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CHAPTER III 

ELASTIC WAVES 

§22. Elastic waves in an isotropic medium 

If motion occurs in a deformed body, its temperature is not in general 

constant, but varies in both time and space. This considerably complicates 

the exact equations of motion in the general case of arbitrary motions. 

Usually, however, matters are simplified in that the transfer of heat 

from one part of the body to another (by simple thermal conduction) 

occurs very slowly. If the heat exchange during times of the order of the 

period of oscillatory motions in the body is negligible, we can regard any 

part of the body as thermally insulated, i.e., the motion is adiabatic. In 

adiabatic deformations, however, ikσ  is given in terms of iku  by the 

usual formulae, the only difference being that the ordinary (isothermal) 

values of E and σ  must be replaced by their adiabatic values (see §6). 

We shall assume in what follows that this condition is fulfilled, and 

accordingly E and σ  in this chapter will be understood to have their 

adiabatic values. 

In order to obtain the equations of motion for an elastic medium, we 

must equate the internal stress force 
k

ik

x∂
∂σ

 to the product of the 

acceleration iu&&  and the mass per unit volume of the body, i.e., its 

density ρ : 

  
k

ik
i

x
u

∂
∂

=
σ

ρ && .   (22.1) 

This is the general equation of motion. 

In particular, the equations of motion for an isotropic elastic medium 

can be written down at once by analogy with the equation of equilibrium 

(7.2). We have 

 ugraduu div
)21)(1(2)1(2 σσ

∆
σ

ρ
−+

+
+

=
EE

&& . (22.2) 

Since all deformations are supposed small, the motions considered in 

the theory of elasticity are small elastic oscillations or elastic waves. We 

shall begin by discussing a plane elastic wave in an infinite isotropic 

medium, i.e., a wave in which the deformation u is a function only of one 

co-ordinate (x, say) and of the time. All derivatives with respect to y and z 

in equations (22.2) are then zero, and we obtain for the components of the 

vector u the equations 

ugraduu div)( µλ∆µρ ++=&&  
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(the equation for zu  is the same as that for yu ); here
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Equations (22.3) are ordinary wave equations in one dimension, and 

the quantities lc  and tc  which appear in them are the velocities of 

propagation of the wave. We see that the velocity of propagation for the 

component xu  is different from that for yu  and zu . 

Thus an elastic wave is essentially two waves propagated 

independently. In one ( xu ) the displacement is in the direction of 

propagation; this is called the longitudinal wave, and is propagated with 

velocity lc . In the other wave ( yu , zu ) the displacement is in a plane 

perpendicular to the direction of propagation; this is called the transverse 

wave, and is propagated with velocity tc . It is seen from (22.4) that the 

velocity of longitudinal waves is always greater than that of transverse 

waves: we always have
2
 

  tl cc
3

4
> .   (22.5) 

The velocities lc  and tc  are often called the longitudinal and 

transverse velocities of sound. 

We know that the volume change in a deformation is given by the sum 

of the diagonal terms in the strain tensor, i.e., by udiv≡iiu . In the 

transverse wave there is no component xu , and, since the other 

components do not depend on y or z, 0div =u  for such a wave. Thus 

transverse waves do not involve any change in volume of the parts of the 

body. For longitudinal waves, however, 0div ≠u , and these waves 

involve compressions and expansions in the body. 

The separation of the wave into two parts propagated independently 

with different velocities can also be effected in the general case of an 

arbitrary (not plane) elastic wave in an infinite medium. We rewrite 

                                                           
1
 We may give also expressions for lc  and tc  in terms of the moduli of compression 

and rigidity and the Lamé coefficients: 
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equation (22.2) in terms of the velocities lc  and tc : 

ugraduu div)(
222
tlt ccc −+= ∆&& . (22.6) 

We then represent the vector u as the sum of two parts: 

  tl uuu += ,   (22.7) 

of which one satisfies 

0div =tu     (22.8) 

and the other satisfies 

0curl =lu .    (22.9) 

We know from vector analysis that this representation (i.e., the expression 

of a vector as the sum of the curl of a vector and the gradient of a scalar) 

is always possible. 

Substituting tl uuu +=  in (22.6), we obtain 

ltltlttl ccc ugraduuuu div)()(
222 −++=+ ∆&&&& . (22.10) 

We take the divergence of both sides. Since 0div =tu , the result is 

ltlltl ccc uuu div)(divdiv
222 ∆∆ −+=&& , 

or 

0)div(
2 =− lll c uu ∆&& . 

The curl of the expression in parentheses is also zero, by (22.9). If the curl 

and divergence of a vector both vanish in all space, that vector must be 

zero identically. Thus 
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Similarly, taking the curl of equation (22.10) we have, since the curls of 

tu  and of any gradient are zero, 0)(
2 =− ttt c uucurl ∆&& . Since the 

divergence of the expression in parentheses is also zero, we obtain an 

equation of the same form as (22.11): 
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∆ .   (22.12) 

Equations (22.11) and (22.12) are ordinary wave equations in three 

dimensions. Each of them represents the propagation of an elastic wave, 

with velocity lc  and tc , respectively. One wave ( tu ) does not involve 

a change in volume (since 0div =tu ), while the other ( lu ) is 

accompanied by volume compressions and expansions. 

In a monochromatic elastic wave, the displacement vector is 

  { }tieu ω−= )(Re 0 ru ,   (22.13) 

where 0u  is a function of the co-ordinates which satisfies the equation 

 0div)( 0
2

0
22

0
2 =+−+ uugradu ω∆ tll ccc , (22.14) 

obtained by substituting (22.13) in (22.6). The longitudinal and transverse 
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 4

parts of a monochromatic wave satisfy the equations 
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where 
l

l
c

k
ω

= , 
t

t
c

k
ω

=  are the wave numbers of the longitudinal and 

transverse waves. 

Finally, let us consider the reflection and refraction of a plane 

monochromatic elastic wave at the boundary between two different elastic 

media. It must be borne in mind that the nature of the wave is in general 

changed when it is reflected or refracted. If a purely transverse or purely 

longitudinal wave is incident on a surface of separation, the result is a 

mixed wave containing both transverse and longitudinal parts. The nature 

of the wave remains unchanged (as we see from symmetry) only when it 

is incident normally on the surface of separation, or when a transverse 

wave whose oscillations are parallel to the plane of separation is incident 

(at any angle). 

The relations giving the directions of the reflected and refracted waves 

can be obtained immediately from the constancy of the frequency and of 

the tangential components of the wave vector.
3
 Let θ  and 'θ  be the 

angles of incidence and reflection (or refraction) and c, c' the velocities of 

the two waves. Then 

  
''sin

sin

c

c
=

θ
θ

.   (22.16) 

For example, let the incident wave be transverse. Then 1tcc =  is the 

velocity of transverse waves in medium 1. For the transverse reflected 

wave we have 1' tcc =  also, so that (22.16) gives 'θθ = , i.e., the angle 

of incidence is equal to the angle of reflection. For the longitudinal 

reflected wave, however, 1' lcc = , and so 

  
1

1
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l
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c

c
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. 

For the transverse part of the refracted wave 2' tcc = , and for a transverse 

incident wave 
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Similarly, for the longitudinal refracted wave 
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3
 See Fluid Mechanics, §65. The arguments given there are applicable in their entirety. 
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PROBLEMS 

Problem 1. Determine the reflection coefficient for a longitudinal 

monochromatic wave incident at any angle on the surface of a body (with 

a vacuum outside).
4
 

Solution. When the wave is reflected, there are in general both 

longitudinal and transverse reflected waves. It is clear from symmetry that 

the displacement vector in the transverse reflected wave lies in the plane 

of incidence (Fig. 20, where 0n , ln  and tn  are unit vectors in the 

direction of propagation of the incident, longitudinal reflected and 

transverse reflected waves, and 0u , lu  and tu  the corresponding 

displacement vectors). The total displacement in the body is given by the 

sum (omitting the common factor tie ω−  for brevity) 

rkrkrk
nann

⋅⋅⋅ ×++= tl eAeAeAu ttll
0

00 , 

where a is a unit vector perpendicular to the plane of incidence. The 

magnitudes of the wave vectors are 
l

l
c

kk
ω

==0 , 
t

t
c

k
ω

= , and the 

angles of incidence 0θ  and of reflection lθ , tθ  are related by 0θθ =l , 

0sinsin θθ
l

t
t

c

c
= . For the components of the strain tensor at the boundary 

we obtain 
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again omitting the common exponential factor. The components of the 

stress tensor can be calculated from the general formula (5.11), which can 

                                                           
4
 The more general case of the reflection of sound waves from a solid-liquid interface, and 

the similar problem of the reflection of a wave incident from a liquid on to a solid, are 
discussed by L. M. Brekhovskikh, Waves in Layered Media, §4, Academic Press, New York 
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here be conveniently written 

iklltliktik uccuc δρρσ )2(2
222 −+= . 

The boundary conditions at the free surface of the medium are 0=kiknσ , 

whence 

0== yxxx σσ , 

giving two equations which express lA  and tA  in terms of 0A . The 

result is 
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For 00 =θ  we have 0AAl −= , 0=tA , i.e., the wave is reflected as a 

purely longitudinal wave. The ratio of the energy flux density components 

normal to the surface in the reflected and incident longitudinal waves is 

2

0A

A
R t
l = . The corresponding ratio for the reflected transverse wave is 

2

00cos

cos

A

A

c

c
R t

l

tt
t θ

θ
= . 

The sum of lR  and tR  is, of course, 1. 

Problem 2. The same as Problem 1, but for a transverse incident wave 

(with the oscillations in the plane of incidence).
5
 

Solution. The wave is reflected as a transverse and a longitudinal wave, 

with 0θθ =t , 0sinsin θθ llt cc = . The total displacement vector is 

rkrkrk
nannau

⋅⋅⋅ ×++×= tl i
tt

i
ll

i
eAeAeA 0

00 . 

The expressions for the amplitudes of the reflected waves are 
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Problem 3. Determine the characteristic frequencies of radial vibrations 

of an elastic sphere of radius R. 

Solution. We take spherical polar co-ordinates, with the origin at the 

centre of the sphere. For radial vibrations, u is along the radius, and is a 

function of r and t only. Hence curlu=0. We define the displacement 

"potential" φ  by 
r

uur ∂
∂

==
φ

. The equation of motion, expressed in 

                                                                                                                        
1960.a 
5
 If the oscillations are perpendicular to the plane of incidence, the wave is entirely 

reflected as a wave of the same kind, and so 1=tR . 
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terms of φ , is just the wave equation φφ∆ &&=2
lc , or, for oscillations 

periodic in time ( tie ω−~ ), 

φ
φ

φ∆ 22
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The solution which is finite at the origin is kr
r

A
sin=φ  (the time factor 

is omitted). The radial stress is 

{ }
{ }''2)2(

2)2(

222
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φφ∆ρ
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ucucc
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or, using (1), 

r

ctrr '4
2

2 φ
φω

ρ
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−−= . 

The boundary condition 0)( =Rrrσ  leads to the equation 

2

2
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1tan
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
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t

l

c

kRckR
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, 

whose roots determine the characteristic frequencies lkc=ω  of the 

vibrations. 

Problem 4. Determine the frequency of radial vibrations of a spherical 

cavity in an infinite elastic medium for which tl cc >>  (M. A. Isakovich 

1949). 

Solution. In an infinite medium, radial oscillations of the cavity are 

accompanied by the emission of longitudinal sound waves, leading to loss 

of energy and hence to damping of the oscillations. When tl cc >>  (i.e., 

µ>>K ), this emission is weak, and we can speak of the characteristic 

frequencies of oscillations with a small coefficient of damping. 

We seek a solution of equation (1), Problem 3, in the form of an 

outgoing spherical wave 
ikr
e

r

A
=φ , 

lc
k

ω
= and, using (2), obtain from 

the boundary condition 0)( =Rrrσ  the result )1(4

2
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Hence, when tl cc >> , 









−=

l

tt

c

c
i

R

c
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2
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The real part of ω  gives the characteristic frequency of oscillation; the 

imaginary part gives the damping coefficient. In an incompressible 

medium ( ∞→lc ) there would of course be no damping. These 

vibrations are specifically due to the shear resistance of the medium 
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( 0≠µ ). Il should be noticed that they have 12 <<=
l

t

c

c
kR , i.e., the 

corresponding wavelength is large compared with R; it is interesting to 

compare this with the result for vibrations of an elastic sphere, where with 

tl cc >>  the first characteristic frequency is given by (3): π=kR . 

 

§23. Elastic waves in crystals 

 

§24. Surface waves 

A particular kind of elastic waves are those propagated near the 

surface of a body without penetrating into it (Rayleigh waves). We write 

the equation of motion in the form (22.11) and (22.12): 

  02

2

2

=−
∂

∂
uc

t

u
∆ ,   (24.1) 

where u is any component of the vectors lu , tu , and c is the 

corresponding velocity lc  or tc  , and seek solutions corresponding to 

these surface waves. The surface of the elastic medium is supposed plane 

and of infinite extent. We take this plane as the xy-plane; let the medium 

be in z < 0. 

Let us consider a plane monochromatic surface wave propagated 

along the x-axis. Accordingly )()( zfeu tkxi ω−= . Substituting this 

expression in (24.1), we obtain for the function f(z) the equation 

f
c

k
dz

fd







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
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2 ω
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If 0
2

2
2 <−

c
k

ω
, this equation gives a periodic function f, i.e., we obtain 

an ordinary plane wave which is not damped inside the body. We must 

therefore suppose that 0
2

2
2 >−

c
k

ω
. Then the solutions for f are 














−±×= z
c

kzf
2

2
2expconstant)(

ω
. 

The solution with the minus sign would correspond to an unlimited 

increase in the deformation for −∞→z . This solution is clearly 

impossible, and so the plus sign must be taken. 

Thus we have the following solution of the equations of motion: 

  ztkxi eeu κω )(constant −×= ,  (24.2) 

where 
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2

2
2

ch
k

ω
κ −= .   (24.3) 

It corresponds to a wave which is exponentially damped towards the 

interior of the medium, i.e., is propagated only near the surface. The 

quantity κ  determines the rapidity of the damping. 

The true displacement vector u in the wave is the sum of the vectors 

lu  and tu , the components of each of which satisfy the equation (24.1) 

with lcc =  for lu  and tc  for tu . For volume waves in an infinite 

medium, the two parts are independently propagated waves. For surface 

waves, however, this division into two independent parts is not possible, 

on account of the boundary conditions. The displacement vector u must 

be a definite linear combination of the vectors lu  and tu . It should also 

be mentioned that these latter vectors have no longer the simple 

significance of the displacement components parallel and perpendicular to 

the direction of propagation. 

To determine the linear combination of the vectors lu  and tu  

which gives the true displacement u, we must use the conditions at the 

boundary of the body. These give a relation between the wave vector k 

and the frequency ω , and therefore the velocity of propagation of the 

wave. At the free surface we must have 0=kik nσ . Since the normal 

vector n is parallel to the z-axis, it follows that 0=== zzyzxz σσσ , 

whence 
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Since all quantities are independent of the co-ordinate y, the second of 

these conditions gives 
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Using (24.2), we therefore have 

  0=yu .    (24.5) 

Thus the displacement vector u in a surface wave is in a plane through the 

direction of propagation perpendicular to the surface. 

The transverse part tu  of the wave must satisfy the condition (22.8) 

div tu = 0, or 

0=
∂

∂
+

∂

∂

z

u

x

u tztx . 

The dependence of txu  and tzu  on x and z is determined by the factor 

zikx te
κ+

, where tκ  is given by the expression (24.3) with tcc = , i.e., 
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Hence the above condition leads to the equation 
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where a is some constant. 

The longitudinal part lu  satisfies the condition (22.9) curl lu = 0, or 

0=
∂

∂
−
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where b is a constant. 

We now use the first and third conditions (24.4). Expressing iku  in 

terms of the derivatives of iu , and using the velocities lc , tc , we can 

write these conditions as 
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Here we must substitute txlxx uuu += , tzlzz uuu += . The result is that 

the first condition (24.8) gives 

  02)(
22 =++ lt bkka κκ .  (24.9) 

The second condition leads to the equation 

[ ] 02)(2 222222 =+−+ kckcbkac tlltt κκ . 

Dividing this equation by 
2
tc  and substituting 

2

222

2

2
22 )(

l

tt

l

l
c

ck

c
k

κω
κ

−
−=−=− , 
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we can write it as 

  0)(2
22 =++ tt kbka κκ .  (24.10) 

The condition for the two homogeneous equations (24.9) and (24.10) 

to be compatible is ltt kk κκκ 2222 4)( =+  or, squaring and substituting 

the values of 
2
tκ  and 

2
lκ , 
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From this equation we obtain the relation between ω  and k. It is 

convenient to put 

  ξω kct= ;    (24.12) 

8k  then cancels from both sides of the equation, and, expanding, we 

obtain for ξ  the equation 

 01162388
2
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2
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Hence we see that ξ  depends only on the ratio 
l

t

c

c
, which is a constant 

characteristic of any given substance and in turn depends only on 

Poisson's ratio: 

)1(2

21

σ
σ

−
−

=
l

t

c

c
. 

The quantity ξ  must, of course, be real and positive, and 1<ξ  (so 

that tκ  and lκ  are real). Equation (24.13) has only one root satisfying 

these conditions, and so a single value of f is obtained for any given value 

of 
l

t

c

c
. 

Thus, for both surface waves and volume waves, the frequency is 

proportional to the wave number. The proportionality coefficient is the 

velocity of propagation of the wave, 

   ξtcU = .   (24.14) 

This gives the velocity of propagation of surface waves in terms of the 

velocities tc  and lc  of the transverse and longitudinal volume waves. 

The ratio of the amplitudes of the transverse and longitudinal parts of the 

wave is given in terms of ξ  by the formula 

  
2

2

12

2

ξ

ξ

−

−
−=

b

a
.   (24.15) 

The ratio 
l

t

c

c
 actually varies from 

2

1
 to 0 for various substances, 
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corresponding to the variation of σ  from 0 to 1/2; ξ  then varies from 

0-874 to 0-955. Fig. 21 shows a graph of ξ  as a function of σ . 

 

PROBLEM 

A plane-parallel slab of thickness h (medium 1) lies on an elastic 

half-space (medium 2). Determine the frequency as a function of the 

wave number for transverse waves in the slab whose direction of 

oscillation is parallel to its boundaries. 

Solution. We take the plane separating the slab from the half-space as the 

xy-plane, the half-space being in z < 0 and the slab in hz ≤≤0 . In the 

slab we have 

011 == zx uu , ))(
(

1 tezfu
kxi

y ω−= , 

and in medium 2 a damped wave: 

022 == zx uu , 
)(

2
2 tkxiz

y eAeu
ωκ −= , 

2
2

2
2

2

tc
k

ω
κ −= . 

For the function f(z) we have the equation 

  0''
2

1 =+ ff κ , 
2

2
1

2

1 k
ct

−=
ω

κ  

(we shall see below that 0
2

1 >κ ), whence zCzBzf 11 cossin)( κκ += . 

At the free surface of the slab ( z = h) we must have 0=xyσ , i.e., 

0
1

=
∂

∂

z

u y
. At the boundary between the two media (z = 0) the conditions 

are 21 yy uu = , 
z

u

z

u yy

∂

∂
=

∂

∂ 2

2

1

1 µµ , 1µ  and 2µ  being the moduli of 

rigidity for the two media. From these conditions we find three equations 
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for A, B, C, and the compatibility condition is 
11

22
1tan

κµ
κµ

κ =h . This 

equation gives ω  as an implicit function of k; it has solutions only for 

real 1κ  and 2κ , and so 12 tt c
k

c >>
ω

. Hence we see that such waves 

can be propagated only if 12 tt cc > . 

 

§25. Vibration of rods and plates 

Waves propagated in thin rods and plates are fundamentally different 

from those propagated in a medium infinite in all directions. Here we are 

speaking of waves of length large compared with the thickness of the rod 

or plate. If the wavelength is small compared with this thickness, the rod 

or plate is effectively infinite in all directions as regards the propagation 

of the wave, and we return to the results obtained for infinite media. 

Waves in which the oscillations are parallel to the axis of the rod or 

the plane of the plate must be distinguished from those in which they are 

perpendicular to it. We shall begin by studying longitudinal waves in 

rods. 

A longitudinal deformation of the rod (uniform over any 

cross-section), with no external force on the sides of the rod, is a simple 

extension or compression. Thus longitudinal waves in a rod are simple 

extensions or compressions propagated along its length. In a simple 

extension, however, only the component zzσ  of the stress tensor (the 

z-axis being along the rod) is different from zero; it is related to the strain 

tensor by 
z

u
EEu z

zzzz ∂

∂
==σ  (see §5). Substituting this in the general 

equation of motion 
k

zk
z

x
u

∂

∂
=

σ
ρ && , we find 

  0
2

2

2

2

=
∂

∂
−

∂

∂

t

u

Ez

u zz ρ
.  (25.1) 

This is the equation of longitudinal vibrations in rods. We see that it is 

an ordinary wave equation. The velocity of propagation of longitudinal 

waves in rods is 

  
ρ
E

.    (25.2) 

Comparing this with the expression (22.4) for lc , we see that it is less 

than the velocity of propagation of longitudinal waves in an infinite 

medium. 

Let us now consider longitudinal waves in thin plates. The equations 
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of motion for such vibrations can be written down at once by substituting 

2

2

t

u
h x

∂

∂
− ρ  and 

2

2

t

u
h

y

∂

∂
− ρ  for xP  and yP  in the equilibrium 

equations (13.4): 













∂∂

∂

−
+

∂

∂

+
+

∂

∂

−
=

∂

∂

∂∂

∂

−
+

∂

∂

+
+

∂

∂

−
=

∂

∂

yx

u

x

u

y

u

t

u

E

yx

u

y

u

x

u

t

u

E

xyyy

yxxx

2

2

2

2

2

22

2

2

2

2

2

2

22

2

)1(2

1

)1(2

1

1

1

)1(2

1

)1(2

1

1

1

σσσ

ρ

σσσ

ρ

. 

      (25.3) 

We take the case of a plane wave propagated along the x-axis, i.e., a 

wave in which the deformation depends only on the co-ordinate x, and not 

on y. Then equations (25.3) are much simplified, becoming 













=
∂

∂

+
−

∂

∂

=
∂

∂

−
−

∂

∂

0
)1(2

0
)1(

2

2

2

2

2

2

22

2

x

uE

t

u

x

uE

t

u

yy

xx

σρ

σρ
.   (25.4) 

We thus again obtain wave equations. The coefficients are different for 

xu  and yu . The velocity of propagation of a wave with oscillations 

parallel to the direction of propagation ( xu ) is 

  
)1(

2σρ −

E
.   (25.5) 

The velocity for a wave ( yu ) with oscillations perpendicular to the 

direction of propagation (but still in the plane of the plate) is equal to the 

velocity tc  of transverse waves in an infinite medium. 

Thus we see that longitudinal waves in rods and plates are of the same 

nature as in an infinite medium, only the velocity being different; as 

before, it is independent of the frequency. Entirely different results are 

obtained for bending waves in rods and plates, for which the oscillations 

are in a direction perpendicular to the axis of the rod or the plane of the 

plate, i.e., involve bending. 

The equations for free oscillations of a plate can be written down at 

once from the equilibrium equation (12.5). To do so, we must replace - P 

by the acceleration ζ&&  multiplied by the mass hρ  per unit area of the 

plate. This gives 

  0
)1(12

2

2

2

2

2

=
−

+
∂

∂
ζ∆

σ

ζ
ρ

Eh

t
,  (25.6) 

where ∆  is the two-dimensional Laplacian. 

Let us consider a monochromatic elastic wave, and accordingly seek 

a solution of equation (25.6) in the form 
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  )(constant tie ωζ −⋅×= rk ,  (25.7) 

where the wave vector k has, of course, only two components, xk  and 

yk . Substituting in (25.6), we obtain the equation 

0
)1(12

2

42
2 =

−
+−

σ
ρω

kEh
. 

Hence we have the following relation between the frequency and the 

wave number: 

)1(12
2

2
2

σρ
ω

−
=

Eh
k .   (25.8) 

Thus the frequency is proportional to the square of the wave number, 

whereas in waves in an infinite medium it is proportional to the wave 

number itself. 

Knowing the relation between the frequency and the wave number, we 

can determine the velocity of propagation of the wave from the formula 

k
U

∂
∂

=
ω

. 

The derivatives of 2k  with respect to the components yx kk ,  are, 

respectively, yx kk 2,2 . The velocity of propagation of the wave is 

therefore 

  
)1(3

2

2

σρ −
=

Eh
kU .   (25.9) 

It is proportional to the wave vector, and not a constant as it is for waves 

in a medium infinite in three dimensions.
6
 

Similar results are obtained for bending waves in thin rods. The 

bending deflections of the rod are supposed small. The equations of 

motion are obtained by replacing xK−  and yK−  in the equations of 

equilibrium for a slightly bent rod (20.4) by the product of the 

acceleration X&&  or Y&&  and the mass Sρ  per unit length of the rod (S 

being its cross-sectional area). Thus 

  













∂

∂
=

∂

∂
=

4

4

4

4

z

Y
EIYS

z

X
EIXS

x

y

&&

&&

ρ

ρ
.   (25.10) 

We again seek solutions of these equations in the form 

)(constant tkzieX ω−×= , )(constant tkzieY ω−×= . 

                                                           
6
 The wave number 

λ
π2

=k , where λ  is the wavelength. Hence the velocity of 

propagation should increase without limit as λ  tends to zero. This physically impossible 

result is obtained because formula (25.9) is not valid for short waves. 
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Substituting in (25.10), we obtain the following relations between the 

frequency and the wave number: 













=

=

S

EI
k

S

EI
k

x

y

ρ
ω

ρ
ω

2

2

,   (25.11) 

for vibrations in the x and y directions, respectively. The corresponding 

velocities of propagation are 













=

=

S

EI
kU

S

EI
kU

xy

yx

ρ

ρ

2

2

)(

)(

.   (25.12) 

Finally, there is a particular case of vibration of rods called torsional 

vibration. The corresponding equations of motion are derived by equating 

z
C

∂
∂τ

 (see §18) to the time derivative of the angular momentum of the 

rod per unit length. This angular momentum is 
t

I
∂
∂φ

ρ , where 
t∂

∂φ
 is the 

angular velocity ( φ  being the angle of rotation of the cross-section 

considered) and ∫ += dfyxI )(
22

 is the moment of inertia of the 

cross-section about its centre of mass; for pure torsional vibration each 

cross-section of the rod performs rotary vibrations about its centre of 

mass, which remains at rest. Putting 
z∂

∂
=

φ
τ , we obtain the equation of 

motion in the form 

  
2

2

2

2

t
I

z
C

∂

∂
=

∂

∂ φ
ρ

φ
.   (25.13) 

Hence we see that the velocity of propagation of torsional oscillations 

along the rod is 

  
I

C

ρ
.    (25.14) 

 

PROBLEMS 

Problem 1. Determine the characteristic frequencies of longitudinal 

vibrations of a rod of length l, with one end fixed and the other free. 

Solution. At the fixed end (z = 0) we must have 0=zu , and at the free 

end (z = l) 0== zzzz Euσ , i.e., 0=
∂

∂

z

u z . We seek a solution of 
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equation (25.1) in the form 

kztAu z sin)cos( αω += , 

where 
E

k
ρ

ω= . From the condition at z = l we have 0cos =kl , 

whence the characteristic frequencies are 

l

nE

2

)12( π
ρ

ω
+

= , 

n being any integer. 

Problem 2. The same as Problem 1, but for a rod with both ends free or 

both fixed. 

Solution. In either case 
l

nE π
ρ

ω = . 

Problem 3. Determine the characteristic frequencies of vibration of a 

string of length l. 

Solution. The equation of motion of the string is 

0
2

2

2

2

=
∂

∂
−

∂

∂

t

X

T

S

z

X ρ
; 

cf. the equilibrium equation (20.17). The boundary conditions are that X = 

0 for z = 0 and l. The characteristic frequencies are 
l

n

T

S πρ
ω = . 

Problem 4. Determine the characteristic transverse vibrations of a rod (of 

length l) with clamped ends. 

Solution. Equation (25.10), on substituting )cos()(0 αω += tzXX , 

becomes 

0
4

4

0
4

X
dz

Xd
κ= , 

where 
yEI

Sρω
κ

2
4 = . The general integral of this equation is 

zDzCzBzAX κκκκ sinhcoshsincos0 +++= . 

The constants A, B, C and D are determined from the boundary conditions 

that 0==
dz

dX
X  for z = 0 and l. The result is 

{ })sinh)(sincosh(cos)cosh)(cossinh(sin0 zzllzzllAX κκκκκκκκ −−−−−=

and the equation 1coshcos =ll κκ , the roots of which give the 

characteristic frequencies. The smallest characteristic frequency is 

S

EI

l

y

ρ
ω

2min

4.22
= . 

Problem 5. The same as Problem 4, but for a rod with supported ends. 

Solution. In the same way as in Problem 4, we obtain zAX κsin= , and 
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the frequencies are given by 0sin =lκ , i.e., 
l

nπ
κ =  (n = 1, 2, ...). The 

smallest frequency is 

S

EI

l

y

ρ
ω

2min

87.9
= . 

Problem 6. The same as Problem 4, but for a rod with one end clamped 

and the other free. 

Solution. We have for the displacement 

{ })sinh)(sinsinh(sin)cosh)(coscosh(cos0 zzllzzllAX κκκκκκκκ −−+−+=  

(the clamped end being at z = 0 and the free end at z = l), and for the 

characteristic frequencies the equation 01coshcos =+ll κκ . The 

smallest frequency is 

S

EI

l

y

ρ
ω

2min

52.3
= . 

Problem 7. Determine the characteristic vibrations of a rectangular plate 

of sides a and b, with its edges supported. 

Solution. Equation (25.6), on substituting )cos(),(0 αωζζ += tyx , 

becomes 

00
4

0
2 =− ζκζ∆ , 

where 
2

22
4 )1(12

Eh

ωσρ
κ

−
= . We take the co-ordinate axes along the 

sides of the plate. The boundary conditions (12.11) become 0
2

2

=
∂

∂
=

x

ζ
ζ  

for x = 0 and a, 0
2

2

=
∂

∂
=

y

ζ
ζ  for y = 0 and b. The solution which 

satisfies these conditions is 

b

yn

a

xm
A

ππ
ζ sinsin0 = , 

where m and n are integers. The frequencies are given by 












+

−
=

2

2

2

2
2

2 )1(12 b

n

a

mE
h π

σρ
ω . 

Problem 8. Determine the characteristic frequencies for the vibration of a 

rectangular membrane of sides a and b. 

Solution. The equation for the vibration of a membrane is ζρζ∆ &&hT = ; 

cf. the equilibrium equation (14.9). The edges of the membrane must be 

fixed, so that 0=ζ . The corresponding solution for a rectangular 

membrane is 

t
b

yn

a

xm
A ω

ππ
ζ cossinsin= , 
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where the characteristic frequencies are given by 











+=

2

2

2

22
2

b

n

a

m

h

T

ρ
π

ω , 

m and n being integers. 

Problem 9. Determine the velocity of propagation of torsional vibrations 

in a rod whose cross-section is a circle, an ellipse, or an equilateral 

triangle, and in a rod in the form of a long thin rectangular plate. 

Solution. For a circular cross-section of radius R, the moment of inertia is 

4

2
RI

π
= ; C is given in §16, Problem 1, and we find the velocity to be 

ρ
µ

, which is the same as the velocity tc . 

Similarly (using the results of §16, Problems 2 to 4), we find for a rod 

of elliptical cross-section the velocity 
ρ
µ

22

2

ba

ab

+
, for one with an 

equilateral triangular cross-section 
ρ
µ

5

3
, and for one which is a long 

rectangular plate 
ρ
µ

d

h2
. All these are less than tc . 

Problem 10. The surface of an incompressible fluid of infinite depth is 

covered by a thin elastic plate. Determine the relation between the wave 

number and the frequency for waves which are simultaneously 

propagated in the plate and near the surface of the fluid. 

Solution. We take the plane of the plate as z = 0, and the x-axis in the 

direction of propagation of the wave; let the fluid be in z < 0. The 

equation of motion of the plate alone would be 

4

4

2

3

2

2

0
)1(12 x

Eh

t
h

∂

∂

−
−=

∂

∂ ζ

σ

ζ
ρ , 

where 0ρ  is the volume density of the plate. When the fluid is present, 

the right-hand side of this equation must also include the force exerted by 

the fluid on unit area of the plate, i.e., the pressure p of the fluid. The 

pressure in the wave, however, can be expressed in terms of the velocity 

potential by 
t

p
∂
∂

−=
φ

ρ  (we neglect gravity). Hence we obtain 

0
4

4

2

3

2

2

0
)1(12 =







∂
∂

−
∂

∂

−
−=

∂

∂

ztx

Eh

t
h

φ
ρ

ζ

σ

ζ
ρ . (1) 

Next, the normal component of the fluid velocity at the surface must be 

equal to that of the plate, whence 
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0=







∂
∂

=
∂
∂

zzt

φζ
.   (2) 

The potential φ  must satisfy everywhere in the fluid the equation 

  0
2

2

2

2

=
∂

∂
+

∂

∂

zx

φφ
.   (3) 

We seek ζ  in the form of a travelling wave )(
0

tkxie ωζζ −= ; 

accordingly, we take as the solution of equation (3) the surface wave 

kztkxi ee )(
0

ωφφ −= , which is damped in the interior of the fluid. 

Substituting these expressions in (1) and (2), we obtain two equations for 

0φ  and 0ζ  and the compatibility condition is 

kh

kEh

0

5

2

3
2

)1(12 ρρσ
ω

+−
= . 

 

§26. Anharmonic vibrations 

The whole of the theory of elastic vibrations given above is 

approximate to the extent that any theory of elasticity is so which is based 

on Hooke's law. It should be recalled that the theory begins from an 

expansion of the elastic energy as a power series with respect to the strain 

tensor, which includes terms up to and including the second order. The 

components of the stress tensor are then linear functions of those of the 

strain tensor, and the equations of motion are linear. 

The most characteristic property of elastic waves in this 

approximation is that any wave can be obtained by simple superposition 

(i.e., as a linear combination) of separate monochromatic waves. Each of 

these is propagated independently, and could exist by itself without 

involving any other motion. We may say that the various monochromatic 

waves which are simultaneously propagated in a single medium do not 

interact with one another. 

These properties, however, no longer hold in subsequent 

approximations. The effects which appear in these approximations, 

though small, may be of importance as regards certain phenomena. They 

are usually called anharmonic effects, since the corresponding equations 

of motion are non-linear and do not admit simple periodic (harmonic) 

solutions. 

We shall consider here anharmonic effects of the third order, arising 

from terms in the elastic energy which are cubic in the strains. It would be 

too cumbersome to write out the corresponding equations of motion in 

their general form. However, the nature of the resulting effects can be 

ascertained as follows. The cubic terms in the elastic energy give 
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quadratic terms in the stress tensor, and therefore in the equations of 

motion. Let us suppose that all the linear terms in these equations are on 

the left-hand side, and all the quadratic terms on the right-hand side. 

Solving these equations by the method of successive approximations, we 

omit the quadratic terms in the first approximation. This leaves the 

ordinary linear equations, whose solution 0u  can be put in the form of a 

superposition of monochromatic travelling waves: )(constant tie ω−⋅× rk , 

with definite relations between ω  and k. On going to the second 

approximation, we must put 10 uuu +=  and retain only the terms in 

0u  on the right-hand sides of the equations (the quadratic terms). Since 

0u , by definition, satisfies the homogeneous linear equations obtained by 

putting the right-hand sides equal to zero, the terms in 0u  on the 

left-hand sides will cancel. The result is a set of inhomogeneous linear 

equations for the components of the vector 1u , where the right-hand 

sides contain only known functions of the co-ordinates and time. These 

functions, which are obtained by substituting 0u  for u in the right-hand 

sides of the original equations, are sums of terms each of which is 

proportional to 

])()[( 2121 ti
e

ωω −−⋅− rkk
 

or 

])()[( 2121 ti
e

ωω +−⋅+ rkk
, 

where 2121 ,,, kkωω  are the frequencies and wave vectors of any two 

monochromatic waves in the first approximation. 

A particular integral of linear equations of this type is a sum of terms 

containing similar exponential factors to those in the free terms (the 

right-hand sides) of the equations, with suitably chosen coefficients. Each 

such term corresponds to a travelling wave with frequency 21 ωω ±  and 

wave vector 21 kk ± . Frequencies equal to the sum or difference of the 

frequencies of the original waves are called combination frequencies. 

Thus the anharmonic effects in the third order have the result that the 

set of fundamental monochromatic waves (with frequencies K,, 21 ωω  

and wave vectors K,, 21 kk ) has superposed on it other "waves" of small 

intensity, whose frequencies are the combination frequencies such as 

21 ωω ± , and whose wave vectors are such as 21 kk ± . We call these 

"waves" in quotation marks because they are a correction effect and 

cannot exist alone except in certain special cases (see below). The values 

21 ωω ±  and 21 kk ±  do not in general satisfy the relations which hold 

between the frequencies and wave vectors for ordinary monochromatic 

waves. 
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It is clear, however, that there may happen to be particular values of 

1ω , 1k  and 2ω , 2k  such that one of the relations for monochromatic 

waves in the medium considered also holds for 21 ωω +  and 21 kk +  

(for definiteness, we shall discuss sums and not differences). Putting 

213 ωωω += , 213 kkk += , we can say that, mathematically, 3ω  and 

3k  then correspond to waves which satisfy the homogeneous linear 

equations of motion (with zero on the right-hand side) in the first 

approximation. If the right-hand sides in the second approximation 

contain terms proportional to 
)( 3ti

e
ω−⋅rk3 , then a particular integral will be 

a wave with the same frequency and an amplitude which increases 

indefinitely with time. 

Thus the superposition of two monochromatic waves with values of 

1ω , 1k  and 2ω , 2k  whose sum 3ω , 3k  satisfies the above 

condition leads, by the anharmonic effects, to resonance: a new 

monochromatic wave (with parameters 3ω , 3k  ) is formed, whose 

amplitude increases with time and eventually is no longer small. It is 

evident that, if a wave with 3ω , 3k  is formed on superposition of those 

with 1ω , 1k  and 2ω , 2k , then the superposition of waves with 1ω , 

1k  and 3ω , 3k  will also give a resonance with 132 ωωω −= , 

132 kkk −= , and similarly 2ω , 2k  and 3ω , 3k  lead to 1ω , 1k . 

In particular, for an isotropic body ω  and k are related by kct=ω  

or kcl=ω  with tl cc > . It is easy to see in which cases either of these 

relations can hold for each of the three combinations 

11 ,kω ; 22 ,kω ; 213 ωωω += , 213 kkk +=  

If 1k  and 2k  are not in the same direction, 213 kkk +< , and so it is 

clear that resonance can then occur only in the following two cases: 

(1) the waves with 1ω , 1k  and 2ω , 2k  are transverse and that with 

3ω , 3k  longitudinal; 

(2) one of the waves with  1ω , 1k  and 2ω , 2k  is transverse and the 

other longitudinal, and that with 3ω , 3k  is longitudinal. 

If the vectors 1k  and 2k  are in the same direction, however, resonance 

is possible when all three waves are longitudinal or all three are 

transverse. 

The anharmonic effect involving resonance occurs not only when 

several monochromatic waves are superposed, but also when there is only 

one wave, with parameters 1ω , 1k . In this case the right-hand sides of 

the equations of motion contain terms proportional to 
)(2 11 ti

e
ω−⋅rk

. If 1ω  

and 1k  satisfy the usual condition, however, then 12ω  and 12k  do so 

too, since this condition is homogeneous and of degree one. Thus the 
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anharmonic effect results in the appearance, besides the monochromatic 

waves with 1ω , 1k  previously obtained, of waves with 12ω , 12k , i.e., 

with twice the frequency and twice the wave vector, and amplitude 

increasing with time. 

Finally, we may briefly discuss how we can set up the equations of 

motion, allowing for the anharmonic terms. The strain tensor must now be 

given by the complete expression (1.3): 

  








∂

∂

∂

∂
+

∂

∂
+

∂

∂
=

k

l

i

l

i

k

k

i
ik

x

u

x

u

x

u

x

u
u

2

1
, (26.1) 

in which the terms quadratic in iu  can not be neglected. Next, the 

general expression for the energy density
7
 E

~
, in bodies having a given 

symmetry, must be written as a scalar formed from the components of the 

tensor iku  and some constant tensors characteristic of the substance 

involved; this scalar will contain terms up to a given power of iku . 

Substituting the expression (26.1) for iku  and omitting terms in iu  of 

higher orders than that power, we find the energy E
~

 as a function of the 

derivatives 
k

i

x

u

∂

∂
 to the required accuracy. 

In order to obtain the equations of motion, we notice the following 

result. The variation E
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δ  may be written 
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The coefficients of iuδ−  are the components of the force per unit 

volume of the body. They formally appear the same as before, and so the 

equations of motion can again be written 
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σ
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0 ,   (26.3) 

where 0ρ  is the density of the undeformed body, and the components of 

the tensor ikσ  are now given by (26.2), with E
~

 correct to the required 

                                                           
7
 We here use the internal energy E

~
, and not the free energy F, since adiabatic vibrations 

are involved. 
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accuracy. The tensor ikσ  is no longer symmetrical.
8
 

 

PROBLEM 

Write down the general expression for the elastic energy of an 

isotropic body in the third approximation. 

Solution. From the components of a symmetrical tensor of rank two we 

can form two quadratic scalars (
2

iku  and 
2

llu ) and three cubic scalars 

(
3

llu , 
2

iklluu  and klilik uuu ). Hence the most general scalar containing 

terms quadratic and cubic in iku , with scalar coefficients (since the body 

is isotropic), is 
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the coefficients of 
2

iku  and 
2

llu  have been expressed in terms of the 

moduli of compression and rigidity, and A, B, C are three new constants. 

Substituting the expression (26.1) for iku  and retaining terms up to and 

including the third order, we find the elastic energy to be 
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8
 It should be emphasised that ikσ  is no longer the momentum flux density (the stress 

tensor). In the ordinary theory this interpretation was derived by integrating the body force 

density 

k

ik

x∂

∂σ
 over the volume of the body. This derivation depended on the fact that, in 

performing the integration, we made no distinction between the co-ordinates of points in the 

body before and after the deformation. In subsequent approximations, however, this 

distinction must be made, and the surface bounding the region of integration is not the same 

as the actual surface of the region considered after the deformation. 

It has been shown in §2 that the symmetry of the tensor ikσ  is due to the conservation 

of angular momentum. This result no longer holds, since the angular momentum density is 

not 
ikki uxux && −  but ikkkii uuxuux && )()( +−+ . 


