

1

11

01
)(

2

2

tt

tt

ee

eetTY




. 

Thus the linear map T converts the phase 

portrait for the system 

YY 












2

01
 

to that of AXX   as shown in Figure 3.7.  

 

Example. (Another Harmonic Oscillator) Consider the second-order equation 

AXXX 










04

10
. 

The characteristic equation is 

042   

so that the eigenvalues are ±2i. A complex eigenvector associated to λ = 2i is a solution of the system 

024

02




iyx

yix
 

One such solution is the vector (1, 2i). So we have a complex solution of the form 









i

e it

2

12 . 

Breaking this solution into its real and imaginary parts, we find the general solution 





















t

t
c

t

t
ctX

2cos2

2sin

2sin2

2cos
)( 21 . 
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Thus the position of this oscillator is given by 

tctctx 2sin2cos)( 21  , 

which is a periodic function of period π. 

Now, let T be the matrix whose columns are the real and imaginary parts of the eigenvector (1, 2i). That is 











20

01
T . 

Then, we compute easily that 













02

201ATT , 

which is in canonical form. The phase 

portraits of these systems are shown in 

Figure 3.8. Note that T maps the circular 

solutions of the system  to 

elliptic solutions of 

YATTY )( 1

AXX  . 
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4. Classification of Planar Systems 

4.1 The Trace-Determinant Plane 

For a matrix 











dc

ba
A  

we know that the eigenvalues are the roots of the characteristic equation, which can be written 

0)()(2  bcadda  . 

The constant term in this equation is det A. The coefficient of λ also has a name: The quantity a + d is 

called the trace of A and is denoted by tr A. Thus the eigenvalues satisfy 

0det)(2  AtrA   

and are given by 






  AtrAtrA det4)(

2

1 2 . 

Note that  and , so the trace is the sum of the eigenvalues of A while the 

determinant is the product of the eigenvalues of A. We will also write T = tr A and D = det A. Knowing T 

and D tells us the eigenvalues of A and therefore virtually everything about the geometry of solutions of 

trA   Adet

AXX  . For example, the values of T and D tell us whether solutions spiral into or away from the 

origin, whether we have a center, and so forth. 

 We may display this classification visually by painting a picture in the trace-determinant 

plane. In this picture a matrix with trace T and determinant D corresponds to the point with coordinates 

(T,D). The location of this point in the TD–plane then determines the geometry of the phase portrait as 

above. For example, the sign of DT 42   tells us that the eigenvalues are: 

1. Complex with nonzero imaginary part if ; 042  DT

2. Real and distinct if ; 042  DT

3. Real and repeated if . 042  DT

Thus the location of (T,D) relative to the parabola  in the TD–plane tells us all we need to 

know about the eigenvalues of A from an algebraic point of view. 

042  DT

In terms of phase portraits, however, we can say more. If , then the real part of 

the eigenvalues is T/2, and so we have a 

042  DT

1. Spiral sink if T < 0; 

2. Spiral source if T > 0; 

3. Center if T = 0. 

If  we have a similar breakdown into cases. In this region, both eigenvalues are real. If D < 

0, then we have a saddle. This follows since D is the product of the eigenvalues, one of which must be 

positive, the other negative. Equivalently, if D < 0, we compute 

042  DT

DTT 422   
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so that 

DTT 42  . 

Thus we have 

04

04

2

2





DTT

DTT
 

so the eigenvalues are real and have different signs. If D > 0 and T < 0 then both 

042  DTT , 

so we have a (real) sink. Similarly, T > 0 andD > 0 leads to a (real) source. 

When D = 0 and , we have one zero eigenvalue, while both eigenvalues vanish if D = T = 0. 0T

Plotting all of this verbal information in the TD–plane gives us a visual summary of all of the 

different types of linear systems. The equations above partition the TD–plane into various regions in 

which systems of a particular type reside. See Figure 4.1. This yields a geometric classification of 2×2 

linear systems.  

 

A couple of remarks are in order. First, the trace-determinant plane is a two-dimensional 

representation of what is really a four-dimensional space, since 2 × 2 matrices are determined by four 
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parameters, the entries of the matrix. Thus there are infinitely many different matrices corresponding to 

each point in the TD–plane. While all of these matrices share the same eigenvalue configuration, there 

may be subtle differences in the phase portraits, such as the direction of rotation for centers and spiral 

sinks and sources, or the possibility of one or two independent eigenvectors in the repeated eigenvalue 

case. We also think of the trace-determinant plane as the analog of the bifurcation diagram for planar 

linear systems. A one-parameter family of linear systems corresponds to a curve in the TD–plane. When 

this curve crosses the T-axis, the positive D-axis, or the parabola , the phase portrait of the 

linear system undergoes a bifurcation: A major change occurs in the geometry of the phase portrait. 

042  DT

Finally, note that we may obtain quite a bit of information about the system from D and T 

without ever computing the eigenvalues. For example, if D < 0, we know that we have a saddle at the 

origin. Similarly, if both D and T are positive, then we have a source at the origin. 

 

4.2 Dynamical Classification 

To emphasize the dependence of solutions on both time and the initial conditions X0, we let  

denote the solution that satisfies the initial condition X0. That is, . The function 

 is called the flow of the differential equation, whereas  is called the time t map of 

the flow. 

)( 0Xt

000 )( XX 

t)(),( 00 XXt t 

 For example, let 

.
30

02
XX 







  

Then the time t map is given by 

 tt
t eyexyx 3

0
2

000 ,),(  . 

Thus the flow is a function that depends on both time and the initial values. 

We will consider two systems to be dynamically equivalent if there is a function h that takes 

one flow to the other. We require that this function be a homeomorphism, that is, h is a one-to-one, onto, 

and continuous function whose inverse is also continuous. 

 

Definition 

Suppose AXX   and BXX   have flows  and . These two systems are (topologically) 

conjugate if there exists a homeomorphism  that satisfies 

A
2 

B
2: RRh

)),(())(,( 00 XthXht AB   . 

The homeomorphism h is called a conjugacy. Thus a conjugacy takes the solution curves of AXX   

to those of BXX  . 

Example. For the one-dimensional linear differential equations 

xx 1  and xx 2  

we have the flows 
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tj jexxt
 ),(  00  

for j = 1, 2. Suppose that λ1 and λ2 are nonzero and have the same sign. Then let 











0__

0__
)(

12

12

/

/

xifx

xifx
xh 



 

where we recall that 









 )log(exp

1

2/ 12 xx

 . 

Note that h is a homeomorphism of the real line. We claim that h is a conjugacy between  and 

. To see this, we check that when x0 > 0 

xx 1

xx 2

 

))(,(

)),((

0
2

/
0

/

00
1

212

121

xht

ex

exxth
t

t














 

as required. A similar computation works when x0 < 0.   □ 

 

Definition 

A matrix A is hyperbolic if none of its eigenvalues has real part 0. We also say that the system AXX   

is hyperbolic. 

Theorem. Suppose that the 2×2 matrices A1 and A2 are hyperbolic. Then the linear systems AXX   

are conjugate if and only if each matrix has the same number of eigenvalues with negative real part. □ 

Thus two hyperbolic matrices yield conjugate linear systems if both sets of eigenvalues fall into the same 

category below: 

1. One eigenvalue is positive and the other is negative; 

2. Both eigenvalues have negative real parts; 

3. Both eigenvalues have positive real parts. 

Before proving this, note that this theorem implies that a system with a spiral sink is conjugate to a 

system with a (real) sink. Of course! Even though their phase portraits look very different, it is 

nevertheless the case that all solutions of both systems share the same fate: They tend to the origin as t 

→∞. 
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5. Higher Dimensional Linear Algebra 

5.2 Eigenvalues and Eigenvectors 

Proposition. Suppose  are real and distinct eigenvalues for A with associated eigenvectors 

. Then the  are linearly independent. 

l ,,1 

jlVV ,,1  V

Corollary. Suppose A is an n × n matrix with real, distinct eigenvalues. Then there is a matrix T such 

that 


















n

ATT






1
1  

where all of the entries off the diagonal are 0. 

Example. Let 






















220

230

121

A . 

Expanding det (A − λI ) along the first column, we find that the characteristic equation of A is 

),1)(2)(1(

)4)2)(3)((1(

22

23
det)1()det(























IA

 

so the eigenvalues are 2, 1, and −1. The eigenvector corresponding to λ = 2 is given by solving the 

equations (A − 2I )X = 0, which yields 













042

02

02

zy

zy

zyx

. 

These equations reduce to 








02

03

zy

zx
 

Hence V1 = (3, 2, 1) is an eigenvector associated to λ = 2. In similar fashion we find that (1, 0, 0) is an 

eigenvector associated to λ = 1, while (0, 1, 2) is an eigenvector associated to λ = −1. Then we set 


















201

102

013

T . 

A simple calculation shows that 




















100

010

002

TAT . 
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Since det T = −3, T is invertible and we have 




















100

010

002
1 TATT  

 

5.5 Repeated Eigenvalues 

Proposition. Let A be an n ×n matrix. Then there is a change of coordinates T for which 


















kB

B

ATT 
1

1  

where each of the Bj’s is a square matrix (and all other entries are zero) of one of the following forms: 

(i)   (ii)  




























1

1

1



























2

2

22

22

C

I

IC

IC





where 















2C ,   , 









10

01
2I

and where R ,,  with 0 . The special cases where Bj = (λ) or 















jB  

are, of course, allowed.  

Proposition. Suppose A is a 3 × 3 matrix for which λ is the only eigenvalue. Then we may find a change 

of coordinates T such that ATT 1  assumes one of the following three forms: 

(i) ,   (ii) ,   (iii) . 





















00

00

00






















00

00

01






















00

10

01

 

Example 1.  






















211

120

102

A  

3)2()det(   IA  

V1=(1,-1,0), V3=(1,0,0), V2=(0,0,-1). 
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


















010

001

101

T  


















200

120

012
1ATT  

Example 2. 




















211

031

011

A  

3)2()det(   IA  

V1=(-1,-1,-1), V2=(1,0,0), V3=(0,0,1) 


















200

020

012
1ATT  

Example 3. 



























1100

2100

0112

1011

A  

0)1( 22   

V1=(1,1,-i,0,0), V2=(0.0.1.-i,1) 

2224

2223

1112

111

Im2/)(

Re2/)(

Im2/)(

Re2/)(

VVViW

VVVW

VVViW

VVVW









 
























0100

1100

0011

0001

T ,  
























0100

1000

0011

0001

1T
























0100

1000

1001

0110

1ATT  

Example 4. 
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





















2010

0200

1020

0102

A  

0)1)2(()2( 22    

V=(0,-i,0,1), W1=(0,0,0,), W2=(0,-1,0,0), W3=(1,0,0,0), W4=(0,0,1,0) 






















2000

1200

0021

0012

1ATT  

 

5.6 Genericity 

Recall that a set  is open if whenever nRU  UX   there is an open ball about X contained in U; 

that is, for some a > 0 (depending on X) the open ball about X of radius a, 

 aXYRY n  : , 

is contained in U. Using geometrical language we say that if X belongs to an open set U, any point 

sufficiently near to X also belongs to U. 

 Another kind of subset of  is a dense set:  is dense if there are points in U 

arbitrarily close to each point in . More precisely, if 

nR nRU 
nRXnR  , then for every 0  there exists 

some  with UY  YX . Equivalently, U is dense in  if V ∩U is nonempty for every 

nonempty open set . 

nR

nRV 

Theorem. The set M of matrices in  that have n distinct eigenvalues is open and dense in 

. 

)( nRL

)( nRL

 A property P of matrices is a generic property if the set of matrices having property P contains 

an open and dense set in . Thus a property is generic if it is shared by some open and dense set of 

matrices (and perhaps other matrices as well). Intuitively speaking, a generic property is one that “almost 

all” matrices have. Thus, having all distinct eigenvalues is a generic property of n × n matrices. 

)( nRL
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6 Higher Dimensional Linear Systems 

6.1 Distinct Eigenvalues 

Example. Consider 

XX






















220

230

121

. 

In Section 5.2 in Chapter 5, we showed that this matrix has Eigenvalues 2, 1, and −1 with associated 

eigenvectors (3, 2, 1), (1, 0, 0), and (0, 1, 2), respectively. Therefore the matrix 


















201

102

013

T  

converts AXX   to 

YYATTY

















 

100

010

002

)( 1 , 

which we can solve immediately. Multiplying the solution by T then yields the 

general solution 


















































 

2

1

0

0

0

1

1

2

3

)( 32
2

1
ttt ececectX  

of AXX 

stem Y (

. The straight line through the origin and (0, 1, 2) is the stable line, while the plane spanned 

by (3, 2, 1) and (1, 0, 0) is the unstable plane. A collection of solutions of this system as well as the 

YATT )1  sy is displayed in Figure 6.1.  

nvalues that are negative, then we may find a 

change of coordinates so that the system assumes the form 

 

Example. If the 3 × 3 matrix A has three real, distinct eige

 27



YYATTY















 

3

2

1
1

00

00

00

)(





 

where λ3 < λ2 < λ1 < 0. All solutions therefore tend to the origin 

ional sink. See Figure 6.2. For an 

initial condition (x0, y0, z0) with all three coordinates nonzero, the 

corresponding solution tends to the origin tangentially to t e 

x-axis (see Exercise 2 at the end of the chapter).  

whose matrix is already in canonical form. The eigenvalues are ±i,−1. The solution satisfying the initial 

or t

displayed in Figur

whereas all solutions in the xy–plane travel around circles centered 

 solu t lie on le 

ne actually lies on a cylinder in  given by 

 solutions spiral e circular 

and so we have a higher dimens

h

Example. Consider the system 

XX



















10

001

010

 

0

condition (x0, y0, z0) is given by 




















































1

0

0

0

cos

sin

0

sin

cos

)( 000 zt

t

yt

t

xtY  

so this is the general solution. The phase portrait f his system is 

e 6.3. The stable line lies along the z-axis, 

at the origin. In fact, each tion that does no  the stab

3R

 toward th

li

constant22  yx . These

2
0

2
0 yx   in the xy–plane if 00 z . solution of radius 

 

6.3 Repeated Eigenvalues 

As we saw in the previous chapter, the solution of systems with peated real eigenvalues reduces to 

solving systems whose matrices contain blocks of the form 

re




























1

1

1



  



Example. Let 
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XX


















00

10

01

. 



The only eigenvalue for this system is λ, and its only eigenvector is (1, 0, 0). We may solve this system as 

we did in Chapter 3, by first noting that 33 xx  , so we must have 

Now we must have 

As in Chapter 3, we guess a solution of the form 

. 

Substituting this guess into the differential equation for 

tectx 33 )(  . 

tecxx  322  . 

tt teectx   22 )(

2x , we determine that  and find 

. 

Finally, the equation 

. 

Solving as above, we find 

3c
tt tecectx 

322 )( 

tt tececxx  3211   

suggests the guess 
ttt etteectx   2

11 )( 

ttt ectecectx
2

)( 3211 

Altogether, we find 




















































1

2/

0

1

0

0

1

)(

2

321 t

t

ec

t

ecectX ttt  , 

which is the general solution. Despite the presence of the 

polynomial terms in this solution, when λ < 0, the exponential 

term dominates 

t 
2

. 

and all solutions do tend to zero. Some 

presentative solutions when λ < 0 are shown in Figure 6.9. 

-line solution for this system; 

 lies on the x-axis. Also, the xy–plane is invariant 

eigenvalue case. 

 

x al of a Ma

Definition 

n matrix. We defin exponential of A to be the m trix given by 

re

Note that there is only one straight

this solution

and solutions there behave exactly as in the planar repeated 

6.4 The E ponenti trix 

Let A be an n× e the a
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





0 !
)exp(

k

k

k

A
A  

Example. Let 



 0

A  then 






k

kA
 0

, 



 0 





k0 









 



e

e
A

0

0
)exp( . 

Example. Let  then

 ( 0











0

0


A  














cossin

sincos
)exp(A . 



Example. Let 



 1

A  then 



k

k t
tA

)(
)(






 0 










k

kk

t

kt

)(0

1




, 









 



t

tt

e

tee
tA

0
)exp(  ) 

Proposition. Let A, B, and T be n × n matrices. Then: 

1. If ATTB 1 , then TATB )exp()exp( 1 . 

BAAB 2. If , then )exp()exp()exp( BABA   

3. 1))(exp()exp(  AA  

ny n × n matrices A and B, we have: Lemma. For a



k

   000 kjn nkj

Proposition.




















 


!!!!

jkj

k

B

j

A

k

B

j

A
. 

 If is an eigenvector of A associated to the eigenvalue λ, then V is also an 

Proposition. 

nRV   

eigenvector of exp(A) associated to e . 

AtAtAAtA
dt

d
)exp()exp()exp(  . 

In other words, the derivative of the matrix-valued function t → exp(tA) is another matrix-valued function 

Theorem. Let A be an n × n matrix. Then the solution of the initial valu problem 

A exp(tA). 

AXX e  with 

is . Moreover, this is the only such solution. 

. 

By the theorem, the general solution is 

But this is precisely the matrix whose exponential we computed earlier. We find 

. 

0)0( XX   0)exp()( XtAtX 

Example. Consider the system 

XX 











0

1

00 0

1
exp)exp()( X

t
XtAtX 













. 

0
0

)( X
e

tee
tX

t

tt











 


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7 Nonlinear Systems 

7.1 Dynamical Systems 

 We begin by collecting some of the terminology regarding dynamical systems that we have 

introduced at various points in the preceding chapters. A dynamical system is a way of describing the 

passage in time of all points of a given space S. The space S could be thought of, for example, as the 

space of states of some physical system. Mathematically, S might be a Euclidean space or an open subset 

of Euclidean space or some other space such as a surface in R3. When we consider dynamical systems 

that arise in mechanics, the space S will be the set of possible positions and velocities of the system. For 

the sake of simplicity, we will assume throughout that the space S is Euclidean space , although in 

certain cases the important dynamical behavior will be confined to a particular subset of . 

nR
nR

Given an initial position , a dynamical system on  tells us where X is located 1 

unit of time later, 2 units of time later, and so on. We denote these new positions of X by X1, X2, and so 

forth. At time zero, X is located at position X0. One unit before time zero, X was at X−1. In general, the 

“trajectory” of X is given by Xt . If we measure the positions Xt using only integer time values, we have 

an example of a discrete dynamical system, which we shall study in Chapter 15. If time is measured 

continuously with t, we have a continuous dynamical system. If the system depends on time in a 

continuously differentiable manner, we have a smooth dynamical system. These are the three principal 

types of dynamical systems that arise in the study of systems of differential equations, and they will form 

the backbone of Chapters 8 through 14. 

nRX  nR

Rt

The function that takes t to Xt yields either a sequence of points or a curve in  that 

represents the life history of X as time runs from −∞ to ∞. Different branches of dynamical systems make 

different assumptions about how the function Xt depends on t . For example, ergodic theory deals with 

such functions under the assumption that they preserve a measure on Rn. Topological dynamics deals 

with such functions under the assumption that Xt varies only continuously. In the case of differential 

equations, we will usually assume that the function Xt is continuously differentiable. The map φt : Rn → 

Rn that takes X into Xt is defined for each t and, from our interpretation of Xt as a state moving in time, it 

is reasonable to expect φt to have φ−t as its inverse. Also, φ0 should be the identity function  

and  is also a natural condition. We formalize all of this in the following 

definition: 

nR

X )( X0

)())(( XX stst  

Definition 

A smooth dynamical system on  is a continuously differentiable function  where 

 satisfies 

nR nn RRR :

)(),( XXt t 

1.  is the identity function: ; nn RR :0 000 )( XX 

2. The composition  for each stst    Rst , . 

Example. For the first-order differential equation axx  , the function  gives the 

solutions of this equation and also defines a smooth dynamical system on . 

)exp()( 00 atxxt 

R
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Example. Let A be an n ×n matrix. Then the function  defines a smooth dynamical 

system on . Clearly,  and, as we saw in the previous chapter, we have 

00 )exp()( XtAXt 
nR I )0exp(0

stst sAtAAst   ))))(exp((exp())exp(( . 

7.2 The Existence and Uniqueness Theorem 

The Existence and Uniqueness Theorem. Consider the initial value problem 

)(XFX  ,  00 )( XtX 

where . Suppose that  is C1. Then, first of all, there exists a solution of this initial 

value problem and, secondly, this is the only such solution. More precisely, there exists an a > 0 and a 

unique solution 

nRX 0
nn RRF :

nRatatX  ),(: 00  

of this differential equation satisfying the initial condition . 00 )( XtX 

7.4 The Variational Equation 

Theorem. (Smoothness of Flows). Consider the system )(XFX   where F isC1. Then the flow φ(t , X) 

of this system is a C1 function; that is, ∂φ/∂t and ∂φ/∂X exist and are continuous in t and X. 

 

 

8 Equilibria in Nonlinear Systems 

8.1 Some Illustrative Examples 

As a first example, consider the system: 










yy

yxx 2

. 

There is a single equilibrium point at the origin. The linearized equation 

is 








yy

xx
. 

We have a saddle at the origin with a stable line along the y-axis and an 

unstable line along the x-axis. 

The general solution is 

















 





t

tt

eyty

eyeyxtx

0

22
0

2
00

)(

3

1

3

1
)(

 

Example. In general, it is impossible to convert a nonlinear system to a linear one as in the previous 

example, since the nonlinear terms almost always make huge changes in the system far from the 

equilibrium point at the origin. For example, consider the nonlinear system 
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












)(
2

1

2

1

)(
2

1

2

1

23

23

yxyyxy

xyxyxx
 

The linearized system is now 

XX















 


2

1
1

1
2

1

, 

which has eigenvalues 1/2+i, 1/2-i. All solutions of this system spiral away from the origin and toward ∞ 

in the counterclockwise direction. We have 










1

2/)1( 2


rrr

. 

From the equation 1 , we conclude that all nonzero solutions spiral around the origin in the 

counterclockwise direction. From the first equation, we see that solutions do not spiral toward ∞. Indeed, 

we have  when r = 1, so all solutions that start on the unit circle stay there forever and move 

periodically around the circle. Since  when 0 < r < 1, we conclude that nonzero solutions inside 

the circle spiral away from the origin and toward the unit circle. Since 

0r

0r

0r  when r > 1, solutions 

outside the circle spiral toward it. See Figure 8.2. 

Example. Now consider one final example: 










yy

xx 2

 

The only equilibrium solution for this system is the origin. All 

other solutions (except those on the y-axis) move to the right and 

toward the x-axis. On the y-axis, solutions tend along this straight 

line to the origin. Hence the phase portrait is as shown in Figure 

8.3.  

 

8.2 Nonlinear Sinks and Sources 

Let  and suppose that )(XFX  0)( 0 XF . Let  denote the Jacobian matrix of F evaluated at 

X0. Then, as in Chapter 7, the linear system of differential equations 

0XDF

YDFY X 0
  

is called the linearized system near X0. Note that, if X0 = 0, the linearized system is obtained by simply 

dropping all of the nonlinear terms in F, just as we did in the previous section. 

In analogy with our work with linear systems, we say that an equilibrium point X0 of a nonlinear 

system is hyperbolic if all of the eigenvalues of  have nonzero real parts. 
0XDF
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We now specialize the discussion to the case of an equilibrium of a planar system for which the linearized 

system has a sink at 0. Suppose our system is 








),(

),(

yxgy

yxfx
 

with f (x0, y0) = 0 = g (x0, y0). If we make the change of coordinates u =x-x0, v = y − y0 then the new 

system has an equilibrium point at (0, 0). Hence we may as well assume that x0 = y0 = 0 at the outset. We 

then make a further linear change of coordinates that puts the linearized system in canonical form. For 

simplicity, let us assume at first that the linearized system has distinct eigenvalues −λ < −μ < 0. Thus 

after these changes of coordinates, our system become 








),(

),(

2

1

yxhyy

yxhxx




 

where hj = hj (x, y) contains all of the “higher order terms.” That is, in terms of its Taylor expansion, each 

hj contains terms that are quadratic or higher order in x and/or y. Equivalently, we have 

0
),(

lim
)0,0(),(


 r

xh j

yx

 

where . 222 yxr 

The Linearization Theorem. Suppose the n-dimensional system )(XFX   has an equilibrium point 

at X0 that is hyperbolic. Then the nonlinear flow is conjugate to the flow of the linearized system in a 

neighborhood of X0. 

 

8.3 Saddles 

We turn now to the case of an equilibrium for which the linearized system has a saddle at the origin in 

. As in the previous section, we may assume that this system is in the form 2R








),(

),(

2

1

yxfyy

yxfxx




 

where −μ < 0 < λ and  tends to 0 as r → 0. As in the case of a linear system, we call this 

type of equilibrium point a saddle. 

ryxf j /),(

The Stable Curve Theorem. Suppose the system 








),(

),(

2

1

yxfyy

yxfxx




 

satisfies −μ < 0 < λ and → 0 as r → 0. Then there is an ryxf j /),(   > 0 and a curve x = hs (y) that is 

defined for |y| <  and satisfies hs(0) = 0. 

Furthermore: 

1. All solutions whose initial conditions lie on this curve remain on this curve for all t ≥ 0 and tend to the 

origin as t →∞; 

2. The curve x = hs (y) passes through the origin tangent to the y-axis; 
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3. All other solutions whose initial conditions lie in the disk of radius  centered at the origin leave this 

disk as time increases. 

 

We conclude this section with a brief discussion of higher dimensional saddles. Suppose  

where 

)(XFX 

nRX 

g :

. Suppose that X0 is an equilibrium solution for which the linearized system has k 

eigenvalues with negative real parts and n − k eigenvalues with positive real parts. Then the local stable 

and unstable sets are not generally curves. Rather, they are “submanifolds” of dimension k and n − k, 

respectively. Without entering the realm of manifold theory, we simply note that this means there is a 

linear change of coordinates in which the local stable set is given near the origin by the graph of a C∞ 

function g :  that satisfies g (0) = 0, and all partial derivatives of g vanish at the origin. 

Here Br is the disk of radius r centered at the origin in . The local unstable set is a similar graph over 

an n − k-dimensional disk. Each of these graphs is tangent at the equilibrium point to the stable and 

unstable subspaces at X0. Hence they meet only at X0. 

kn
r RB 

kR

Example. Consider the system 














22 yxzz

yy

xx

 

The linearized system at the origin has eigenvalues 1 and −1 (repeated). The change of coordinates 


















)(
3

1 22 yxzw

yv

xu

 

converts the nonlinear system to the linear system 













ww

vv

uu

 

The plane w = 0 for the linear system is the stable plane. Under 

the change of coordinates this plane is transformed to the surface 

)(
3

1 22 yxz   

which is a paraboloid passing through the origin in  and 

opening downward. All solutions tend to the origin on this surface; we call this the stable surface for the 

nonlinear system. See Figure 8.5. 

3R

 

8.5 Bifurcations 

Recall the elementary bifurcations we encountered in Chapter 1 for first-order equations . If )(xfx a
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x0 is an equilibrium point, then we have fa(x0) =0. If 0)( 0  xf a

)(x

, then small changes in a do not change 

the local structure near x0: that is, the differential equation 

fx a  

has an equilibrium point x0(  ) that varies continuously with   for   small. A glance at the 

(increasing or decreasing) graphs of  near x0 shows why this is true. More rigorously, this is an 

immediate consequence of the implicit function theorem (see Exercise 3 at the end of this chapter). Thus 

)(xfa 

bifurcations for first-order equations only occur in the nonhyperbolic case where . 0)( 0  xf a

Example. The first-order equation 

ax  2

0(0

xfx a )(  

has a single equilibrium point at x = 0 when a = 0. Note 0) f , but 0)0(0 f . For a > 0 this 

equation has no equilibrium points since fa(x) > 0 for all x, but for a < 0 this equation has a pair of 

equilibria. Thus a bifurcation occurs as the parameter passes through a = 0. 

This kind of bifurcation is called a saddle-node bifurcation (we will see the “saddle” in this 

bifurcation a little later). In a saddle-node bifurcation, there is an interval about the bifurcation value a0 

and another interval I on the x-axis in which the differential equation has 

1. Two equilibrium points in I if a < a0; 

2. One equilibrium point in I if a = a0; 

3. No equilibrium points in I if a > a0. 

Of course, the bifurcation could take place “the other way,” with no equilibria when a > a0. The example 

above is actually the typical type of bifurcation for first-order equations. 

Theorem. (Saddle-Node Bifurcation) Suppose )(xf ax   is a first-order differential equation for 

which 

1. ; 0)( 00 xf a

2. ; 0)( 00  xf a

3. ; 0)( 00  xf a

4. 0)( 0
0 




x
a

f a . 

Then this differential equation undergoes a saddle-node 

bifurcation at a = a0. 

Recall that the bifurcation diagram for )(xfx a  is a plot of the various phase lines of the equation 

versus the parameter a. The bifurcation diagram for a typical 

saddle-node bifurcation is displayed in Figure 8.6. (The directions of 

the arrows and the curve of equilibria may change.)  

Example. (Pitchfork Bifurcation) Consider 

axxx  3  

There are three equilibria for this equation, at x = 0 and x = ±√a 
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when a > 0. When a ≤ 0, x = 0 is the only equilibrium point. The bifurcation diagram shown in Figure 8.7 

explains why this bifurcation is so named. 

Example. Consider the system 










yy

axx 2

 

When a = 0, this is one of the systems considered in Section 8.1. There is a unique equilibrium point at 

the origin, and the linearized system has a zero eigenvalue. When a passes through a = 0, a saddle-node 

bifurcation occurs. When a > 0, we have x’ > 0 so all solutions move to the right; the equilibrium point 

disappears. When a < 0 we have a pair of equilibria, at the points (±√(−a), 0). The linearized equation is 

X
x

X 










10

02
. 

So we have a sink at (−√(−a), 0) and a 

saddle at (√(−a), 0). Note that 

solutions on the lines x = ±√(−a) 

remain for all time on these lines 

since x’ = 0 on these lines. Solutions 

tend directly to the equilibria on these 

lines since y’ = −y. This bifurcation is 

sketched in Figure 8.8.  

Example. Consider the system given 

in polar coordinates by 











a

rrr

 2

3

sin
 

where a is again a parameter. See 

Figure 8.9. 

Example. (Hopf Bifurcation) Consider the system 











)(

)(
22

22

yxyayxy

yxxyaxx
 

There is an equilibrium point at the origin and the linearized system is 

X
a

a
X 







 


1

1
 

The eigenvalues are a ± i, so we expect a bifurcation when a = 0. To see what happens as a passes 

through 0, we change to polar coordinates. The system becomes 
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








1

3


rarr

 

Note that the origin is the only equilibrium point for this system, since 0 . For a < 0 the origin is a 

sink since  for all r > 0. Thus all solutions 

tend to the origin in this case. When a > 0, the 

equilibrium becomes a source. So what else happens? 

When a > 0 we have r’ = 0 if r =√a. So the circle of 

radius √a is a periodic solution with period 2π. We also 

have r’ > 0 if 0 < r <√a, while r’ < 0 if r >√a. Thus, all 

nonzero solutions spiral toward this circular solution as t 

→∞. 

03  rar

This type of bifurcation is called a Hopf bifurcation. Thus at a Hopf bifurcation, no new equilibria 

arise. Instead, a periodic solution is born at the equilibrium point as a passes through the bifurcation value. 

See Figure 8.10. 
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9 Global Nonlinear Techniques 

9.1 Nullclines 

For a system in the form 













),,(

),,(

1

111

nnn

n

xxfx

xxfx







 

the xj -nullcline is the set of points where x’j vanishes, so the xj -nullcline is the set of points determined 

by setting fj (x1, . . . , xn) = 0. 

Example. For the system 










2

2

xy

xyx
 

the x-nullcline is the parabola 

 and the y-nullcline is the 

vertical line x =2. These nullclines 

meet at (2, 4) so this is the only 

equilibrium point. The nullclines 

divide  into four basic regions 

labeled A through D in Figure 9.1(a). 

By first choosing one point in each 

of these regions, and then determining the direction of the vector field at that point, we can decide the 

direction of the vector field at all points in the basic region. For example, the point (0, 1) lies in region A 

and the vector field is (1,−2) at this point, which points toward the southeast. Hence the vector field 

points southeast at all points in this region. Of course, the vector field may be nearly horizontal or nearly 

vertical in this region; when we say southeast we mean that the angle θ of the vector field lies in the 

sector −π/2 < θ < 0. Continuing in this fashion we get the direction of the vector field in all four regions, 

as in Figure 9.1(b). This also determines the horizontal and vertical directions of the vector field on the 

nullclines. 

2xy 

2R

Just from the direction field alone, it appears that the equilibrium point is a saddle. Indeed, this is the 

case because the linearized system at (2, 4) is 

XX 









01

14
, 

which has eigenvalues −2 ±√5, one of which is positive, the other negative. 

More importantly, we can fill in the approximate behavior of solutions everywhere in the plane. For 

example, note that the vector field points into the basic region marked B at all points along its boundary, 

and then it points northeasterly at all points inside B. Thus any solution in region B must stay in region B 

for all time and tend toward ∞ in the northeast direction. See Figure 9.2. Similarly, solutions in the basic 

 39



region D stay in that region and head toward ∞ in the southwest 

direction. Solutions starting in the basic regions A and C have a choice: 

They must eventually cross one of the nullclines and enter regions B and 

D (and therefore we know their ultimate behavior) or else they tend to 

the equilibrium point. However, there is only one curve of such 

solutions in each region, the stable curve at (2, 4). Thus we completely 

understand the phase portrait for this system, at least from a qualitative 

point of view. See Figure 9.3.  

Example. (Heteroclinic Bifurcation) Next consider the system that 

depends on a parameter a: 











)1(

1
2

2

xaxyy

xx
 

The x-nullclines are given by x = ±1 while the y-nullclines are xy 

= a(x2−1). The equilibrium points are (±1, 0). Since x’ = 0 on x= 

± 1, the vector field is actually tangent to these nullclines. 

Moreover, we have y’ = −y on x = 1 and y’ = y on x = −1. So 

solutions tend to (1, 0) along the vertical line x = 1 and tend away 

from (−1, 0) along x = −1. This happens for all values of a. 

Now, let’s look at the case a = 0. Here the system simplifies 

to 










xyy

xx 12

 

so y’ = 0 along the axes. In particular, the vector field is tangent to the x-axis and is given by x’ = x2 − 1 

on this line. So we have x’ > 0 if |x| > 1 and x’ < 0 if |x| < 1. Thus, at each equilibrium point, we have one 

straight-line solution tending to the equilibrium and one tending away. So it appears that each equilibrium 

is a saddle. This is indeed the case, as is easily checked by linearization.  

There is a second y-nullcline along 

x = 0, but the vector field is not tangent 

to this nullcline. Computing the 

direction of the vector field in each of 

the basic regions determined by the 

nullclines yields Figure 9.4, from which 

we can deduce immediately the 

qualitative behavior of all solutions. 

Note that, when a = 0, one branch of the 
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unstable curve through (1, 0) matches up exactly with a branch of the stable curve at (−1, 0). All solutions 

on this curve simply travel from one saddle to the other. Such solutions are called heteroclinic solutions 

or saddle connections. Typically, for 

planar systems, stable and unstable 

curves rarely meet to form such 

heteroclinic “connections.” When 

they do, however, one can expect a 

bifurcation. 

Now consider the case where . 

The x-nullclines remain the same, at 

x = ±1. But the y-nullclines change 

drastically as shown in Figure 9.5. They are given by y = a(x2 − 1)/x. When a > 0, consider the basic 

region denoted by A. Here the vector field points southwesterly. In particular, the vector field points in 

this direction along the x-axis between x = −1 and x = 1. This breaks the heteroclinic connection: The 

right portion of the stable curve associated to (−1, 0) must now come from y = ∞ in the upper half plane, 

while the left portion of the unstable curve associated to (1, 0) now descends to y = −∞ in the lower half 

plane. This opens an “avenue” for certain solutions to travel from y =+∞ to y = −∞between the two lines x 

= ±1. Whereas when a = 0 all solutions remain for all time confined to either the upper or lower 

half-plane, the heteroclinic bifurcation at a = 0 opens the door for certain solutions to make this transit. 

0a

A similar situation occurs when a < 0 (see Exercise 2 at the end of this chapter). 

 

9.2 Stability of Equilibria 

Theorem. (Liapunov Stability) Let X∗  be an equilibrium point for )(XFX  . Let  be a 

differentiable function defined on an open set containing X∗ . Suppose further that 

ROL *

O

(a) L(X∗ ) = 0 and L(X) > 0 if *XX  ; 

(b) ˙  in O − X∗ . 0L

Then X∗  is stable. Furthermore, if L also satisfies 

(c) ˙  in O − X∗ , 0L

then X∗  is asymptotically stable. 

A function L satisfying (a) and (b) is called a Liapunov function for X∗ . If (c) also holds, we call L 

a strict Liapunov function. 

Example. Consider the system of differential equations in  given by 3R














3

)1)((

)1)(2(

zz

zyxy

zyxx




 

where   is a parameter. The origin is the only equilibrium point for this system. The linearization of the 
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system at (0, 0, 0) is 

YY

















000

01

02




 

The eigenvalues are 0 and  ±√2i. Hence, from the linearization, we can only conclude that the origin is 

unstable if   > 0. When   ≤ 0, all we can conclude is that the origin is not hyperbolic. 

When   ≤ 0 we search for a Liapunov function for (0, 0, 0) of the form 
222),,( czbyaxzyxL  , 

with a, b,c > 0. For such an L, we have 

)(2 zczybyxxL  , 

so that 

422

4

)1)()(2()1)((

)1)(()1)(2(2/

czzxybazbyax

czzyxbyzyxaxL








. 

For stability, we want ˙ ; this can be arranged, for example, by setting a = 1, b = 2, and c = 1. If 0L   

= 0, we then have ˙ , so the origin is stable. It can be shown (see Exercise 4) that the origin is 

not asymptotically stable in this case. 

0L 4 z

If   < 0, then we find 
422 )1)(2( zzyxL    

so that ˙  in the region  given by z 

> −1 (minus the origin). We conclude that 

the origin is asymptotically stable in this 

case, and, indeed, from Exercise 4, that all 

solutions that start in the region  tend to 

the origin. 

0L O

O

 

Figure 9.7 makes the theorem 

intuitively obvious. The condition ˙  

means that when a solution crosses a “level 

surface” , it moves inside the set 

where L ≤ c and can never come out again. Unfortunately, it is sometimes difficult to justify the diagram 

shown in this figure; why should the sets  shrink 

down to X∗ ? Of course, in many cases, Figure 9.7 is 

indeed correct, as, for example, if L is a quadratic function 

such as ax2 + by2 with a,b > 0. But what if the level 

surfaces look like those shown in Figure 9.8? It is hard to 

imagine such an L that fulfills all the requirements of a 

0L

L

)(1 cL

)(1 c
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Liapunov function; but rather than trying to rule out that possibility, it is simpler to give the analytic proof 

as above.  

Example. Now consider the system 















zz

zxyy

xx

sin

)1( 22

3

 

The origin is again an equilibrium point. It is not the only one, however, since (0, 0, nπ) is also an 

equilibrium point for each . Hence the origin cannot be globally asymptotically stable. Moreover, 

the planes z = nπ for 

Zn

Zn  are invariant in the sense that any solution that starts on one of these planes 

remains there for all time. This occurs since z’ = 0 when z = nπ. In particular, any solution that begins in 

the region |z| < π must remain trapped in this region for all time. 

Linearization at the origin yields the system 

YY



















100

010

000

 

which tells us nothing about the stability of this equilibrium point. 

However, consider the function 
222),,( zyxzyxL  . 

Clearly, L > 0 except at the origin. We compute 

zzzxyxL sin2)1(22 2224  . 

Then ˙  at all points in the set |z| < π (except the origin) since z sinz > 0 when . Hence the 

origin is asymptotically stable. 

0L 0z

Moreover, we can conclude that the basin of attraction of the origin is the entire region |z| < π. From 

the proof of the Liapunov stability theorem, it follows immediately that any solution that starts inside a 

sphere of radius r < π must tend to the origin. Outside of the sphere of radius π and between the planes z 

= ±π, the function L is still strictly decreasing. Since solutions are trapped between these two planes, it 

follows that they too must tend to the origin. 

Theorem. (Lasalle’s Invariance Principle) Let X∗  be an equilibrium point for  and let L : 

U → R be a Liapunov function for X∗ , where U is an open set containing X∗ . Let  be a 

neighborhood of X∗  that is closed and bounded. Suppose that P is positively invariant, and that there is 

no entire solution in P −X∗  on which L is constant. Then X∗  is asymptotically stable, and P is 

contained in the basin of attraction of X∗ . 

)(XFX 

P U

 

9.3 Gradient Systems 

A gradient system on  is a system of differential equations of the form nR
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)(XgradVX   

where  is a C∞ function, and RRV n :
















nx

V

x

V
gradV ,,

1

 . 

(The negative sign in this system is traditional.) The vector field grad V is called the gradient of V. Note 

that −grad V(X) = grad (−V(X)). 

Gradient systems have special properties that make their flows rather simple. The following equality 

is fundamental: 

YXgradVYDVX  )()( . 

This says that the derivative of V at X evaluated at  is given by the dot product of 

the vectors grad V(X) and Y . This follows immediately from the formula 

n
n RyyY  ),,( 1 


 




n

j
j

j
X yX

x

V
YDV

1

)()(  

Let X(t ) be a solution of the gradient system with X(0) = X0, and let  be the derivative of V 

along this solution. That is, 

RRV n :

))(()( tXV
dt

d
XV  . 

Proposition. The function V is a Liapunov function for the system )(XgradVX  . Moreover, 

 if and only if X is an equilibrium point. 0)( XV

Theorem. (Properties of Gradient Systems) For the system )(XgradVX  : 

1. If c is a regular value of V, then the vector field is perpendicular to the level set . )(1 cV 

2. The critical points of V are the equilibrium points of the system. 

3. If a critical point is an isolated minimum of V, then this point is an asymptotically stable equilibrium 

point. 

Example. Let  be the function . Then the gradient system RRV 2: 222 )1(),( yxxyxV 

)()( XgradVXFX   

is given by 








yy

xxxx

2

)12)(1(2
 

There are three equilibrium points: (0, 0), (1/2, 0), and (1, 0). The linearizations at these three points yield 

the following matrices: 














20

02
)0,0(DF ,  ,  . 











20

01
)0,2/1(DF 













20

02
)0,1(DF

Hence (0, 0) and (1, 0) are sinks, while (1/2, 0) is a saddle. Both the x- and y-axes are invariant, as are the 

lines x = 1/2 and x = 1. Since y’ = −2y on these vertical lines, it follows that the stable curve at (1/2, 0) is 

the line x = 1/2, while the unstable curve at (1/2, 0) is the interval (0, 1) on the x-axis.  
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The level sets of V and the phase 

portrait are shown in Figure 9.10. Note that it 

appears that all solutions tend to one of the 

three equilibria. This is no accident, for we 

have: 

Proposition. Let Z be an α-limit point or an 

ω-limit point of a solution of a gradient flow. 

Then Z is an equilibrium point. 

 

There is one final property that gradient systems share. Note that, in the previous example, all of the 

eigenvalues of the linearizations at the equilibria have real eigenvalues. Again, this is no accident, for the 

linearization of a gradient system at an equilibrium point X∗  is a matrix [aij ] where 

*)(
2

X
xx

V
a

ji
ij 














 . 

Since mixed partial derivatives are equal, we have 

*)(*)(
22

X
xx

V
X

xx

V

ijji




























 

and so aij = aji . It follows that the matrix corresponding to the linearized system is a symmetric matrix. It 

is known that such matrices have only real eigenvalues. For example, in the 2 × 2 case, a symmetric 

matrix assumes the form 









cb

ba
 

and the eigenvalues are easily seen to be 

2

4)(

2

22 bcaca 



 

both of which are real numbers. A more general case is relegated to Exercise 15. We therefore have: 

Proposition. For a gradient system )(XgradVX  , the linearized system at any equilibrium point 

has only real eigenvalues. 

 

9.4 Hamiltonian Systems 

We shall restrict attention in this section to Hamiltonian systems in . A Hamiltonian system on  

is a system of the form 

2R 2R




















),(

),(

yx
x

H
y

yx
y

H
x
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where  is a C∞ function called the Hamiltonian function. RRH 2:

Example. (Undamped Harmonic Oscillator) Recall that this system is given by 








kxy

yx
 

where k > 0. A Hamiltonian function for this system is 

22

22

1
),( x

k
yyxH  . 

Example. (Ideal Pendulum) The equation for this system, as we saw in Section 9.2, is 











sin
 

The total energy function 

 cos1
2

1
),( 2 E  

serves as a Hamiltonian function in this case. Note that we say a Hamiltonian function, since we can 

always add a constant to any Hamiltonian function without changing the equations. 

What makes Hamiltonian systems so important is the fact that the Hamiltonian function is a first 

integral or constant of the motion. That is, H is constant along every solution of the system, or, in the 

language of the previous sections, . This follows immediately from 0H

0

































x

H

y

H

yx

H

y
y

H
x

x

H
H

 

Proposition. For a Hamiltonian system on , H is constant along every solution curve. 2R

Example. Consider the system 











xxy

yx
3

 

A Hamiltonian function is 

4

1

224
),(

224


yxx

yxH . 

The constant value 1/4 is irrelevant here; we choose it so that H has 

minimum value 0, which occurs at (±1, 0), as is easily checked. The 

only other equilibrium point lies at the origin. The linearized system is 

X
x

X 










031

10
2  

At (0, 0), this system has eigenvalues ±1, so we have a saddle. At (±1, 

0), the eigenvalues are ±√2i, so we have a center, at least for the 
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linearized system. Plotting the level curves of H and adding the directions at nonequilibrium points yields 

the phase portrait depicted in Figure 9.11. Note that the equilibrium points at (±1, 0) remain centers for 

the nonlinear system. Also note that the stable and unstable curves at the origin match up exactly. That is, 

we have solutions that tend to (0, 0) in both forward and backward time Such solutions are known as 

homoclinic solutions of homoclinic orbits. 

Proposition. Suppose (x0, y0) is an equilibrium point for a planar Hamiltonian system. Then the 

eigenvalues of the linearized system are either ±λ or ±iλ where R . 
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10 Closed Orbits and Limit Sets 

10.1 Limit Sets 

We begin by describing the limiting behavior of solutions of systems of differential equations. Recall that 

 is an ω-limit point for the solution through X if there is a sequence tn →∞ such that nRY 

n lim YXn )( . That is, the solution curve through X accumulates on the point Y as time moves 

forward. The set of all ω-limit points of the solution through X is the ω-limit set of X and is denoted by 

ω(X). The α-limit points and the α-limit set α(X) are defined by replacing tn →∞ with tn →−∞ in the 

above definition. By a limit set we mean a set of the form ω(X) or α(X). 

Here are some examples of limit sets. If X∗  is an asymptotically stable equilibrium, it is the ω-limit 

set of every point in its basin of attraction. Any equilibrium is its own α- and ω-limit set. A periodic 

solution is the α-limit and ω-limit set of every point on it. Such a solution may also be the ω-limit set of 

many other points. 

Example. Consider the planar system given in polar coordinates by 











1

)(
2

1 3



rrr
 

As we saw in Section 8.1, all nonzero solutions of this equation tend 

to the periodic solution that resides on the unit circle in the plane. See 

Figure 10.1. Consequently, the ω-limit set of any nonzero point is 

this closed orbit. 

Example. Consider the system 








)cos1.0(cossin

)coscos1.0(sin

yxyy

yxxx
 

There are equilibria which are saddles at the corners of the square (0, 

0), (0, π), (π, π), and (π, 0), as well as at many other points. There are 

heteroclinic solutions connecting these equilibria in the order listed. 

See Figure 10.2. There is also a spiral source at (π/2, π/2). All 

solutions emanating from this source accumulate on the four 

heteroclinic solutions connecting the equilibria (see Exercise 4 at the 

end of this chapter). Hence the ω-limit set of any point on these 

solutions is the square bounded by x = 0, π and y = 0, π.  

Proposition. 

1. If X and Z lie on the same solution curve, then ω(X) = ω(Z) and α(X) =α(Z); 

2. If D is a closed, positively invariant set and DZ  , then DZ )( , and similarly for negatively 

invariant sets and α-limits; 

3. A closed invariant set, in particular, a limit set, contains the α-limit and ω-limit sets of every point in it. 
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10.3 The Poincare Map 

Proposition. Let  be a planar system and suppose that X0 lies on a closed orbit γ . Let P be 

a Poincare map defined on a neighborhood of X0 in some local section. If |P’(X0)| < 1, then γ is 

asymptotically stable. 

)(XFX 

 

10.5 The Poincare-Bendixson Theorem 

Theorem. (Poincaré-Bendixson) Suppose that  is a nonempty, closed and bounded limit set of a 

planar system of differential equations that contains no equilibrium point. Then   is a closed orbit. 

Example. Another example of an ω-limit set that is neither a closed orbit nor an equilibrium is provided 

by a homoclinic solution. Consider the system 





































y
yxx

xsxHy

xx
yxx

yx

224
3

)(
224

224

3
224

 

A computation shows that there are three equilibria: at (0, 0), 

(−1, 0), and (1, 0). The origin is a saddle, while the other two 

equilibria are sources. The phase portrait of this system is 

shown in Figure 10.9. Note that solutions far from the origin 

tend to accumulate on the origin and a pair of homoclinic 

solutions, each of which leaves and then returns to the origin. 

Solutions emanating from either source have ω-limit set that consists of just one homoclinic solution and 

(0, 0). See Exercise 6 for proofs of these facts.  
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12 Applications in Circuit Theory 

12.2 The Lienard Equation 

In this section we begin the study of the phase portrait of the Lienard system from the circuit of the 

previous section, namely: 














x
dt

dy

xfy
dt

dx
)(

 

In the special case where , this system is called the van der Pol equation. xxxf  3)(

First consider the simplest case where f is linear. Suppose f (x) = kx, where k > 0. Then the Lienard 

system takes the form AYY   where 













01

1k
A  

The eigenvalues of A are given by . Since 2/))4(( 2/12  kk   is either negative or else has a 

negative real part, the equilibrium point at the origin is a sink. It is a spiral sink if k < 2. For any k > 0, all 

solutions of the system tend to the origin; physically, this is the dissipative effect of the resistor. 

Note that we have 

ykykxyxy  , 

so that the system is equivalent to the second-order equation 

0 yyky , 

which is often encountered in elementary differential equations courses. 

Next we consider the case of a general characteristic f . There is a unique equilibrium point for the 

Lienard system that is given by (0, f (0)). Linearization yields the matrix 












01

1)0(f
 

whose eigenvalues are given by 






  4))0(()0(

2

1 2ff . 

We conclude that this equilibrium point is a sink if f’(0) > 0 and a source if f’(0) < 0. In particular, for the 

van der Pol equation where f (x) = x3 −x, the unique equilibrium point is a source. 

To analyze the system further, we define the function 2  by ) . 

Then we have 

2: RRW  )(2/1(),( 22 yxyxW 

)()()(( xxfxyxfyxW  . 

In particular, if f satisfies f (x) > 0 if x > 0, f (x) < 0 if x < 0, and f (0) = 0, then W is a strict Liapunov 

function on all of . It follows that, in this case, all solutions tend to the unique equilibrium point lying 

at the origin. 

2R
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In circuit theory, a resistor is called passive if its characteristic is contained in the set consisting of (0, 

0) and the interior of the first and third quadrant. Therefore in the case of a passive resistor, −xf (x) is 

negative except when x = 0, and so all solutions tend to the origin. Thus the word passive correctly 

describes the dynamics of such a circuit. 

12.3 The van der Pol Equation 

In this section we continue the study of the Lienard equation in the special case where . 

This is the van der Pol equation: 

xxxf  3)(














x
dt

dy

xxy
dt

dx 3

 

Let φt denote the flow of this system. In this case we can give a fairly complete phase portrait analysis. 

Theorem. There is one nontrivial periodic solution of the van der Pol equation and every other solution 

(except the equilibrium point at the origin) tends to this periodic solution. “The system oscillates.” 

We know from the previous section that this system has a unique equilibrium point at the origin, and 

that this equilibrium is a source, since f ‘(0) < 0. The next step is to show that every nonequilibrium 

solution “rotates” in a certain sense around the equilibrium in a clockwise direction. To see this, note that 

the x-nullcline is given by y = x3 − x and the y-nullcline is the y-axis. 

We subdivide each of these nullclines into two pieces given by 

v+ = {(x, y) | y > 0, x = 0} 

v− = {(x, y) | y < 0, x = 0} 

g+ = {(x, y) | x > 0, y = x3 − x} 

g− = {(x, y) | x < 0, y = x3 − x}. 

These curves are disjoint; together with the 

origin they form the boundaries of the four 

basic regions A, B, C, and D depicted in 

Figure 12.3. From the configuration of the 

vector field in the basic regions, it appears 

that all nonequilibrium solutions wind 

around the origin in the clockwise direction. 

This is indeed the case. 

Proposition. Solution curves starting on v+ cross successively through g+, v−, and g− before returning to 

v+. 

As a consequence of this result, we may define a Poincare map P on the half-line v+. Given (0, y0) 

 v+, we define P(y0) to be the y coordinate of the first return of φt (0, y0) to v+ with t > 0. See Figure 

12.4. As in Section 10.3, P is a one to one C∞ function. The Poincare map is also onto. To see this, 


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simply follow solutions starting on v+ backward in time until they 

reintersect v+, as they must by the proposition. Let 1 nn PPP   

denote the n-fold composition of P with itself.  

Our goal now is to prove the following theorem: 

Theorem. The Poincaré map has a unique fixed point in v+. 

Furthermore, the sequence  tends to this fixed point as n 

→ ∞ for any nonzero . 

)( 0yP n

0y

 

12.4 A Hopf Bifurcation 

We now describe a more general class of circuit equations where the resistor characteristic depends on a 

parameter μ and is denoted by fμ. (Perhaps μ is the temperature of the resistor.) The physical behavior of 

the circuit is then described by the system of differential equations on : 2R














dt

dy

y
dt

dx


x

xf )(
 

Consider as an example the special case where fμ is described by 

xxxf   3)(  

and the parameter μ lies in the interval [−1, 1]. When μ = 1 we have the van der Pol system from the 

previous section. As before, the only equilibrium point lies at the origin. The linearized system is 

YY 










01

1
 

and the eigenvalues are 






  4

2

1 2 . 

Thus the origin is a spiral sink for 

−1 ≤ μ < 0 and a spiral source for 0 

< μ ≤ 1. Indeed, when−1 ≤ μ ≤ 0, the 

resistor is passive as the graph of fμ 

lies in the first and third quadrants. 

Therefore all solutions tend to the 

origin in this case. This holds even 

in the case where μ = 0 and the 

linearization yields a center. 

Physically the circuit is dead in that, 

after a period of transition, all 

 52



currents and voltages stay at 0 (or as close to 0 as we want). 

However, as μ becomes positive, the circuit becomes alive. It begins to oscillate. This follows from 

the fact that the analysis of Section 12.3 applies to this system for all μ in the interval (0, 1]. We therefore 

see the birth of a (unique) periodic solution γμ as μ increases through 0 (see Exercise 4 at the end of this 

chapter). Just as above, this solution attracts all other nonzero solutions. As in Section 8.5, this is an 

example of a Hopf bifurcation. Further elaboration of the ideas in Section 12.3 can be used to show that 

γμ → 0 as μ → 0 with μ > 0. Figure 12.9 shows some phase portraits associated to this bifurcation.  
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13 Applications in Mechanics 

13.1 Newton’s Second Law 

The connection between the physical concept of a force field and the mathematical concept of a 

differential equation is Newton’s second law: F = ma. This law asserts that a particle in a force field 

moves in such a way that the force vector at the location X of the particle, at any instant, equals the 

acceleration vector of the particle times the mass m. That is, Newton’s law gives the second-order 

differential equation 

)(XFXm  . 

As a system, this equation becomes 











)(
1

XF
m

V

VX
 

where V = V(t ) is the velocity of the particle. This is a system of equations on . This type of 

system is often called a mechanical system with n degrees of freedom. 

nn RR 

A solution nRX 

tVtX ))(),(

 of the second-order equation is said to lie in configuration space. The solution 

of the system  lies in the phase space or state space of the system. nn RR (

Example. Recall the simple undamped harmonic oscillator from Chapter 2. In this case the mass moves 

in one dimension and its position at time t is given by a function x(t ), where x : R → R. As we saw, the 

differential equation governing this motion is 

kxxm   

for some constant k > 0. That is, the force field at the point Rx  is given by −kx. 

13.2 Conservative Systems 

Theorem. (Conservation of Energy) Let (X(t ), V(t )) be a solution curve of a conservative system. Then 

the total energy E is constant along this solution curve. 

13.3 Central Force Fields 

Proposition. Let F be a conservative force field. Then the following statements are equivalent: 

1. F is central; 

2. F(X) = f (|X|)X; 

3. F(X) = −grad U(X) and U(X) = g (|X|). 

Proposition. A particle moving in a central force field in R3 always moves in a fixed plane containing the 

origin. 

Corollary. (Conservation of Angular Momentum)Angular momentum is constant along any solution 

curve in a central force field. 

 

13.7 Blowing Up the Singularity 

The singularity at the origin in the Newtonian central force problem is the first time we have encountered 

 54



such a situation. Usually our vector fields have been well defined on all of . In mechanics, such 

singularities can sometimes be removed by a combination of judicious changes of variables and time 

scalings. In the Newtonian central force system, this may be achieved using a change of variables 

introduced by McGehee [32]. 

nR

We first introduce scaled variables 

 vru

vru rr

2/1

2/1 ,




 

In these variables the system becomes 

rurr 2/1 , 

 ur 2/3 , 







   1

2

1 222/3
uuru rr , 







 

 uuru r2

12/3 . 

We still have a singularity at the origin, but note that the last three equations are all multiplied by 2/3r . 

We can remove these terms by simply multiplying the vector field by 2/3r . In doing so, solution curves 

of the system remain the same but are parameterized differently. 

More precisely, we introduce a new time variable τ via the rule 

2/3r
d

dt



. 

By the chain rule we have 

 d

dt

dt

dr

d

dr
  

and similarly for the other variables. In this new timescale the system becomes 

rrur   

 u  

1
2

1 22  uuu rr  

 uuu r2

1
  

where the dot now indicates differentiation with respect to τ . Note that, when r is small, dt /dτ is close to 

zero, so “time” τ moves much more slowly than time t near the origin. 

This system no longer has a singularity at the origin. We have “blown up” the singularity and 

replaced it with a new set given by r =0 with θ, , and  being arbitrary. On this set the system is 

now perfectly well defined. Indeed, the set r =0 is an invariant set for the flow since  when r =0. 

We have thus introduced a fictitious flow on r =0. While solutions on r =0 mean nothing in terms of the 

ru u

0r
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real system, by continuity of solutions, they can tell us a lot about how solutions behave near the 

singularity. 

We need not concern ourselves with all of r =0 since the total energy relation in the new variables 

becomes 

1)(
2

1 22  uuhr r . 

On the set r =0, only the subset   defined by 

222  uur ,    is arbitrary 

matters. The set   is called the collision surface for the system; how solutions behave on   dictates 

how solutions move near the singularity since any solution that approaches r =0 necessarily comes close 

to   in our new coordinates. Note that   is a two-dimensional torus: It is formed by a circle in the θ 

direction and a circle in the –plane. uur

On   the system reduces to 

 u  

2

2

1
uur   

 uuu r2

1
  

where we have used the energy relation to simplify ˙ . This system is easy to analyze. We have ˙  

provided . Hence the  coordinate must increase along any solution in 

ru 0ru

0u ru   with . 0u

On the other hand, when , the system has equilibrium points. There are two circles of 

equilibria, one given by uθ =0,ur =√2, and θ arbitrary, the other by uθ =0,ur =−√2, and θ arbitrary. Let C± 

denote these two circles with ur =±√2 on C±. All other solutions must travel from C− to C+ since vθ 

increases along solutions. 

0u

To fully understand the flow on  , we introduce the angular variable ψ in each –plane via uur

sin2ru , 

 cos2u . 

The torus is now parameterized by θ and ψ. In θψ coordinates, 

the system becomes 

 cos2 , 

 cos
2

1
 . 

The circles C± are now given by ψ=±π/2. Eliminating time from 

this equation, we find 

2

1





d

d
, 
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Thus all nonequilibrium solutions have constant slope 1/2 when viewed in θψ coordinates. See Figure 

13.4.  

Now recall the collision-ejection solutions described in Section 13.4. Each of these solutions leaves the 

origin and then returns along a ray θ =θ* in configuration space. The solution departs with vr >0 (and so 

ur >0) and returns with vr <0 (ur 

<0). In our new four-dimensional 

coordinate system, it follows that 

this solution forms an unstable 

curve associated to the equilibrium 

point (0,θ*,√2,0) and a stable 

curve associated to (0,θ*,−√2, 0). 

See Figure 13.5. What happens to 

nearby noncollision solutions? 

Well, they come close to the 

“lower” equilibrium point with θ 

=θ*,ur =−√2, then follow one of 

two branches of the unstable curve 

through this point up to the “upper” equilibrium point θ =θ*,ur =+√2, and then depart near the unstable 

curve leaving this equilibrium point. Interpreting this motion in configuration space, we see that each 

near-collision solution approaches the origin and then retreats after θ either increases or decreases by 2π 

units. Of course, we know this already, since these solutions whip around the origin in tight ellipses. 
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14 The Lorenz System 

14.1 Introduction to the Lorenz System 

The resulting motion led to a three-dimensional system of differential equations that involved three 

parameters: the Prandtl number σ, the Rayleigh number r , and another parameter b that is related to the 

physical size of the system. When all of these simplifications were made, the system of differential 

equations involved only two nonlinear terms and was given by 














bzxyz

xzyrxy

xyx )(
 

In this system all three parameters 

are assumed to be positive and, 

moreover, σ > b + 1. We denote this 

system by . In Figure 

14.1, we have displayed the solution 

curves through two different initial 

conditions P1 =(0, 2, 0) and P2 = 

(0,−2, 0) when the parameters are σ = 10, b = 8/3, and r = 28. These are the original parameters that led to 

Lorenz’s discovery. Note how both solutions start out very differently, but eventually have more or less 

the same fate: They both seem to wind around a pair of points, alternating at times which point they 

encircle. This is the first important fact about the Lorenz system: All nonequilibrium solutions tend 

eventually to the same complicated set, the so-called Lorenz attractor.  

)(XLX 

 

14.2 Elementary Properties of the Lorenz System 

As usual, to analyze this system, we begin by finding the equilibria. Some easy algebra yields three 

equilibrium points, the origin, and 

)1,)1(,)1((  rrbrbQ . 

The latter two equilibria only exist when r > 1, so already we see that we have a bifurcation when r = 1. 

Linearizing, we find the system 

Y

bxy

xzrY




















 1

0
. 

At the origin, the eigenvalues of this matrix are −b and 




  )1(4)1()1(

2

1 2 r . Note 

that both λ± are negative when 0 ≤ r < 1. Hence the origin is a sink in this case. 

The Lorenz vector field L(X) possesses a symmetry. If we let S(x, y, z) =(−x,−y, z), then we have 

 58



S(L(X)) = L(S(X)). That is, reflection through the z-axis preserves the vector field. In particular, if (x(t ), 

y(t ), z(t )) is a solution of the Lorenz equations, then so is (−x(t ),−y(t ), z(t )). 

When x = y = 0, we have x’ = y’ = 0, so the z-axis is invariant. On this axis, we have simply z’ = −bz, 

so all solutions tend to the origin on this axis. In fact, the solution through any point in  tends to the 

origin when r < 1, for we have: 

3R

Proposition. Suppose r < 1. Then all solutions of the Lorenz system tend to the equilibrium point at the 

origin. 

When r increases through 1, two things happen. First, the eigenvalue λ+ at the origin becomes 

positive, so the origin is now a saddle with a two-dimensional stable surface and an unstable curve. 

Second, the two equilibria Q± are born at the origin when r = 1 and move away as r increases. 

Proposition. The equilibrium points Q± are sinks provided 











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1

3
*1

b

b
rr


 . 

We remark that a Hopf bifurcation is known to occur at r∗ , but proving this is beyond the scope of 

this book. 

When r > 1 it is no longer true that all solutions tend to the origin. However, we can say that 

solutions that start far from the origin do at least move closer in. To be precise, let  
222 )2(),,( rzyrxzyxV   . 

Note that V(x, y, z) = ν > 0 defines an ellipsoid in  centered at (0, 0, 2r ). We will show: 3R

Proposition. There exists ν* such that any solution that starts outside the ellipsoid V = ν* eventually 

enters this ellipsoid and then remains trapped therein for all future time. 

Proposition. The volume of _ is zero. 

 

14.3 The Lorenz Attractor 

Definition Let  be a system of differential equations in  with flow φt . A set )(XFX  nR   is 

called an attractor if 

1.   is compact and invariant; 

2. There is an open set U containing   such that for each UX  , UXt )(  for all t ≥ 0 and 

   )(0 Utt ; 

3. (Transitivity) Given any points 21 ,YY  and any open neighborhoods Uj about Yj in U, there is a 

solution curve that begins in U1 and later passes through U2. 

As a remark, there is no universally accepted definition of an attractor in mathematics; some people 

choose to say that a set   that meets only conditions 1 and 2 is an attractor, while if   also meets 

condition 3, it would be called a transitive attractor. For planar systems, condition 3 is usually easily 

verified; in higher dimensions, however, this can be much more difficult, as we shall see. 

For the rest of this chapter, we restrict attention to the very special case of the Lorenz system where 
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the parameters are given by σ = 10, b = 8/3, and r = 28. Historically, these are the values Lorenz used 

when he first encountered chaotic phenomena in this system. Thus, the specific Lorenz system we 

consider is 














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

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zxy

xzyx

xy

XLX

)3/8(

28

)(10

)( . 

As in the previous section, we have three equilibria: the origin and Q± =(±6√2,±6√2, 27). At the origin 

we find eigenvalues λ1 = −8/3 and 
2

1201

2

11
 . For later 

use, note that these eigenvalues satisfy    01 / 

The linearized system at the origin is then 

YY
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
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
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00

00





. 

The phase portrait of the linearized system is shown in Figure 

14.4. Note that all solutions in the stable plane of this system tend 

to the origin tangentially to the z-axis. 

At Q± a computation shows that there is a single negative real eigenvalue and a pair of complex 

conjugate eigenvalues with positive real parts. Note that the symmetry in the system forces the rotations 

about Q+ and Q− to have opposite orientations.  

In Figure 14.5, we have displayed a numerical computation of a portion of the left- and right-hand 

branches of the unstable curve at the 

origin. Note that the right-hand portion 

of this curve comes close to Q− and 

then spirals away. The left portion 

behaves symmetrically under reflection 

through the z-axis. In Figure 14.6, we 

have displayed a significantly larger 

portion of these unstable curves. Note 

that they appear to circulate around the 

two equilibria, sometimes spiraling 

around Q+, sometimes about Q−. In 

particular, these curves continually 

reintersect the portion of the plane z = 27 containing Q± in which the vector field points downward. This 

suggests that we may construct a Poincaré map on a portion of this plane. As we have seen before, 

computing a Poincare map is often impossible, and this case is no different. So we will content ourselves 
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with building a simplified model that exhibits much of the behavior we find in the Lorenz system. As we 

shall see in the following section, this model provides a computable means to assess the chaotic behavior 

of the system. 
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16 Homoclinic Phenomena 

16.1 The Shil’nikov System 

For this example, we do not specify the full system of differential equations. Rather, we first set up a 

linear system of differential equations in a certain cylindrical neighborhood of the origin. This system has 

a two-dimensional stable surface in which solutions spiral toward the origin and a one-dimensional 

unstable curve. We then make the simple but crucial dynamical assumption that one of the two branches 

of the unstable curve is a homoclinic solution and thus eventually enters the stable surface. We do not 

write down a specific differential equation having this behavior. Although it is possible to do so, having 

the equations is not particularly useful for understanding the global dynamics of the system. In fact, the 

phenomena we study here depend only on the qualitative properties of the linear system described 

previously a key inequality involving the eigenvalues of this linear system, and the homoclinic 

assumption. 

The first portion of the system is defined in the cylindrical region S of  given by  

and |z| ≤ 1. In this region consider the linear system 

3R 122  yx

XX
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. 

The associated eigenvalues are −1 ± i and 2. Using the results of Chapter 6, the flow φt of this system is 

easily derived: 
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Using polar coordinates in the xy–plane, solutions in S are given more succinctly by 
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This system has a two-dimensional stable plane (the xy–plane) and a pair of unstable curves ζ± lying on 

the positive and negative z-axis, respectively. We remark that there is nothing special about our choice of 

eigenvalues for this system. Everything below works fine for eigenvalues α ± iβ and λ where α < 0, 

0 , and λ > 0 subject only to the important condition that λ > −α. 

The boundary of S consists of three pieces: the upper and lower disks D± given by z = ±1, r ≤ 1, and 

the cylindrical boundary C given by r = 1, |z| ≤ 1. The stable plane meets C along the circle z = 0 and 

divides C into two pieces, the upper and lower halves given by C+ and C−, on which z > 0 and z < 0, 

respectively. We may parameterize D± by r and θ and C by θ and z. We will concentrate in this section on 

C+. 
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Any solution of this system that starts in C+ must eventually exit from S through D+. Hence we can 

define a map ψ1 : C+ → D+ given by following solution curves that start in C+ until they first meet D+. 

Given , let τ = τ (θ0, z0) denote the time it takes for the solution through (θ0, z0) to make 

the transit to D+. We compute immediately using  that 

Cz ),( 00

teztz 2
0)(  )log( 0z . Therefore 
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For simplicity, we will regard ψ1 as a map from the (θ0, z0) cylinder to the (r1, θ1) plane. Note that a 

vertical line given by θ0 = θ* in C+ is mapped by ψ1 to the spiral 

))log(*,( 000 zzz   , 

which spirals down to the point r = 0 in D±, since 

log√z0 →−∞ as z0 → 0. 

To define the second piece of the system, we 

assume that the branch ζ+ of the unstable curve 

leaving the origin through D+ is a homoclinic 

solution. That is, ζ+ eventually returns to the stable 

plane. See Figure 16.1. We assume that ζ+ first 

meets the cylinder C at the point r = 1, θ = 0, z = 0. 

More precisely, we assume that there is a time t1 

such that φt1 (0, θ, 1) = (1, 0, 0) in r , θ, z coordinates. 

Therefore we may define a second map ψ2 by following solutions beginning near r = 0 in D+ until 

they reach C. We will assume that ψ2 is, in fact, defined on all of D+. In Cartesian coordinates on D+, we 

assume that ψ2 takes  to Dyx ),( Cz ),( 11  via the rule 
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In polar coordinates, ψ2 is given by 

θ1 = (r sin θ)/2 

z1 = (r cos θ)/2. 

Of course, this is a major assumption, since writing down such a map for a particular nonlinear system 

would be virtually impossible. 

Now the composition 12    defines a Poincare map on C+. The map ψ1 is defined on C+ 

and takes values in D+, and then ψ2 takes values in C. We have  where CC :
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See Figure 16.2.  

As in the Lorenz system, we have now reduced the study 

of the flow of this three-dimensional system to the study of a 

planar discrete dynamical system. As we shall see in the next 

section, this type of mapping has incredibly rich dynamics that 

may be (partially) analyzed using symbolic dynamics. For a 

little taste of what is to come, we content ourselves here with 

just finding the fixed points of  . To do this we need to solve 
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These equations look pretty formidable. However, if we square both equations and add them, we find 
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which is well defined provided that 0 ≤ z0 ≤ 1/4. Substituting this expression into the second equation 

above, we find that we need to solve 
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Now the term 2
00 4zz   tends to zero as z0 → 0, but log(√z0) → −∞. Therefore the graph of the 

left-hand side of this equation oscillates infinitely many times 

between ±1 as z0 → 0. Hence there must be infinitely many 

places where this graph meets that of 2√z0, and so there are 

infinitely many solutions of this equation. This, in turn, yields 

infinitely many fixed points for  . Each of these fixed points 

then corresponds to a periodic solution of the system that starts in 

C+, winds a number of times around the z-axis near the origin, 

and then travels around close to the homoclinic orbit until closing 

up when it returns to C+. See Figure 16.3.  

We now describe the geometry of this map; in the next section we use these ideas to investigate 

the dynamics of a simplified version of this map. First note that the circles z0 = α in C+ are mapped by ψ1 

to circles r =√α centered at r = 0 in D+ since 
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Then ψ2 maps these circles to circles of radius √α/2 centered at θ1 = z1 = 0 in C. (To be precise, these are 

circles in the θz–plane; in the cylinder, these circles are “bent.”) In particular, we see that “one-half” of 

the domain C+ is mapped into the lower part of the cylinder C− and therefore no longer comes into play. 

Let H denote the half-disk  0)(  zC . Half-disk H has center at θ1 = z1 = 0 and radius 1/2. 

The preimage of H in C+ consists of all points (θ0, z0) whose images satisfy z1 ≥ 0, so that we must have 

0))log(cos(
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1
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It follows that the preimage of H is given by 

 2/)log(2/:),()( 0000
1   zzH  

where 0 < z0 ≤ 1. This is a region bounded by the two curves 

θ0+log(√z0) =±π/2, each of which spirals downward in C+ toward 

the circle z = 0. See Figure 16.4. This follows since, as z0 → 0, we 

must have θ0 → ∞. More generally, consider the curves  given 

by 

l

  )log( 00 z  

for −π/2 ≤ α ≤ π/2. These curves fill the preimage  and each spirals around C just as the 

boundary curves do. Now we have 
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so   maps each  to a ray that emanates from θ = z = 0 in C+ and is parameterized by √z0. In 

particular, 

l

  maps each of the boundary curves  to z=0 in C. 2/l

Since the curves  spiral down toward the circle z = 0 in C, it follows that  meets 

H in infinitely many strips, which are nearly horizontal close to z = 0. See Figure 16.4. We denote these 

strips by  for k sufficiently large. More precisely, let  denote the component of  

for which we have 
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The top boundary of  is given by a portion of the spiral  and the bottom boundary by a piece 

of . Using the fact that 

kH 2/l
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we find that, if kHz ),( 00 , then 
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from which we conclude that 
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Now consider the image of  under kH  . The upper and lower boundaries of  are mapped 

to z = 0. The curves 

kH

kHl   are mapped to arcs in rays emanating from θ = z = 0. These rays are given 

as above by 
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In particular, the curve  is mapped to the vertical line θ1 

= 0, z1 =√z0/2. Using the above estimate of the size of z0 in 

, one checks easily that the image of  lies 

completely above  when k ≥ 2. Therefore the image of 

0l

kH

(H

0l

kH

)k  is a “horseshoe-shaped” region that crosses  

twice as shown in Figure 16.5. In particular, if k is large, the 

curves  meet the horseshoe 

kH

kHl )( kH  in nearly horizontal subarcs.  

Such a map is called a horseshoe map; in the next section we discuss the prototype of such a 

function. 
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