
 1

I. G. PETROVSKY 

LECTURES ON PARTIAL DIFFERENTIAL EQUATIONS 

FIRST ENGLISH EDITION 1954 

 

CONTENTS 

Foreword, by R. Courant 

Translator's Note, by Abe Shenitzer 

Preface 

 

Chapter I. Introduction. Classification of equations 

1. Definitions. Examples. 

2. The Cauchy problem. The Cauchy-Kowalewski theorem 

3. The generalized Cauchy problem. Characteristics 

4. Uniqueness of the solution of the Cauchy problem in the class of 

non-analytic functions 

5. Reduction to canonical form at a point and classification of equations 

of the second order in one unknown function 

6. Reduction to canonical form in a region of a partial differential 

equation of the second order in two independent variables 

7. Reduction to canonical form of a system of linear partial differential 

equations of the first order in two independent variables 

 

Chapter II. Hyperbolic equations 

I. The Cauchy problem for non-analytic functions 



 2

8. The reasonableness of the Cauchy problem 

9. The notion of generalized solutions 

10. The Cauchy problem for hyperbolic systems in two independent 

variables 

11. The Cauchy problem for the wave equation. Uniqueness of the 

solution 

12. Formulas giving the solution of the Cauchy problem for the wave 

equation 

13. Examination of the formulas which give the solution of the Cauchy 

problem 

14. The Lorentz transformation 

15. The mathematical foundations of the special principle of relativity 

16. Survey of the fundamental facts of the theory of the Cauchy problem 

for general hyperbolic systems 

II. Vibrations of bounded bodies 

17. Introduction 

18. Uniqueness of the mixed initial and boundary-value problem 

19. Continuous dependence of the solution on the initial data 

20. The Fourier method for the equation of a vibrating string page 

21. The general Fourier method (introductory considerations) 

22. General properties of eigenfunctions and eigenvalues 

23. Justification of the Fourier method 

24. Another justification of the Fourier method 

25. Investigation of the vibration of a membrane 



 3

26. Supplementary information concerning eigenfunctions 

 

Chapter III. Elliptic equations 

27. Introduction 

28. The minimum-maximum property and its consequences 

29. Solution of the Dirichlet problem for a circle 

30. Theorems on the fundamental properties of harmonic functions 

31. Proof of the existence of a solution of Dirichlet's problem 

32. The exterior Dirichlet problem 

33. The Neumann problem (the second boundary-value problem) 

34. Potential theory 

35. Application of potential theory to the solution of boundary-value 

problems 

36. Approximate solution of the Dirichlet problem by the method of 

finite differences 

37. Survey of the most important results for general elliptic equations 

 

Chapter IV. Parabolic equations 

38. Conduction of heat in a bounded strip (the first boundary-value 

problem) 

39. Conduction of heat in an infinite strip (the Cauchy problem) 

40. Survey of some further investigations of equations of the parabolic 

type 



 4

CHAPTER I 

INTRODUCTION. CLASSIFICATION OF EQUATIONS 

§§§§1. Definitions. Examples 

1. An equation containing partial derivatives of unknown functions 

Nuuu ,,, 21 K  is said to be of the nth order if it contains at least one 

partial derivative of the nth order and no partial derivatives of order 

higher than n. By the order of a system of equations containing partial 

derivatives we mean the order of the highest order equation of the 

system. 

A partial differential equation is called linear if it is linear in the 

unknown functions and in their derivatives; it is called quasi-linear if it 

is linear in the highest order derivatives of the unknown functions. Thus, 

for instance, the equation 
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is quasi-linear of the second order with respect to the unknown 

function u. The equation 
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is linear of the second order with respect to u. The equation 
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is neither linear nor quasi-linear with respect to u. 

By a solution of an equation containing partial derivatives we mean a 
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system of functions which, when put in the equation in place of the 

unknown functions, turns the equation into an identity in the 

independent variables. A solution of a system of equations is defined in 

an analogous manner. 

We shall be primarily interested in linear equations of the second 

order in one unknown function. The following are examples of 

equations of this type: 
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 the ‘heat equation’, 
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Many problems in physics reduce themselves to partial differential 

equations, in particular, to the partial differential equations listed above. 

……. 

§2. The Cauchy problem. The Cauchy-Kowalewski theorem 

1. Formulation of the Cauchy problem. 

Let there be given the following system of equations in the partial 

derivatives of unknown functions Nuuu ,,, 21 K  with respect to the 

independent variables nxxt ,,, 1 K : 
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      (2.1) 

It is clear from our equations that for each of the unknown functions 

ju  there exists a number in  which gives the order of the highest order 

derivatives of in  appearing in the system. The independent variable t is 

seen to be distinguished in two respects. First, the derivative ni
i

ni tu ∂∂ /  

must appear among the derivatives of the highest order in  of the 

function iu  (i= 1,2, ...,N) and, secondly, the system is solved for these 

derivatives. In physical problems time occupies this distinguished 

position and the other variables nxx ,,1 K  denote space coordinates. 

The number of equations is equal to the number of unknown functions. 

For some value 0tt =  of t we prescribe the values ('initial values') 

of the unknown functions and of their derivatives with respect to t of 

orders up to 1−in . In other words, for 0tt =  

),,,( 21
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All functions ),,,( 21
)(

n
k

i xxx Kφ  are prescribed in the same region G of 

the space ),,,( 21 nxxx K . By the derivative of order zero of the function 

iu  we mean the function iu  itself. 

The Cauchy problem consists in finding a solution of the system (2.1) 

satisfying the initial conditions (2.2). 

 

CAUCHY-KOWALEWSKI THEOREM. If all the functions iF  are 

analytic in some neighborhood of the point 
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analytic in some neighborhood of the point ),,,( 00
2
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Cauchy problem has a unique analytic solution in some neighborhood of 

the point ),,,,( 00
2
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1

0
nxxxt K . 

 

§3. The generalized Cauchy problem. Characteristics. 

1. The generalized Cauchy problem. 

Let there be given a system of N equations with N unknown functions 

Nuuu ,,, 21 K  
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For each function iu  there exists a highest order in  of the partial 

derivatives of iu  with respect to the independent variables 

nxxx ,,, 10 K  which appear in the system (3.1). In the region of points 

),,,( 10 nxxx K  under consideration there is given a sufficiently smooth 

n-dimensional surface S, and through each point of S there passes a 

curve l not tangent to S which is assumed to vary sufficiently smoothly 

as we go from point to point on S. The values of the functions iu  and 

of their derivatives of orders up to 1−in  in the direction of the curves l 

are prescribed on the surface S. These conditions, as prescribed on S, are 

a generalization of the Cauchy conditions (initial data) considered in the 
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previous section. We are required to find in some neighborhood of the 

surface S a solution Nuuu ,,, 21 K  of the system (3.1) satisfying the 

conditions prescribed on S. 

 

 

Example 1. For the Laplace equation 
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the relation (3.7) assumes the form 
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This relation together with (3.10) imply that the Laplace equation has no 

real characteristics. 

Example 2. For the wave equation 
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the relation (3.7) takes the form 

02
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Since, according to (3.10), we must also have 
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it follows that 

12 2
0 =α  or 2/10 ±=α  

This means that the tangent planes to all characteristic surfaces form an 

angle of 45 deg with the x0-axis. Using this property of the characteristic 

surfaces, one can easily picture the form of the characteristic surfaces 
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going through definite curves in the plane x0 = const. Thus, for example, 

if l is a straight line in that plane, the characteristic surface going 

through l is the plane through l inclined at 45 deg with respect to the 

plane x0 = const. Again, if K is the circumference of a circle in the plane 

x0 = const., the characteristic surfaces through K will be circular cones 

whose axes are parallel to the x0-axis and whose generators form a 45 

deg angle with the plane x0 = const. (or, which is the same thing, with 

the x0-axis). 

Example 3. For the heat equation 
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the relation (7,3) takes the form 

022
1 =+ nαα L . 

Using (3.10) we conclude that 12
0 =α . Therefore, the characteristic 

surfaces are the hyperplanes x0 = const. 

Example 4. For the equation 
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(3.7) takes the form 

0),,(),,(),,( 12112111 =+++ nnnnn xxaxxaxxa ααα KLKK . 

Hence all hyperplanes going through the point ),,( 1 nxx K  and the 

vector ),,( 1 naa K  emanating from ),,( 1 nxx K  are characteristic at 

),,( 1 nxx K . 

Example 5. For the system of equations in two unknowns 
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     (i=1,2,…n), 

the relation (3.7) assumes the form 

0),(),( 212211 =+ xxbxxa ijij αα . 

In this case, the characteristic curves are the curves along which 

)/(:)/(/ 2112 xxdxdx ∂∂∂∂−= φφ  is equal to a root k of the equation 

0),(),( 2121 =+− xxbxxka ijij . 

Here we are assuming that 0),( 21 =xxφ  is the equation of the 

characteristic curve. 

 

 

§5. Reduction to canonical form at a point and classification of 

equations of the second order in one unknown function 

1. We consider the linear, second-order equation 
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      (5.1) 

in one unknown function u. We assume that jiij AA = , iB , C  and 

F  are all real-valued and defined in some region of the space 

),,( 1 nxx K . We now define a coordinate transformation by putting 
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where kia  are certain constants. We assume that the transformation 

(5.2) is non-singular, i.e., that the determinant kia  does not vanish. 

Then the transformation (5.2) is one-to-one. In the new coordinates 

nξξξ ,,, 21 K , equation (5.1) will take the form 
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Here we have written out only terms with second-order derivatives of 

the unknown function u. It is clear from the equality (5.3) that under the 

transformation (5.2) of the independent variables the coefficients of the 

second-order derivatives of u change in exactly the same manner in 

which the coefficients of the quadratic form 

∑
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   (5.4) 

change when the kx  are replaced by the kξ , according to the formulas 

∑
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ξ   (k=1,..,n)  (5.5) 

We regard the coefficients ijA  of the form (5.4) as constants whose 

values are the same as those of the values of the coefficients 

),,( 1 nij xxA K  of equation (5.1) at some point ),,( 00
1 nxx K  in G. 

It is proved in algebra that there exists a real non-singular 
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transformation (5.5) which reduces any form (4.5) with real coefficients 

ijA  to the form 

∑
=

±
m

i
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1

2ξ , where nm ≤ .  (5.6) 

There are many non-singular real transformations (5.5) which reduce the 

form (5.4) to the form (5.6), but the number of terms with positive signs 

and the number of terms with negative signs in the form (5.6) is 

determined entirely by the form (5.4) and is independent of the choice of 

the non-singular transformation (5.5). (Law of inertia of quadratic 

forms.) 

If a certain transformation (5.5) reduces the form (5.4) to the form 

(5.6), then the transformation (5.2) with matrix equal to the transposed 

inverse of )( ika  reduces (5.1) to the form 
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where 

1),,(*
00

1 ±=nij xxA K , if mji ≤= , 

0),,(*
00

1 =nij xxA K ,  if ji ≠  or mji >= . 

Here we have written out only terms containing derivatives of the 

highest order of the function u. The form (5.7) of equation (5.1) is called 

its canonical form at the point ),,( 00
1 nxx K . 

It is thus possible to exhibit for each point ),,( 00
1 nxx K  of the region 
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G a non-singular transformation of the independent variables which 

reduces equation (5.1) at that point to canonical form. 

In general, the transformation (5.2) which reduces equation (5.1) to 

canonical form at a given point ),,( 00
1 nxx K  varies with this point, i.e., 

it may not reduce equation (5.1) to canonical form at a point different 

from ),,( 00
1 nxx K . It can be shown by means of examples that as soon 

as the number of independent variables exceeds two, it is, in general, 

impossible to exhibit a linear transformation with constant coefficients, 

or, for that matter, any other transformation which would reduce a given 

linear equation of the second order to canonical form in an arbitrarily 

small region. In the case of two variables such a transformation exists 

under very general assumptions on the coefficients of equation (5.1). 

This fact will be demonstrated in the following section. 

The classification of equations of the second order is based on the 

possibility of reducing equation (5.1) to canonical form at a point. 

 

2.  

(i) Equation (5.1) is said to be elliptic at a point ),,( 00
1 nxx K  if all 

),,(* 00
1 nii xxA K  are different from zero and have the same sign. 

(ii) Equation (5.1) is said to be hyperbolic at a point ),,( 00
1 nxx K  if all 

but one ),,(* 00
1 nii xxA K  in (5.7) have the same sign, the 

exceptional iiA*  is of opposite sign and m= n. 

(iii) Equation (5.1) is said to be ultrahyperbolic at a point ),,( 00
1 nxx K  

if in (5.7) the number of positive ),,(* 00
1 nii xxA K  exceeds one, the 
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number of negative ),,(* 00
1 nii xxA K  exceeds one, and m = n. 

(iv) Equation (5.1) is said to be parabolic in the broad sense at a point 

),,( 00
1 nxx K  if some ),,(* 00

1 nii xxA K  are zero, i.e., if m < n. 

(v) Equation (5.1) is said to be parabolic in the restricted sense or, 

simply, parabolic if only one of the coefficients ),,(* 00
1 nii xxA K  

( 11*A , say) is zero and all other iiA*  have the same sign, and the 

coefficient of  1/ ξ∂∂u  is different from zero. 

Equation (5.1) is said to be elliptic, hyperbolic, ultrahyperbolic, etc., in 

the whole region G if it is elliptic, hyperbolic, ultrahyperbolic, etc., at 

each point of the region G. 

 

3. The non-linear equation of the second order 
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is elliptic, hyperbolic or parabolic in the broad sense at the point 
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),,( 00
1 nxx K   (or in G). On the right side of (5.8) the function u and its 

derivatives are replaced by the function ),,(* 1 nxxu K  and its 

appropriate derivatives. 

Later we shall study only linear equations of the second order in one 

unknown function which are either elliptic, or hyperbolic or parabolic in 

the whole region under consideration. We shall not be interested in 

ultrahyperbolic equations, for they do not appear in physics or in 

engineering. We shall, likewise, take no interest in equations which are 

parabolic in the broad sense, for they turn up seldom in applied work. 

When speaking of parabolic equations in Chapter IV we shall, 

accordingly, have in mind equations parabolic in the narrow sense. 

 

§6. Reduction to canonical form in a region of a partial differential 

equation of the second order in two independent variables 

1. Consider the equation 
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Here the coefficients A, B and C are functions of x and y which are twice 

continuously differentiable. We shall assume that the function u(x, y) is 

also twice continuously differentiable. We now go from the independent 

variables x, y to the independent variables ηξ , . Let the functions 

),( yxξξ = , ),( yxηη =   (6.2) 

be twice continuously differentiable, and let the Jacobian 
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be different from zero in the region under consideration. It is then 

possible to solve the system (6.2) uniquely for x and y in some region of 

the ),( ηξ plane. The resulting functions ),( ηξx  and ),( ηξy  will 

also be twice continuously differentiable functions of ξ  and η . In the 

new independent variables, equation (6.1) takes the form 
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      (6.3) 

We now consider the differential equation 
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in the unknown function ),( yxφ . We shall have to deal separately with 

the cases ACB >2 , ACB <2  and ACB =2  in all of the region 

under consideration. We shall not consider the case when the expression 
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ACB −2  changes sign in the region considered or when it vanishes at 

some point of the region without vanishing identically in all of it. 

 

2. Hyperbolic 

We first investigate the case ACB >2  (in the region under 

consideration), i.e., the case when equation (6.1) is hyperbolic (cf. the 

definition of hyperbolicity given in the preceding paragraph). 

In this case equation (6.4) is equivalent to the two equations 

[ ]
[ ]










∂
∂

−+−=
∂
∂

∂
∂

−−−=
∂
∂

y
ACBB

x
A

y
ACBB

x
A

22/122

12/121

)(

)(

φφ

φφ

  (6.5) 

If the coefficient A vanishes, then one of the equations (6.5) becomes 

indeterminate (if, for instance, B > 0, then the second equation in (6.5) 

becomes indeterminate). Its indeterminacy, however, is easily removed 

by multiplying both sides by the identically equal expressions 

])(/[/])([ 2/122/12 ACBBCAACBB −+−≡−−− . (6.6) 

We now determine the functions ),( yxiφ  (i= 1, 2) as solutions of 

the equations (6.5) by prescribing their values on certain curves il  

which are nowhere tangent to the characteristics of the corresponding 

equation. If the curves il  and the values of the functions iφ  

prescribed on them are sufficiently smooth, we obtain solution functions 

),( yxiφ  (i= 1, 2) having continuous derivatives with respect to x and y 

of order up to and including the second. If, in addition, we assume that 
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the initial values ),( yxiφ  on il  have been chosen so that the 

derivative of iφ  in the direction of il  does not vanish anywhere, then 

at no point will the derivatives of the functions ),( yxiφ  with respect to 

x and y vanish simultaneously. Since the vanishing at some point of 

these two derivatives would imply the vanishing at that point of the 

derivative of iφ  in an arbitrary direction, our statement will have been 

proved if we can show that at no point A does the derivative of ),( yxiφ  

vanish in all directions. Let us move in a non-characteristic direction 

from the point A to some point A'. Let us denote by B the point of 

intersection of il  and the characteristic through A, and by B' the point 

of intersection of il  and the characteristic 

through A' (Fig. 4).  Then, in view of the 

fact that ),( yxiφ  is constant along a 

characteristic, we have 

)()( BA ii φφ = , 
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)()'()()'( BBAA iiii φφφφ −=−  

The two distances, l∆  between the point 

A and A' and 'l∆  between the points B and B', approach zero 

simultaneously. Also, in view of the assumed smoothness of the 

coefficients of equation (6.1), these two distances are of the same order 

of smallness. Since, by assumption, 

0
'

)()'(
lim

0
≠

−
→ l

BB ii

l ∆
φφ

∆
, 
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we must also have 

0
)()'(

lim
0

≠
−

→ l

AA ii

l ∆
φφ

∆
. 

It follows that at no point do the derivatives with respect to x and y 

of either one of the functions ),(1 yxφ  and ),(2 yxφ  vanish 

simultaneously. This means that the Jacobian 

yx

yx

∂
∂

∂
∂

∂
∂

∂
∂

22

11

φφ

φφ

 

of these functions cannot vanish at any point of the region under 

consideration; for, since neither row of the Jacobian vanishes, a 

necessary condition for its vanishing is the proportionality of its 

columns, but 

yxA

ACBB

A

ACBB

yx ∂
∂

∂
∂

=
−+−

≠
−−−

=
∂
∂

∂
∂ 22

2/122/12
11 :

)()(
:

φφφφ
, 

because 02 ≠− ACB . An indeterminacy in any one of our relations 

can be removed by using the identity (6.6). 

Since the Jacobian of 1φ  and 2φ  with respect to x and y does not 

vanish, we may put in (6.2) 





==

==

),(),(

),(),(

2

1

yxyx

yxyx

φηη
φξξ

  (6.7) 

If we do this, the terms in (6.3) which contain 22 / ξ∂∂ u  and 

22 / η∂∂ u  must vanish. At the same time, the coefficient of 
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ηξ∂∂∂ /2u  will be different from zero in the whole region considered. 

Otherwise, a change from the coordinates (x, y) to the coordinates 

),( ηξ  would decrease the order of the equation, and, consequently, the 

opposite change, from the coordinates ),( ηξ  to the coordinates (x,y) 

would increase the order of the equation, which is an obvious 

impossibility. 

Dividing equation (6.3) by the coefficient of ηξ∂∂∂ /2u  we reduce 

it to the canonical form 









∂
∂

∂
∂

=
∂∂

∂
ηξ

ηξ
ηξ

uu
uF

u
,,,,2

2

  (6.8) 

in all of the region of definition of the functions ),(1 yxφ  and ),(2 yxφ . 

If we put βαξ +=  and βαη −= , equation (6.8) becomes 









∂
∂

∂
∂

=
∂

∂
−

∂

∂
βα

βαΦ
βα

uu
u

uu
,,,,

2

2

2

2

. (6.9) 

The latter form of the equation is also called canonical. 

If a hyperbolic equation has been reduced to the canonical form (6.8), 

it is sometimes possible to integrate it in closed form, i.e., to find a 

formula giving all solutions of this equation. 

 

Example 1. By means of the substitution 

v
u
=

∂
∂
η

, 

the equation 
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ηξηξ ∂
∂

=
∂∂

∂ uu

2

1
2

   (6.10) 

becomes 

ξξ 2

vv
=

∂
∂

. 

The latter equation can be easily integrated by the method of separation 

of variables, for η  enters in v only as a parameter. The constant of 

integration will be a function of this parameter. We have 

)(lnln
2

1
ln ηξ Cv +=  

or 

ξη
η

)(C
u

v =
∂
∂

= . 

Whence 

)()( 21 ξξη CCu += . 

Here 

∫= ηηη dCC )()(1  

is an arbitrary (in view of the arbitrariness of )(ηC ) differentiable 

function of η  and )(2 ξC  is an arbitrary function of ξ . 

Example 2. The transformation 

ηξ +=x , ηξ −=y  

reduces the equation 
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0
2

2

2

2

=
∂

∂
−

∂

∂

y

u

x

u
   (6.11) 

to the form 

0
2

=
∂∂

∂
ηξ
u

   (6.12) 

Hence 

)()()()( 11 yxyxu −++=+= ψφηψξφ  (6.13) 

where φ  and ψ  are arbitrary twice continuously differentiable 

functions. 

 

3. Parabolic 

If ACB =2  in all of the region G, then equation (6.1) is parabolic in G 

(cf. the definition of parabolicity in the preceding section). In this case 

both equations (6.5) are the same and can be replaced by the single 

equation 

0=
∂
∂

+
∂
∂

y
B

x
A

φφ
,   (6.14) 

or, equivalently, by the equation 

0=
∂
∂

+
∂
∂

y
C

x
B

φφ
.   (6.15) 

Let 

Cyx =),(φ  

be the general integral of this equation in some region G of the (x,y) 

plane. We assume that the function ),( yxφ  is twice continuously 



 23

differentiable and that its first partial derivatives do not vanish 

simultaneously (cf. Para. 2). Let 

Cyx =),(ψ  

be a family of curves in the region G such that the function ),( yxψ  is 

sufficiently smooth and the Jacobian 

yx

yx

∂
∂

∂
∂

∂
∂

∂
∂

ψψ

φφ

   (6.16) 

does not vanish anywhere in the region G. If, for example, 

0>
∂
∂
x

φ
 

at all points of the region G, we may assume that 

yyx =),(ψ . 

Let us put 

),( yxφξ =  and ),( yxψη =  

in (6.2). Then the coefficient of 22 / ξ∂∂ u  in (6.3) vanishes. The 

coefficient of ηξ∂∂∂ /2u  becomes 

yy
C

x
B

xy
B

x
A

∂
∂









∂
∂

+
∂
∂

+
∂
∂









∂
∂

+
∂
∂ ψφφφφφ

. 

According to (6.14) and (6.15), this coefficient will also vanish. We 

assume that at no point of the region G do all three coefficients A, B and 

C of equation (6.1) vanish simultaneously. Since ACB =2 , this 

assumption implies that at each point of G one of the coefficients A and 
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C is different from zero. Let 0≠A  at some definite point. Then the 

coefficient of 22 / η∂∂ u  in equation (6.3) takes the form 

222
1

2 







∂
∂

+
∂
∂

=







∂
∂

+
∂
∂

∂
∂

+







∂
∂

y
B

x
A

Ay
C

yxx
A

ψψψψψψ
B . 

This expression cannot be zero: for, otherwise, in view of (6.14), the 

Jacobian (6.16) would vanish at the point under consideration. We can 

show in the same way that the coefficient of 22 / η∂∂ u  does not vanish 

at points at which 0≠C . This means that this coefficient cannot vanish 

anywhere in the region G. Consequently, we are allowed to divide 

equation (6.3) by this coefficient. We then obtain 

0,,,,22

2

=







∂
∂

∂
∂

+
∂

∂
ηξ

ηξ
η

uu
uF

u
. (6.17) 

According to the definition of canonical form given in §5, equation 

(6.17) is in canonical form in the region G. 

If equation (6.1) is linear, then so is equation (6.17). Suppose that 

(6.17) is of the form 

11112

2

DuC
u

B
u

A
u

++
∂
∂

+
∂
∂

=
∂

∂
ηξη

. (6.18) 

It is possible to simplify this equation somewhat by introducing a new 

unknown function z in place of u. We put 

zvu = , 

where ),( ηξv  is a function of ξ  and η  still to be defined. Then 

equation (6.18) becomes 
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12112

2

2 DzC
z

vB
z

vA
zvz

v ++
∂
∂

+
∂
∂

=
∂
∂

∂
∂

+
∂

∂
ηξηηη

. 

      (6.19) 

We have written out in detail only terms containing derivatives of z. All 

terms containing the function z itself have been combined in zC2 . We 

choose the function ),( ηξv  so that the coefficient of the derivative 

η∂∂ /z  in equation (6.19) should vanish. Equating the coefficient of 

η∂∂ /z  to zero, we get 

2312

2

DzC
z

A
z

++
∂
∂

=
∂

∂
ξη

.  (6.20) 

where vCC /23 = , vDD /12 = , and v is 






= ∫ ηηξηξ dBv ),(
2

1
exp),( 1 . 

 

4. Elliptic 

Finally, we investigate the case when in all of the region considered 

2BAC > . Then equation (6.1) will be elliptic in that region (cf. the 

definition of ellipticity given in §5). In this case we assume that the 

coefficients A, B and C are analytic functions of x and y. Then the 

coefficients of equations (6.5) are also analytic functions of x and y. Let 

),*(*),(*),( yxiyxyx φφφ +=  

be an analytic solution of one of the equations in (6.5) in a neighborhood 

of a point )( 0,0 yx . We put 

),(* yxφξ =  and ),*(* yxφη =  (6.21) 
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in (6.2). Since the Jacobian 

yx

yx
J

∂
∂

∂
∂

∂
∂

∂
∂

= ηη

ξξ

   (6.22) 

does not vanish anywhere, we can solve equations (6.21) for x and y. In 

fact, separating real and imaginary parts in the second equation (6.5), we 

get 










∂
∂

−+
∂
∂

−=
∂
∂

∂
∂

−−
∂
∂

−=
∂
∂

y
BAC

y
B

x
A

y
BAC

y
B

x
A

ξηη

ηξξ

2/12

2/12

)(

)(

 (6.23) 

Substituting the expressions for x∂∂ /ξ  and x∂∂ /η  obtained from 

(6.23) in the Jacobian (6.22), we obtain 




















∂
∂

+







∂
∂−

−=
222/12

)(

yyA

BAC
J

ηξ
. 

It follows that our determinant can be equal to zero only at those points 

at which 

0=
∂
∂

=
∂
∂

yy

ηξ
, 

or, in view of equations (6.23), only at those points at which 

0=
∂
∂
x

ξ
 and 0=

∂
∂
x

η
. 
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But our region contains no such points, for at such points 

0=
∂
∂

=
∂
∂

yx

φφ
. 

Separating real and imaginary parts in the identity 

02

22

=







∂
∂

+
∂
∂

∂
∂

+







∂
∂

y
C

yxx
A

φφφφ
B , 

we get 

2222

22 







∂
∂

+
∂
∂

∂
∂

+







∂
∂

=







∂
∂

+
∂
∂

∂
∂

+







∂
∂

y
C

yxx
A

y
C

yxx
A

ηηηηξξξξ
BB  

      (6.24) 

0=
∂
∂

∂
∂

+







∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

yy
C

xyyxxx
A

ηξηξηξηξ
B  

      (6.25) 

Since the form 

22 2 βαβα CBA ++ , )0( 2 <− ACB  

is positive-definite, both sides of (6.24) can vanish only if 

0=
∂
∂

=
∂
∂

=
∂
∂

=
∂
∂

yxyx

ηηξξ
.  (6.26) 

We chose the function ),( yxφ  in such a manner, however, that the 

equations (6.26) are not satisfied at the same time. Hence, we may 

divide equation (6.3) by one side of the equation (6.24). We get 









∂
∂

∂
∂

=
∂

∂
+

∂

∂
ηξ

ηξ
ηξ

uu
uF

uu
,,,,22

2

2

2

. (6.27) 

This form of the elliptic equation is called its canonical form. 
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We have reduced our equation to canonical form in a neighborhood 

of ),( 00 yx  in which there exists an analytic solution of equation (6.5) 

with non-zero derivatives. It can be shown by means of more intricate 

considerations that such reduction is possible without assuming that 

A(x,y), B(x,y) and C(x,y) are analytic. It suffices to assume that these 

coefficients are twice continuously differentiable. 
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CHAPTER II 

HYPERBOLIC EQUATIONS 

PART I 

THE CAUCHY PROBLEM FOR NON-ANALYTIC FUNCTIONS 

§8. The reasonableness of the Cauchy problem 

 

§12. Formulas giving the solution of the Cauchy problem for the 

wave equation 

1. Three-Dimensional 

Let 0G  in the space ),,( 321 xxx  be the domain of definition of a three 

times continuously differentiate function ),,( 3210 xxxφ  and a twice 

continuously differentiate function ),,( 3211 xxxφ . We wish to 

determine in G (the region described in remark (3) in §11) the solution 

),,,( 321 xxxtu  of the equation 

2
3

2

2
2

2

2
1

2

2

2

x

u

x

u

x

u

t

u

∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
,  (12.1) 

satisfying for t=0 the conditions 

),,(),,,0( 3210321 xxxxxxu φ= ,  (12.2a) 

),,(),,,0(' 3211321 xxxxxxu t φ=  (12.2b) 

We first seek a solution ),,,( 321 xxxtuφ  of equation (12.1) when 

the initial conditions have the special form 

0),,,0( 321 =xxxuφ ,   (12.3a) 

),,(),,,0(' 321321 xxxxxxu t φφ = . (12.3b) 

It is then easily checked that the function 
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t

u
xxxtv

∂

∂
= φ

),,,( 321  

satisfies for t = 0 the conditions 

),,(),,,0( 321321 xxxxxxv φ=  

0),,,0('
2
3

2

2
2

2

2
1

2

2

2

321 =
∂

∂
+

∂

∂
+

∂

∂
=

∂

∂
=

x

u

x

u

x

u

t

u
xxxv t

φφφφ
. 

Therefore, the solution of equation (12.1) satisfying both conditions 

(12.2) is given by the formula 

1φ
φ

u
t

u
u +

∂

∂
= .   (12.4) 

Thus, the general Cauchy problem for equation (12.1) is reduced to the 

problem of finding φu . We claim that 


⌡
⌠


⌡
⌠=

),,(

321
321

321

),,(

4

1
),,,(

xxxS
t

t

d
t

xxxtu σ
αααφ

πφ  

    (12.5)(Kirchhof’s formula) 

Here ),,( 321 xxxSt  denotes the sphere with radius t and center 

),,( 321 xxx  in the hyperplane t = 0 where the function φ  is prescribed, 

and tdσ  denotes an element of the surface of this sphere. We assume 

that the function ),,( 321 xxxφ  is continuous and bounded together with 

its derivatives of order up to and including k )2( ≥k . Then, as will 

become apparent from formula (12.6), the function φu  will have 

continuous derivatives of order up to and including k. 

 

We first show that φu  given by the formula (12.5), satisfies the 
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initial conditions (12.3). That φu  satisfies the first of these conditions 

follows from the fact that 

t

t
ofboundupperleastd

t
tS

t

2
321 4

____
),,( π

φσ
αααφ

⋅≤
⌡
⌠


⌡
⌠ , 

which means that 

0),,,( 321 →xxxtuφ  as 0→t . 

As for the second condition, we note that if we put 

tx kkk βα += , (k=1,2,3) 

the integral (12.5) becomes 

∫∫ +++=
1

1332211321 ),,(
4

),,,(
S

dtxtxtx
t

xxxtu σβββφ
πφ , 

(12.6) 

where the integration is carried out over the surface of the sphere 1S : 

12
3

2
2

2
1 =++ βββ , 

21
t

d
d tσ
σ =  

fixed for all values of x1, x2, x3, t. Hence 


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⌠

⌡

⌠
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+++=
∂
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∫∫

=
1

1

1

3

1

332211

1332211
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S k

kk

S
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t
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t

u

σβββφβ
π

σβββφ
π

φ

. 

      (12.7) 

Here kφ  denotes the derivative of φ  with respect to kα . It is easy to 

see that as 0→t  the first term on the right approaches ),,( 321 xxxφ  

and the second term approaches zero; the latter is true because the 
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integral in that term stays bounded. 

It remains to show that φu  as defined by Kirchhof's formula, 

satisfies equation (12.1). From equation (12.6) we find that 
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(12.8) 

To compute 22 / tu ∂∂ φ  we rewrite the equality (12.7) as follows: 
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      (12.9) 

where 
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and tV  is the surface of the sphere of radius t with center at 

),,( 221 xxx  in the hyperplane t = 0. 

From (12.9) we get 
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      (12.10) 

Now it is easily seen that 
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      (12.11) 

Comparing the equalities (12.8), (12.10) and (12.11) we see that the 

function φu  defined by Kirchhof's formula actually satisfies the wave 

equation (12.1). 

Remark. If the function ),,( 3211 xxxφ  is only known to be continuous 

together with its first derivatives, then the function u defined by the 

equalities (12.4) and (12.5) is only a generalized solution of the Cauchy 

problem. 

 

2. Two dimensional 

We now consider the special case when φ  does not depend on x3. It is 

easy to see that in that case the function φu  given by Kirchhof's 

formula likewise does not depend on x3 and so satisfies the equation 
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∂
   (12.12) 
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In this case, we can replace the integral over the sphere St by the double 

integral taken over the intersection Kt of this sphere with the plane 

33 x=α . Projecting a surface element tdσ  of this sphere on the plane 

33 x=α , we get 
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and Kirchhof's formula can then be rewritten as follows: 
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Therefore, the solution of equation (12.12) satisfying the conditions 

),(),,0( 21021 xxxxu φ=  

),(),,0(' 21121 xxxxu t φ=  

is given by the formula 
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(12.13) 

This is the so-called Poisson formula. 

 

3. One dimensional 

If the function φ  does not depend on either x2 or x3, then the function 
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φu  given by Kirchhof's formula is also independent of x2 and x3 and so 

satisfies the equation 

2
1

2

2

2

x

u

t

u

∂

∂
=

∂

∂
   (12.14) 

In that case it is possible to rewrite Kirchhof's formula as follows: 
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Here we have made use of the fact that the area of the portion of the 

sphere St contained between two planes, .1 const=α  and 

.1 constd =+ αα , which intersect St is equal to 12 απtd  and the 

function )(αφ  has almost constant value at all points of this portion of 

the sphere. 

Therefore the solution of equation (12.14), satisfying the conditions 

)(),0( 101 xxu φ= , )(),0(' 11 xxu t φ=  

is given by the formula 
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      (12.15) 

This formula is known as d'Alembert's formula. 

We recall that according to the uniqueness theorem proved in §11 

there exist no solutions of the Cauchy problem other than those given by 

(12.4) for equation (12.1), by (12.13) for equation (12.12), and by 
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(12.15) for equation (12.14). The method used in obtaining solutions of 

the Cauchy problem for equations (12.12) and (12.14) from the solution 

of the Cauchy problem for equation (12.1) is called the method of 

descent. 

We have found the solution of the Cauchy problem for t > 0. The 

case t < 0 reduces to the case previously considered if we replace t by –t; 

this transformation does not change equations (12.1), (12.12) and 

(12.14). 

 

§13. Examination of the formulas which give the solution of the 

Cauchy problem 

1. Continuous dependence of the solution on the initial conditions. 

2. Diffusion of waves. 

Formulas (12.4) and (12.5) show that the value at the point 

),,,( 1 nxxt K  of the solution of the wave equation (13.1) for n = 3 

depends only on the initial conditions on the boundary of the base of the 

characteristic cone with vertex at ),,,( 1 nxxt K . On the other hand, for 

n =1 or n = 2, ),,,( 1 nxxtu K  depends on the conditions as given on the 

whole base of that cone. This is clear from formulas (12.13) and (12.15). 

Let us assume that the initial values of u and u't for t =0 differ from 

zero only inside a small region Ge about some point ),,,0( 1 nxx K . 

Beginning with t = 0, we consider the values of u at the points 

),,,( 1 nxxt K  for fixed nxx ,,1 K  and for increasing t. In the case n = 3, 

the magnitude of ),,,( 1 nxxtu K  can differ from zero only on a small 
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portion of the considered straight line (in the space ),,,( 1 nxxt K ); 

namely, on that portion of the line on which are located the vertices of 

those characteristic cones the boundaries of whose bases intersect the 

region. Ge. On the other hand, if n = 1 (or n = 2) and the point ),0( 1x  

(or ),,0( 21 xx ) does not belong to Ge, then ),( 1xtu  (or ),,( 21 xxtu ) is 

equal to zero for sufficiently small t and is, in general, different from 

zero beginning with the values of t for which the segment tx ≤− 11 α  

(or the circle 22
22

2
11 )()( txx ≤−+− αα  ) intersects the region Ge. 

Consequently, a disturbance set up at t =0 in some small 

neighborhood of the point ),,( 00
1 nxx K  will, for n = 3 and t> 0, affect 

the values of the function only in those points of the space ),,( 1 nxx K  

which lie close to the sphere of radius t with center ),,( 1 nxx K  . Thus a 

disturbance set up at t= 0 at the point ),,( 0
3

0
2

0
1 xxx  gives rise to a 

spherical wave with center at that point, and this wave has a 

well-defined front and back. On the other hand, if n = 1 or n = 2, then a 

disturbance set up at t = 0 in a neighborhood of the point ),,( 00
1 nxx K  

affects, in general, all points in the interior of the sphere with radius t 

and center ),,( 00
1 nxx K . The resulting wave has a well-defined front, 

but the back of the wave is blurred. We say that in this case the wave is 

diffused. For n = 3 no diffusion takes place. It can be shown that no 

diffusion takes place for the solutions of equation (13.1) for an arbitrary 

odd 3≥n . 

Disturbances set up in a small region Ge of a three-dimensional rigid 

elastic body or of a gas give rise to waves which leave no trace after 
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them, provided the vibrations satisfy equation (12.1). In the case of a gas, 

),,,( 321 xxxtu  denotes, for instance, the deviation from normal air 

pressure at the point ),,( 321 xxx  at the moment t. On the other hand, 

disturbances set up in a small region of a two-dimensional continuum, as, 

for example, a tight membrane or a water surface, give rise to waves 

which, in theory, leave a permanent trace after them, provided these 

vibrations satisfy equation (12.12). In practice they die down very 

quickly because of the existence of friction which is not taken into 

consideration in deriving equation (12.12). Likewise, a trace is left after 

the passing of a wave in a one-dimensional continuum (cf. Para. 3 of this 

section). 

3. Examination of d'Alembert's formula. 

 

§14. The Lorentz transformation 

1. In §1 we mentioned the fact that except for a constant multiplier the 

expression 
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∂

∂
+

∂

∂
+

∂

∂
 

is the only linear combination of second derivatives which does not 

change its form under a rotation of the space, i.e. under an arbitrary 

orthogonal transformation of the coordinates 321 ,, xxx . We now 

consider in some detail a certain class of linear transformations of the 

variables ),,,( 321 xxxt  with constant real coefficients which are closely 

connected with the wave equation 
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By a Lorentz transformation of the variables 3210 ,,, xxxx  we mean 

any linear homogeneous transformation of these variables 

∑
=

=
3

0j

jiji xay  (i=0,1,2,3)  (14.2) 

with real coefficients ija  which leaves invariant the quadratic form 

2
3

2
2

2
1

2
0 xxxx −−− .   (14.3) 

This means that in the new variables this quadratic form becomes 

2
3

2
2

2
1

2
0 yyyy −−−  

It is easy to check that the totality of Lorentz transformations forms a 

group. In particular, it is easy to see that the product of two Lorentz 

transformations (substitutions) is again a Lorentz transformation. 

We now write down a formula for a special class of Lorentz 

transformations which have the property of leaving invariant two of the 

last three (space) coordinates. Such transformation has the form 











=

=

+=

+=

33

22

101

100

xy

xy

xxy

xxy

δγ
βα

   (14.4) 

For such transformations the identity 

2
1

2
0

2
1

2
0 xxyy −≡−  

must hold. Substituting in this identity the expressions for 0y  and 1y  

in (14.4), we get 
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In particular, these equations are satisfied if we put 

ψδα cosh== , 

ψγβ sinh== , 

where ψ  is an arbitrary number. Then 
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Let us put βψ =tanh . We then obtain the usual formulas for the class 

of Lorentz transformations under consideration: 
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  (14.6) 

Here β  is an arbitrary number smaller than one in absolute value 

because 1tanh <ψ  for any ψ . 

The formulas (14.6) are of fundamental importance, since, as we are 

going to show, any Lorentz transformation is a combination of an 

orthogonal transformation of the variables 321 ,, xxx  which leaves 0x  
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fixed, a transformation of the form (14.6), and a possible change of sign 

of one of the variables (a reflexion). 

 

If we transpose the matrix of each of the intermediate 

transformations, we will again obtain a matrix of a transformation of the 

same type. It follows from this that the transpose of a matrix of a 

Lorentz transformation is again a matrix of a Lorentz transformation. 

From the definition of a Lorentz transformation it follows that the 

inverse of a Lorentz transformation is also a Lorentz transformation. 

 

2. 

We now prove a fundamental fact which clarifies the close connection 

between Lorentz transformations and the wave equation. 

 

THEOREM. Every non-singular linear transformation of the variables 

321 ,,, xxxt  with real constant coefficients which does not change the 

form of equation (14.1) is a combination of a Lorentz transformation, a 

translation of the origin in the space ),,,( 321 xxxt , and a similarity 

transformation in that space. 

 

 

§15. The mathematical foundations of the special principle of 

relativity  

The special principle of relativity asserts that all laws of nature have the 
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same form for all observers who move with respect to one another with 

uniform, straight-line motion. More precisely, for each of these 

observers there exists a 'local' space-time coordinate system 

),,,( 321 xxxt  (t is the time coordinate, and 321 ,, xxx  are the space 

coordinates) in which any given natural law is expressible by means of 

the same equations. In particular, for each of these observers the speed 

of light in his local coordinate system is the same in all directions. For 

the sake of simplicity we assume that this speed is equal to 1. 

We wish to find a connexion between the local space-time 

coordinates of two observers A' and A" of whom A" is assumed to be 

moving uniformly and along a straight line with respect to A'. The 

velocity of A" is equal to β , 1<β . In view of the assumption that 

space and time are homogeneous and isotropic, we consider the required 

connexion to be linear and its coefficients to be functions of β  only. 

We denote the local space-time coordinates of A' by )',',','( 321 xxxt  

and the local space-time coordinates of A" by )'','','',''( 321 xxxt . For 

simplicity in notation we shall sometimes write 0'x  instead of t' and 

0''x  instead of t". 

Thus, let 

ii

j

iji xax αβ +=∑
=

')(''

3

0

  (i=0,1,2,3). (15.1) 

We shall find the connexion between the coordinates )',',','( 321 xxxt  

and the coordinates )'','','',''( 321 xxxt , using only the assumption that 

the velocity of light is constant for the observers A' and A". 
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We describe the rectilinear propagation of a plane light wave by 

means of some non-constant function 

)''''( 3322110 xaxaxataf +++ ,  (15.2) 

whose values move as a result of the changing time t' in a direction 

perpendicular to the plane 

.''' 332211 constxaxaxa =++  

with the speed 

2
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2
1

0

aaa

a

++
−  

which is equal to 1 by assumption. Here 3210 ,,, aaaa  are constants. It 

follows that 

2
3

2
2

2
1

2
0 aaaa ++= .   (15.3) 

Since the velocity of light for the observer A" in his local coordinates 

t", x"1, x"2, x"3 is also equal to 1, we find, on going from the 

coordinates x' to the coordinates x", that the expression 

3322110 '''' xaxaxata +++  

goes over into the expression 

bxaxaxata ++++ 332211'0 ''''''''''  

and 

2
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2
2

2
1

2
0 '''' aaaa ++= .   (15.4) 

We shall show that the coordinates 321 '','','','' xxxt  are obtained 

from the coordinates 321 ',',',' xxxt  by means of a Lorentz 

transformation and a translation of the origin. By means of a translation 

of the origin we can replace the coordinates 321 '','','','' xxxt  by 
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coordinates 321 ,,, xxxt  whose connexion with 321 ',',',' xxxt  is given 

by the homogeneous linear equations 

∑
=

=
3

0

')(

j

jiji xax β   (i=0,1,2,3). (15.5) 

Now let the function 

)''''( 33221100 xaxaxaxaf +++  

go over into the function 

)''''( 33221100 xaxaxaxaf +++ , 

where the numbers 3210 ',',',' aaaa  satisfy the relation 
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2
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2
0 =−−− aaaa  

as soon as the numbers 3210 ,,, aaaa  satisfy the relation 

02
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2
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2
1

2
0 =−−− aaaa . 

Here 3210 ,,, aaaa  is an arbitrary system of numbers satisfying 

equation (15.3) and 3210 ',',',' aaaa  is the corresponding system of 

numbers resulting from the transformation (15.5). We shall show that it 

now follows that (15.5) yields the Lorentz transformation for the 

coefficients a, that is, that 
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2
0 '''' aaaaaaaa −−−=−−− . 

In fact, what we do know from the form of the substitution (15.5) is 

that the relation between the ia  and their transforms under (15.5) must 

be of the form 

∑
=

≡−−−
3

0,

2
3

2
2

2
1

2
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ji

jiij aakaaaa β  (15.6) 

We first show that 
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      (15.7) 

In fact, 

0'')( =∑ jiij aak β    (15.8) 

implies 

0'''' 2
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2
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2
0 =−−− aaaa ,  (15.9) 

and conversely. This means that the surfaces given in the 

four-dimensional space 3210 ',',',' aaaa  by (15.8) and (15.9) coincide. 

It is easy to see that this implies the correctness of (15.7). Consequently 
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If we consider the motion of the first system with respect to the 

second, we have, analogously, 
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0 aaaakaaaa −−−−=−−− β  

whence 

1)()( =−ββ kk . 

On the other hand, since neither system is in any way distinguished, we 

must have 

)()( ββ −= kk , 

and, consequently, 1)( ±=βk . 

When the variables ix'  are subjected to the transformation (15.5), 

the variables ia  are also subjected to a linear transformation. It follows 

that the number of plus and minus signs in the quadratic form in the ia  
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cannot change. Hence 1)( =βk , and the form 

2
3

2
2

2
1

2
0 aaaa −−−  

must remain invariant under the transformation (15.5). Thus, the 

transformation of the variables ia  is a Lorentz transformation. The 

linear transformation to which the ia  are subjected when the ix  are 

transformed by means of (15.5) is given by a matrix which is the 

transposed inverse of the matrix (15.5). Consequently, (15.5) is itself a 

Lorentz transformation (cf. Para. 1, §14), which is what we set out to 

prove. 

 

     (to be continued) 


