CHAPTER 7 DIFFERENTIAL FORMS
We turn our attention once more to tensor fields, but we will be concerned with a
special kind of tensor field, the discussion of which requires some more algebraic
preliminaries.
Let ¥ be an n-dimensional vector space over R, An element 7 €T k ) is
called alternating if

T(vl,...,vi,...,vj,...,vk):0 if Vi =V; i#])).

If T'is alternating, then for any v,,...,v, , we have
0=T(y,...,v; ViV +vj,...,vk)
:T(vl,...,vi,...,vi,...,vk)+T(vl,...,v,-,...,vj,...,vk)
+T(vl,...,vj,...,vl-,...,vk)+T(v1,...,vj,...,vj,...,vk)

:0+T(vl,...,v,-,...,vj,...,vk)+T(vl,...,vj,...,vi,...,vk)—i-O
Therefore, T is skew-symmetric:
T(ViseeesVigeros Vs V) = =T (Ve V s Vi, Vi)
Of course, if T is skew-symmetric, then T is also alternating. [This is not true in the
special case of a vector space over a field where 1 + 1 = 0; in this case,
skew-symmetry is the same as symmetry, and the condition of being alternating is
the stronger one.]

We will denote by F (V) the set of all alternating 7 € Tk (V). It is clear that
F (V)ka(V) is a subspace of T* (V). Moreover, if f:V —>W is a linear
transformation, then f T k(W)—)f k (V') preserves these subspaces -
F1 0wy > QX)) . Notice that Q'(V)=T'(")=V", so Q'(V) has
dimension #. It is also convenient to set QO(V) =T 0(V) =R . At the moment it is
not clear what the dimension of QF (V) equals for £ > 1, but one case is
well-known. The most familiar example of an alternating 7 is the determinant
function deteT”(R"), considered as a function of the n rows of a matrix — we
shall soon see that this function is, in a certain sense, the most general alternating
function. Most discussions of the determinant begin by showing that of any two
alternating n-linear functions on R", one is a multiple of the other; in other words,
dim£Q"(R")<1. Then one proves dim£2"(R")=1 by actually constructing the
non-zero function det (it follows, of course, that dim.Q"(#)=1 if V is any
n-dimensional vector space). The construction of det is usually by a messy explicit
formula, which is a special case of the definition to follow.

Let §, denote the set of all permutations of {l, ..., k}; an element o €S,
is a function i+ o(i).If (v;,...,v;) isak-tuple (of any objects) we set

O'~(V1,...,Vk) = (Va(l),...,va(k)) .



This definition has a built-in confusion. On the right side, the first element, for
example, is the o(1)* of the v's on the left side; if these v's have indices running in
some order other than I, . . . , k, then the first element on the right is not necessarily
that v whose index is o(1) . The simplest way to figure out something like
o -(v3,V5,V;,...) 1s to rename things: v; =w;, v, =w,, v, =ws, ....Thus warned,
we compute
(P Vs s Vi) =0 (Vo1 s V(i)
by setting
Vo) SWis oos Voky = Wi s
so that
(P (Vs i) =0 -(Wy,..., W)
= (Wo1)se s Woik))
= o)V p(oth)

since W, =V, - Thus

pla
*) (P (V5o Vi) = (PO) - (V155 V)
Now forany T eT k (V') we define the "alternation of T"
1
AlT =4 ZSgnG~TOO' ,
oeS;,

ie.,
1
AT (vy,..., v, :;! 2 sgnG~T(vG(1),...,v6(k)),

where sgno is+1if o isaneven permutation and -1 if o is odd.

1. PROPOSITION.
() If TeT*WV), then AIT)e Q*(V).
Q) If weR W), then Altw=w.
G)YIT eT V), then Alt(Al(T)) = AI(T).

PROOF. Left to the reader (or see pp. 78-79 of Calculus on Manifolds). QED.

We now define, for o e Q* (V) and ne Q[(V) , an element wAn e QHI(V) ,
the wedge product of @ and 7, by

_(k+D)!
R

N

Alt(o®7) .

The funny coefficient is not essential, but it makes some things work out more
nicely, as we shall soon see. It is clear that

(1) A is bilinear:



(0 +o)An =0, An+w0, A7
QN +1,) = 0N+ O AT,
aonn=wnran=a(®An)
@ ferm=1"onfn
Moreover, it is easy to see that
(3) A is "anti-commutative": o A1 = (—1)"177 AD.
In particular, if & is odd then
on=0.

Finally, associativity of A is proved in the following way.

2. THEOREM.
() If SeT*V) and TeT' (V) and Alt(S)=0, then
Al(S®T) = AI(T ®S)=0.
(2) Alt(All(w®n)® ) = Alt(w ®n ® 0) = Alt(w ® Alt(n ® 0))
BRVIf weR W), ne V), 6eQ"V), then

(k+1+m)!

(@AMAO=0A(AO)= pIT

Al 0@ ®0).

PROOF.
(1) We have

(k+ I AIS ®T)(v,...,v,;)
= ZSgn0'~(S®T)-(0'-(v1,...,vk+,))

OESky

= ngno"S(Va(l)a---»Va(k))‘T(Va(k+1)a---ava(k+z) )

€Sy

Now let G S;,, consistofall o which leave k+1,....,k+I fixed. Then

ZSgHO'-S(VO_(l),...,Va(k))-T(Vo_(k+1),...,vo_(k+l)))

€Sy

= ngno-‘~S(vG,(l),...,vG,(k)) T VisgseeosVirs) -

o'eS;
=0

Suppose now that o, ¢ G. Let 0,G = {0'00": o'e G}. Then

ZSgn0'~(S®T)(G-(v1,...,vk+,))

oeo)G
=sgnoy - Y sgno' - (S®T)(G (G - (V- Vi))
o'eG
by (*). We have just shown that this is 0 (since o - (v;,...,V;,;) 1S just some other



(k + D-tuple of vectors). Notice that GnoG=¢, for if c € Gno,G, then
o=0,0" for some o'eG, so o,=0(c")" €G, a contradiction. We can then
continue in this way, breaking S,,, up into disjoint subsets, the sum over each
being 0. The relation A/#(T ® §)=0 is proved similarly.
(2) Clearly
Alt(Alt(n® ) —-n®O)=Alt(n ® ) - Alt(n ® 6 =0,

so (1) implies that

0=Alt(w ®[Alt(n ® O) -1 ® 7)) ,

= Alt(0® Alt(n ® 0)) - Alt(w®n ® )’
the other equality is proved similarly.
(3) We have
(k+1+m)!
(k+1)!m!

(b l+m)! (k+1)!
k+D'm! kN

(wAn)ynB= Alt((o A7) ® B)

m«w®q®m.

The other equality is proved similarly. QED.

Notice that (2) just states that A is associative even if we had omitted the factor
(k+D)!/ k! in the definition. On the other hand, the factor 1/ k! in the definition of
Alt is essential - without it, we would not have Alt(Alt T)=Alt T, and the first
equation in the proof of (2) would fail.

[If we had defined Alt just like A/t, but without the factor 1/ k!, then A could be
defined by

1 _
a)/\nszllt(a)@ry).

This makes sense, even over a field of finite characteristic, because each term in the
sum Alt(@®n)(vy,...,v;,;) occurs k!l times (since @ and 7 are alternating),
and 1/k!l! can be interpreted as meaning that these k!/! terms are replaced by just

one. |

The factor (k+/)!/ k!I! has been inserted into the definition of A for the following

reason. If v,...,v, isabasisof V,and ¢,...,4, isthe dual basis, then
I+--+1)!
bnvnd, = g @0 4,)
= Y sgno (¢ ®--®4,)o0
oeS,

In particular,



(A A--APHV,..v,) =1
(So if vy,...,v, is the standard basis for R",then ¢ A---A g, =det.) A basis for
F (V) can now be described.

3. THEOREM. The set of all
PN NGy 1<il<---<ik<n

is a basis for QFWy, which therefore has dimension

ny n!
k) Kn—k)

(In particular, F )= {0} fork>n.)
PROOF. If we QF N c Tk (V), we can write

0= zail,.‘.,ik@l @@y .

So
o=Al(@)= Y ay Al @ @)
il,...,ik

Each  Ali(¢ ®---®¢y) is either 0 or =x(1/kD)g; n--ng; for some

Jl<---<jk,sotheelements ¢, A---Ag; for jl<---< jk span okwy . af

0= zail,...,ik¢i1 AN By

il<-<ik

then applying both sides to  (v;;,...,v; ) givesall a; 4 =0.QED

4. COROLLARY. If w,...,0 te(V) , then w,...,0, are linearly
independent if and only if

oy AN Anwp 20
PROOF. If w,,...,w, are linearly independent, there is a basis v,...,v;,...,V

n

of V'such that the dual basis vectors ¢,,...,¢;,...,4, satisfy ¢, =w; for 1<i<k.

n
Then @, A---A @, is a basis element of F (V), so it is not 0. On the other hand,
if

W =ay0, ++a, 0,
then

O AWy AN AN, =(Ay0, ++-+ a0 ) ANOy Ao Ao =0. (QED)

To abbreviate formulas, it is convenient to let / denote a typical "multi-index"

(if,...,ig), and let ¢, denote ¢ A---A¢; . Then every element of kW) is



uniquely expressible as

Zal¢1 ‘

1

Notice that Theorem 3 implies that every w e Q%(R™) is a linear combination of
the functions

Y1

(V15...,v; ) > determinant of a_ kxk _minor of _
Vi
One more simple theorem is in order; before we proceed to apply our

construction to manifolds.

5. THEOREM. Let v,,...,v, be a basis for V, let we Q" V), and let

n

n
w; = E av;, i=l..,n.
J=1

Then

o(wy,...,w,) =det(a;) - o(vy,...,v,).

s Vy

PROOF. Define eT(R") by

n n
77(()())”{2 j

= =

Then clearly 7€ Q2"(R"),so n=c-det forsome ceR,and
c=n(e,...,e,)=a(v,...,v,) . (QED)

6. COROLLARY. If V is n-dimensional and 0= we Q" (V), then there is a

unique orientation pu for V such that

vi,...,v,1=u, if and only if o(v,,...,v,)>0.

With our new algebraic construction at hand, we are ready to apply it to vector
bundles. If £=7:E — B is a vector bundle, we obtain a new bundle 0k (&) by
replacing each fibre z7 (p) with ot (! (p)). A section w of ot (é) is a
function with @(p) e or (7! (p)) foreach peB.If 7 isa section of .(21(5) ,
then  we can  define a section oA of folas (3] by
(@An(p)=a(p) An(p) e 27 (7 (p)).

In particular, sections of fol (TM) , which are just alternating covariant tensor
fields of order £, are called k-forms on M. A I-form is just a covariant vector field.

Since Q2%(TM) can obviously be made into a C* vector bundle, we can speak



of C” forms; all forms will be understood to be C* forms unless the contrary is
explicitly stated. Remember that covariant tensors actually map contravariantly: If
f:M—>N is C”,and @ is a k-form on N, then f*a) is a k-form on M. We

can also define @, +®, and @ An. The following properties of k-forms are
obvious from the corresponding properties for oQkvy:
(@ + o))"=y An+wy AT,
QAN +1)=O N+ O N,
Jonn=awn fn=[fonrn),
a)/\n:(—l)kln AN,

f@nm=fonfn.
If (x,U) is coordinate system, then the dx'(p) are a basis for M p*, so the

dx" (p)/\n-/\di‘ (p), (i <---<iy) are a basis for .Qk(p). Thus every k-form

@ can be written uniquely as

®= Ea),- Sdx"t A Adx
1+l

or, if we denote dx™ Ao A dx by dx! for the multi-index I=(i,....0;),
a):Zw,dxl.
Ji

The problem of finding the relationship between the ®; and the functions @',

when
o= w,d! =Y o, dy’
Z I Z 19y
I I

is left to the reader (Problem 16), but we will do one special case here.

7. THEOREM. If f:M — N isa C” function between n-manifolds, (x, U) is a

coordinate system around peM , and (v, V) a coordinate system around

q=f(p)eN, then
i (gdy' Ao ndy™) = (gof)odet(%}ixl A Adx".
PROOF. It suffices to show that
@ A ndy™) = det(%}dxl Ao ndx™

Now, by Problem 4-1,



* 0 0

f (dylA---/\dy”)(p)g e ]

P 14

0 0
= @A A (@) o) e o ]

p p
= (@) ndy (@) Za(yd‘jf)( o ,Za(il‘;f)( o
i=1 q i=1 q

o' °f)
=d
et[ o (p )]
by Theorem 5. (QED)

8. COROLLARY. If (x, U) and (y, V) are two coordinate systems on M and
gdy' Ao ndy™ = hdx' Ao AdX",

Gyi
h=g-det| —|.

PROOF. Apply the theorem with = identity map. (QED)

then

[This corollary shows that n-forms are the geometric objects corresponding to the
"even scalar densities" defined in Problem 4-10.]

If £=7:E— B is an n-plane bundle, then a nowhere zero section @ of
02"(E) has a special significance: For each peB , the non-zero

w(p)e 2" (77 p)) determines an orientation x, of 7 p) by Corollary 6. It

is easy to see that the collection of orientations {,up} satisfy the "compatibility
condition" set forth in Chapter 3, so that u= {,up} is an orientation of ¢£. In
particular, if there is a nowhere zero n-form @ on an n-manifold M, then M is

orientable (i.e., the bundle 7M is orientable). The converse also holds:

9. THEOREM. I[fa C* manifold M is orientable, then there is an n-form ® on
M which is nowhere 0.
PROOF. By Theorem 2-13 and 2-15, we can choose a cover O of M by a collection
of coordinate systems {(x, U )} , and a partition of unity { ¢, } subordinate to O. Let
4 be an orientation of M. For each (x, U) choose an n-form «; on U such that
for v,,...,v, eMp, peU wehave

oy (vy,...,v,) >0 ifand only if [vi,....,v,]1=u,.

Now let



W= Z¢Ua)U .

UeO

Then @ isa C” n-form. Moreover, for every p, if v,,...,v, e M » satisfy

vy, 1= My, then each

(¢Ua)U)(p)(vl""avn) 2 0 5
and strict inequality holds for at least one U. Thus @(p) # 0. (QED)

Notice that the bundle 2" (TM)is 1-dimensional. We have shown that if M is
orientable, then 2" (TM) has a nowhere 0 section, which implies that it is trivial.
Conversely, of course, if the bundle Q" (TM) is trivial, then it certainly has a
nowhere 0 section, so M is orientable. [Generally, if & is a k-plane bundle, then
fol (&) is trivial if and only if & is orientable, provided that the base space B is
"paracompact" (every open cover has a locally-finite refinement). ]

Just as QO(V) has been introduced as another name for R, a O-form on M
will just mean a function fon M (and f A @ will just mean f-@). For every

0-form f'we have the 1-form df (recall that df (X)= X(f), which in a coordinate

system (x, U) is given by
df = Z o —dx!
If @ isak-form

I
o= Za),dx ,
1

then each dw,; isa l-form, and we can define a (k+ 1 )-form dw, the differential

of w,by

do= de,dxf

DD RN

T oo Ox

It turns out that this definition does not depend on the coordinate system. This can

be proved in several ways. The first way is to use a brute-force computation

comparing the coefficients ®'; in the expression
' 1
W= Za) ;dx
I

with the @, .

The second method is a lot sneakier. We begin by finding some properties of

dw (still defined with respect to this particular coordinate system).



10. PROPOSITION.
(1) d(o,+w,)=do, +do, .
) If o, isak-form, then d(w; A@,)=dwo; A @, + (—l)k oy Ndw, .
(3) d(dw)=0.Briefly, d*=0.
PROOF. (1) is clear. To prove (2) we first note that because of (1) it suffices to
consider only
w, = fix", w,=gdx".
Then o, A w, = fedx' Andx’ and
dloynwy)= d(fg) ndx’ Adx’
=gdf A dx’ A dx’ + fdg A dx’ Adx’
=do, Ao, + (—l)k fdx! Adg A dx! .
=do, Aoy + (1) o, Ado,
(3) It clearly suffices to consider only k-forms of the form
o= fix'.
Then

o af a 1
do=)y ——dx“ ndx" ,
;(%c“

SO

n n 62f ;
d(do) = Z Z dx? ndx® adx!|.
g W oxPox®

In this sum, the terms

2
o dx? Adx® Adx!
oxPox®

and

2
o°f dx® ndxP Adx!
ox%ox”

cancel in pairs. (QED)

We next note that these properties characterize d on U.

11. PROPOSITION. Suppose d' takes k-forms on U to (k + 1 )-forms on U, for all k,
and satisfies

(1) d'(o+w,)=d'o,+d' o, .

Q2) d'(o, rwy)=d' o, Aoy + (D)o, Ad' o, .

() d'(d'f)=0.

10



4) d'f =(the old)df .
Then d'=d on U.
PROOF. It is clearly enough to show that d'@w=dw when @ = fdx' . Now by
2),
d'(fax"y=d' f ndx" + f ~nd'(dx")
=df ndx’ + f ~nd'(dx")
by (4). So it suffices to show that d "(dx") =0, where
dx" =dx™ Ao Adx™
=d'x" nnd'x*
by (4). We will use induction on k. Assuming it for k - 1 we have
d'(dx!y=d'(d'x" A~ d'x™)
=d'(d'x"YAd'x? A Ad' X —d' XN Ad(d' X A Ad X
=0-0
(We used (2) and (3) and the inductive hypothesis.) (QED)

12. COROLLARY. There is a unique operator d from the k-forms on M to the
(k+1)-forms on M, for all k, satisfying
d(o, +o,) =do, +dw,,
d(o, A @) =da, Aoy +(-D) o, Ado,,
d*=0,
and agreeing with the old d on functions.
PROOF. For each coordinate system (x, U) we have a unique d;; defined. Given
the form @,and pe M ,pickany Uwith pe M and define

da(p) = dy(0|U)(p). (QED)

The third way of proving that the definition of d does not depend on the

coordinate system is to give an invariant definition.

13. THEOREM. If @ is a k-form on M, then there is a unique (k + 1)-form dw

on M such that for every set of vector fields X,,...,X,, we have

do(X,,.... X 1.)
k+1 ) .
=D DX (@K e, X, X)) +
* = :
Z(—l)”-/’w([){,,)(_,],)(l,...,X,.,...,X‘,,...,X,m)
1<i<j<k+1

(=2,+2,)

11



where )A(l- indicates that it is omitted. This (k + 1 )-form agrees with dw as
defined previously.
PROOF. The operator which takes (X,...,X;,) to 2, +2, is clearly linear
over R . Moreover, it is actually linear over the C* functions F. In fact, if X,
isreplaced by fX;,,then 2, becomes
1z +Z(—1)”1 X, X X s X i) s
i#i0

and using the formulas

X Y]= fIX.Y]=Yf- X,

(X, fY]=fIX. Y]+ X/ -V,

it is easily seen that X', becomes
SZ 4 D DX (K 0 X s X Ko X )

—Z(—l)fo*f(xjf)a)(xio,xl,...,)21.0,...,)2,,...,XH])

a brief inspection then shows that 2;, +2, becomes (2| + f2,.
Theorem 4-2 shows that there is a unique covariant tensor field dw satisfying
(*). It is easy to check that dw is alternating, so that it is a (k + 1)-form.
To compute dw in a coordinate system (x, U) it clearly suffices to compute
d(fdx") . Moreover, by renumbering, we might as well assume
w = fdx' A-ondxh

For dw, as for any form, we have

do= Z dax A VXD A A dx

2] v (27381
<y, ox ox

It is clear from (*) that

do( 0 yeens 0 )=0
axfll axam
unless some (&y,...,Q;,...,0,;) is a permutation of (1,.-",k) .

Since the « 's are increasing, this happens only if
(ar,-.ap)=0,.. .k, j) j>k,
in which case

0 0 0
do(——,...——,— )= (-]
ox™ ox“F ox“

k 9

oxl’

SO

12



do= Z:(—l)ké—fkdx1 Ao ndx® Adx!

>k u
:Z%dxj/\dxl/\---/\dxk s
J>k X
:Z%dxj Adx! A A drE
=1 X

which is just the old definition. (QED)

This is our first real example of an invariant definition of an important tensor,
and our first use of Theorem 4-2. We do not find dw(p)(v,,...,v;,;) directly, but
first find do(X,,...,X;,,), where X, are vector fields extending v;, and then
evaluate this function at p. By some sort of magic, this turns out to be independent
of the extensions X,,...,X;,;. This may not seem to be much of an improvement
over using a coordinate system and checking that the definition is independent of the
coordinate system. But we can hardly hope for anything better. After all, although
dw(X,,...,X;,)(p) does not depend on the values of X, except at p, it does
depend on the values of @ at points other than p — this must enter into our formula
somehow. One other feature of our definition is common to most invariant
definitions of tensors - the presence of a term involving brackets of various vector
fields. This term is what makes the operator linear over the C* functions, but it
disappears in computations in a coordinate system.

In the particular case where @ is a I-form, Theorem 13 gives the following
formula.

do(X,Y) = X(o(Y))-Y(o(X)) - o([X,Y]).
This enables us to state a second version of Theorem 6-5 (The Frobenius
Integrability Theorem) in terms of differential forms. Define the ring (M) to be
the direct sum of the rings of /[-forms on M, for all /. If A is a k-dimensional
distribution on M, then 7 (4) c (M) will denote the subring generated by the set
of all forms @ with the property that (if @ has degree /)
o(X,,...,X;)=0, whenever X,,...,X; belongto 4.
It is clear that @, +w, € [(A) if w,w,el(4), and that nAwel(4) if
wel (4) [thus, 7 (4) is an ideal in the ring Q2(M) ]. Locally, the ideal 7 (4) is

k+1 n
yeen

generated by n-k independent 1-forms @ ,o" . In fact, around any point

p €M we can choose a coordinate system (x,U) so that

0

ox!

SR span Ap.

P

P

13



Then

dx’! (p)A--A dx* (p) isnon-zeroon 4, .
By continuity, the same is true for ¢ sufficiently close to p, which by Corollary 4
implies that dx' (q),...,dxk (¢) are linearly independent in A, . Therefore, there

are C” functions fj such that

k
dx%(q) = Zfﬂ“ (q)dx”(q) restricted to 4,. (@=k+1,...n)
p=1

We can therefore let

k
o =dx* =) frdx" .
p=1

14. PROPOSITION (THE FROBENIUS INTEGRABILITY THEOREM;
SECOND VERSION). A distribution A on M is integrable if and only if
d(I(4) c1(4).

PROOF. Locally we can choose 1-forms @',...,®" which span Mq* for each ¢

such that @*"!

,...,0" generate T(A) .Let X|,...,X, be the vector fields with
o' (X;)=5;.

Then X,...,X, span A.So A isintegrable if and only if there are functions
Cf with

k

[Xi,Xj]:ZCifXﬂ (1, 7=1,..,k)

p=1

Now
do® (X, X ;)= X, (0% (X )= X (@ (X,) - 0" (X, X, ]).

For 1<i,j<k and a>k , the first two terms on the right vanish. So
da)“(Xi,Xj):O if and only if a)“([Xi,Xj])zo. But each a)“([X,-,Xj])zo

if and only if each [X;,X ;] belongs to A (ie., if A is integrable), while each

do®(X;,X;)=0 ifandonlyif do” eI(4).(QED)

Notice that since the @' Aw’ (i < j) span Q2*(M ;) for each g, we can

14



always write

do® =) clo' Ao’ =) 0% Aw’ for certain forms 6% .
i J J

i<j J

If a>k,and ij,j, <k are distinct, we have

0=do®(X,,X,)=D (0f Ao’ )X, , X, )=07(X,),

J
so we can write the condition d (7 (A) c 7 (A4) as
do” = Z@Z L
p>k

Once we have introduced a coordinate system (x, U) such that the slices

{qu:xk”(q):ak+1,...,x"(q):a'1}

are integral submanifolds of A4, the forms dxk“,...,dx" are a basis for [ (4), so
a)k”,...,w” must be linear combinations of them. We therefore have the
following.

15. COROLLARY. If o*™',....0" are linearly independent I-forms in a
neighborhood of p € M , then there are I-forms 0;‘ (a,p >k ) with

do® = Z@Z N
B
if and only if there are functions fﬁ“ , gﬁ (a,p >k ) with

o :Zfﬁ“dgﬁ.
B

Although Theorem 13 warms the heart of many an invariant lover, the cases
k>1 will hardly ever be used (a very significant exception occurs in the last
chapter of Volume V). Problem 18 gives another invariant definition of dw, using
induction on the degree of @ , which is much simpler. The reader may reflect on the
difficulties which would be involved in using the definition of Theorem 13 to prove
the following important property of d:

16. PROPOSITION. If f:M — N is C” and w isak-form on N, then
[Hdo)=d(f*o).
PROOF. For peM , let (x, U) be a coordinate system around f{p). We can assume
w=gdx" A ndx't
We will use induction on k. For £ = 0 we have, tracing through some definitions,
S (dg)(X) =dg(f.X)=[f.X]g=X(go f)=d(g° f)(X)
(and, of course, f“g is to be interpreted as go f). Assuming the formula for

k —1, we have
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[=d(f" )
=d((f*gdx" A---~dx" YA fdX)
=d(f"(gdx" A AdX"TYA fTdX")+0
since df "dx'* =dd(x" o f)=0
I=f"(d(gdx" A Adx"1)) A £ dx"
by the inductive hypothesis
I=f"(dg Adx" A--ndx" ") A f*dx'
= f*(dg Adx" Ao Adx™ A dx
= f"(dw)
(QED)
One property of d qualifies, by the criterion of the previous chapter, as a basic
theorem of differential geometry. The relation d>=0 is just an elegant way of
stating that mixed partial derivatives are equal. There is another set of terminology
for stating the same thing. A form @ is called closed if dw=0 and exact if
w=dn for some form 7. (The terminology "exact" is classical — differential
forms used to be called simply "differentials"; a differential was then called "exact"
if it actually was the differential of something. The term "closed" is based on an
analogy with chains, which will be discussed in the next chapter.) Since d* =0,
every exact form is closed. In other words, dw=0 is a necessary condition for

solving w=dn.If @ isal-form

n
®= Zwidx’ ,
i1

then the condition dw =0, i.e.,

ow; 0w,
el
is necessary for solving w=df , i.e.,
of

Now we know from Theorem 6-1 that these conditions are also sufficient. For

2-forms the situation is more complicated, however. If @ is a 2-form on R? s
w=Ady ndz — Bdx Andz+ Cdx Ady,

then
o =d(Pdx + Qdy + Rdz)
if and only if
R _90_
oy 0Oz

16



o or_y
0z Ox

Q P _
ox Oy

The necessary condition, dw=0, is
04 0B oC
—+—+—=0.
ox Oy Oz
In general, we are dealing with a rather strange collection o f partial differential
equations (carefully selected so that we can get integrability conditions). It turns out
that these necessary conditions are also sufficient: if @ 1is closed, then it is exact.
Like our results about solutions to differential equations, this result is true only

locally. The reasons for restricting ourselves to local results are now somewhat

different, however. Consider the case of a closed 1 -form @ on R?:
w = fdx + gdy , with g:a—g
oy Ox
We know how to find a function « onall of R* with @=da ,namely

x y
a(x, y) = j F(t,vo)dt + L g(x,0)dt .

On the other hand, the situation is very different if @ is defined only on R? — {0}

Recall that if L < R? is [0,00)x {0}, then
6:R*-L—>R, 4
defined in Chapter 2,is C* ; in f —<t e
efined 1n Chapter 2, 1s ; 1n fact, »
5 2
(r,0):R" —L—>{r:r>0}x(0,2r)

is the inverse of the map

(a,b) > (acosb,asinb),
whose derivative at (a, b) has determinant equal to a # 0. By deleting a different
ray L, we can define a different function ;. Then 6, =6 in the region 4, and

6,=0+27 in the region A,

Consequently d6 and d6f, agree on m“:'lf'x

A e
their common domain, so that together ! A
they define a I-form @ on R* —{0}. A —t ’:="

computation (Problem 20) shows that

0= z_yzdx+ 2x 2dy.
x“+y x“+y

The 1-form @ is usually denoted by d@&, but this is an abuse of notation, since

w=df only on R*—L . In fact, @ is not df for any C' function

17



f:R* —{0} > R .Indeed, if w=df ,then
df =d@ on R?-L,

so d(f-60)=0 on R? — L, which implies that g:% and 1:% and
Ox Ox oy 0oy

hence f =@ +constant on R” — L, which is impossible. Nevertheless, dw=0
[the two relations

d(d@)=0 on R*-L,

d(df,)=0 on R*-L,
clearly imply that this is so]. So @ 1is closed, but not exact. (It is still exact in a
neighborhood of any point of R? —{0}.)

Clearly w is also not exact in any small region containing 0. This example

shows that it is the shape of the region, rather than its size, that determines whether
or not a closed form is necessarily exact.

A manifold M is called (smoothly) contractible to a point p, € M if there is a

C” function
H:M x[0,]]— M

such that
H(pal):p’ H(P’O):Po fOI' pEM

For example, R" issmoothly contractible to 0e R"; we can define

H:R" x[0,]]> R"

H(p,t)=1p.

More generally, U < R" is contractible to p, €U if U has the property that
peU implies p,+t(p—py)eU for 0<r<1 (such a region U is called

star-shaped with respect to  p,).

“'...\}Wf

4&\\\\

Of course, many other regions are also contractible to a point. If we think of [0,

18



1] as representing time, then for each time ¢ we have amap pr H(p,t) of M into

itself; at time 1 this is just the identity map, and at time O it is the constant map.

=
¢

We will show that if M is smoothly contractible to a point, then every closed

P/ NN

form on M is exact. (By the way, this result and our investigation of the form dé&
prove the intuitively obvious fact that R — {0} is not contractible to a point; the
same result holds for R” — {0}, but we will not be in a position to prove this until
the next chapter.) The trick in proving our result is to analyze M x[0,1] (for any
manifold M), and pay hardly any attention at all to H.
For t€[0,1] we define
i, :M — M x[0,1]
by
i,(p)=(p,1).

We claim that if @ isaformon M x[0,1] with dw=0, then

i'o—i," o isexact,
we will see later (and you may try to convince yourself right now) that the theorem

follows trivially from this.

Consider first a 1-foom @ on M x[0,1]. We will begin by working in a
coordinate system on M x[0,1]. There is an obvious function ¢ on M x[0,1]
namely, the projection 7 on the second coordinate), and if (x, U) is a coordinate
system on M, while 7, is the projection on M, then

(x! O Ty seens X" 0Ty 1)
is a coordinate system on U x[0]1]. We will denote x'oz, by x', for

convenience. It is easy to check (or should be) that

ia*{i Cl)id)? + fdtJ - ia)i (s a)dxi >

i=l1 i=l1

where

; (- a) denotes the function pi— w,(p,a).
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Now for a):ZwidEi + fdt we have
i=1
" Bw. . n .
dw =[terms not involving dt] - Zﬁd)_c’ Adt + Zidf Adt.
o ot i ox'

So dw=0 implies that

ow; of
o ox
Consequently,
1 0w;
o, (pD) = (p0)= [ T (p.ryde
1 b
- I (p.iyie
0 ox'
SO

n

) iwi (p,l)dxi - iwi (P,O)dxi = Z(E%(p,t)dtjdxi .
i=1

i=l1 i=1

If we define g:M —> R by

1
glp)= jof (p,t)dt ,

then
&, . (o
@ L= o

Equations (1) and (2) show that
i'o-i)o=dg.
Now although we seem to be using a coordinate system, the function £, and
hence g also, is really independent of the coordinate system. Notice that for the

tangent space of M x[0,1] we have

(*) (M x[0,1]) ), =Kerz, @ Kerz .
l-aersr,m{ M x [0, 1]
0,1
(0.1 e — + i kers,
[maa

M

If a vector space V is a direct sum V=V, @V, of two subspaces, then any
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we Q' (V) can be written
0=0,+ 0,

where

o (v +vy)=a(v))

@, (v +vy)=a(v,) .
Applying this to the decomposition (*), we write the 1-form @ on M x[0,1] as
w, + w, ; there is then a unique f with w, = fdt .

In general, for a k-form , it is easy to see (Problem 22) that we can write
uniquely as
w=w +dtn7)

where @, (v;,...,v,)=0if some v, eKerz;«, and 7 is a (k - 1)-form with the

analogous property. Define a (k- 1)-form Iw on M as follows:

1
LO(P)0y Vi) = [P Oipseonievy 1)l

We claim that dw=0 implies that i} * @ —i, * @ =d(lw) . Actually, it is easier to

find a formula for i, *® —i, * @ that holds even when dw=0.

17. THEOREM. For any k-form @ on M x[0,1] we have

L *o-iy*o=d(lw)+1(dw).
(Consequently, i, *w—iy*w=d(lw) if dow=0.)
PROOF. Since I/w is already invariantly defined, we can just as well work in a
coordinate system (x',...,x",). The operator I is clearly linear, so we just have to
consider two cases.
(1) @=fdx" An---Adx" = fdx" . Then

afdt/\a’)_cl;

do=_+—
Ot

it is easy to see that

1
o) =( [ L poarlar’

=[/(p.)~ f(p.0)dx" (p) .
=1i; *a(p) — iy * o(p)
Since Iw =0, this proves the result in this case.

(2) @=fdt Adx" A---Adx* = fdt Adx" . Then i *o=i,*w=0.Now
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n

I(dw)(p)= 1[ > = aa dt A dx® Adz’](p)

alx

r o (p,t)dtjdx Adx!

=\ J0ax”

and

1
d(Iw) :d( J' £( p,t)dtjdxl

—Z

Clearly I(dw)+d(Iw)=0.(QED)

U f(p,t)dtjdx Adx!

18. COROLLARY. If M is smoothly contractible to a point p, € M , then every

closed form @ on M is exact.

PROOF. We are given H:M x[0,1]] > M with

{H(p,l):p forall peM .
H(p,0)=p,
Thus

Hoij:M — M is the identity,

Hoiy:M — M is the constant map p,
So

w=(Hei))* (o) =i *(H* o)

0=(H i) * (@) =iy * (H * ).
But

d(H*w)=H*(dw)=0,

S0

0-0=i*(H*w)—i, *(H *w)
by the Theorem. (QED)
=d(I(H * o))

Corollary 18 is called the Poincaré Lemma by most geometers, while d? =
is called the Poincaré Lemma by some (I don't even know whether Poincaré had
anything to do with it.) In the case of a star-shaped open subset U of R", where we
have an explicit formula for H, we can find (Problem 23) an explicit formula for
I(H * w), for every form @ on U. Since the new form is given by an integral, we
can solve the system of partial differential equations @ =dn explicitly in terms of
integrals. There are classical theorems about vector fields in R® which can be

derived from the Poincaré Lemma and its converse (Problem 27), and originally d
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was introduced in order to obtain a uniform generalization of all these results. Even
though the Poincaré Lemma and its converse fit very nicely into our pattern for basic
theorems about differential geometry, it has always been something of a mystery to
me just why d turns out to be so important. An answer to this question is provided
by a theorem of Palais, Natural Operations on Differential Forms, Trans. Amer.
Math. Soc. 92 (1959), 125- 141. Suppose we have any operator D from k-forms to

[-forms, such that the following diagram commutes for every C™ map

f:M — N [it actually suffices to assume that the diagram commutes only for
diffeomorphisms f].
Ed
S k-forms on N
D D

k-forms on M +—

*
{-formson M e—*—— |-forms on M

Palais' theorem says that, with few exceptions, D = 0. Roughly, these exceptional
cases are the following. If £ = /, then D can be a multiple of the identity map, but
nothing else. If / = k + 1, then D can only be some multiple of d. (As a corollary,
d* =0, since d? makes the above diagram commute!) There is only one other
case where a non-zero D exists - when k is the dimension of M and / = 0. In this case,

D can be a multiple of "integration", which we discuss in the next chapter.
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