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1. Function on Euclidean Space
1.1 Norm and Inner Product
Euclidean n-space R" is defined as the set of all n-tuples (xl,...,x”) of real numbers x' (a “1-tuple of numbers”
is just a number and R' =R, the set of all real numbers). An element of R” is often called a point in R",
and Rl,Rz,R3 are often called the line, the plane, and space, respectively. If x denotes an element of R” , then x
is an n-tuple of numbers, the ith one of which is denoted x' ; thus we can write
x=(x,...,x").

Apoint in R" is frequently also called a vector in R”, because R", with x+y=(x"+y',...,x" + ")

and ax = (axl,...,ax"), as operation, is a vector space (over the real numbers, of dimension#n). In this vector

space there is the notion of the length of a vector x , usually called the norm |x| of x and defined by
2 2
=V f b

If n=1, then |x| is the usual absolute value of x . The relation between the norm and the vector structure of R” is

very important.
1-1 Theorem. Ifx, y € R" and a e R, then
(1) |x|20,and |x|=0 ifand only if x=0.

@ [T

1< |x| | y| ; equality holds if and only if x and y are linearly dependent.

3) |x+y|£|x|+|y|.
“4) |ax|=|a|-|x|.

The quantity z:l:lx[ yi which appears in (2) is called the inner product of x and y and denoted <x, y>.

The most important properties of the inner product are the following.
1-2 Theorem. If x,x,,X,,¥,y,,¥, € R",and a € R, then
(M) (x,y)=(y.x) (symmetry)
2) <ax, y> <x ay> = a<x, > (bilinearity)
(a1 +x2,0) = (e, 0) + (x2,9)
<x Y1 +J/2> <x J/1> <x J’2>
3) <x x> 20, and < ,x> if and only if x = 0 (positive definiteness)

@ = (x.x).

(x >:|x+y|2 —|x—y|2
9y 4

We conclude this section with some important remarks about notation. The vector (0,...,0) will usually

+
+

(polarization identity)

)

be denoted simply 0. The usual basis of R" is e,...,e,, wheree; =(0,...,1,...,0) , with the 1 in the ith place. If

T:R" — R"™ is a linear transformation, the matrix of 7 with respect to the usual bases of R" and R" is the

mxn matrix A= (a;), whereT(e;) = Z - the coefficient of T'(e;) appear in the ith column of the

Jj=1 /’/
_9-



matrix. IfS:R™ — R” has the pxm matrix B, thenSo7T has the pxn matrix BA [here SoT(x)=S(T(x));
most books on linear algebra denote S o T simply ST ]. To find 7(x) one computes the m x1 matrix

1 1
Y a4 X

m n
Y A1 " Ay X

then7(x) = (»',..., »™). One notational convention greatly simplifies many formulas: ifx € R" and y € R™, then

(x,y) denotes

1 n _1 m n+m
(x',..x",y,...,y")eR .

1.2 Subsets of Euclidean Space
The closed interval [a,b] has a natural analogue in R”. This is the closed rectangle [a,b]x[c,d ], defined as the
collection of all pairs (x,y) with xe [a,b] and y € [c,d] . More generally, if Ac R™ and B R", then
AxBc R™" is defined as the set of all (x,y) € R""" withxe A4 andy € B. In particular, R"*" =R"xR" . If
AcR"™, BcR" and CcR?, then (AxB)xC=Ax(BxC), and both of these are denoted simply
Ax B xC; this convention is extended to the product of any number of sets. The set [al ,b ]x RPN [an ,b, ] CR" is
called closed rectangle in R", while the set (al ,by )>< e X (an ,b, )C R" is called open rectangle. More
generally asetU < R" is called open if for eachx € U there is an open rectangle 4 suchthat xe Ac U .

A subset C of R" is closed if R" —C is open. For example, If C contains only finitely many
points, then C is closed. The reader should supply the proof that a closed rectangle in R” is indeed a closed set.

If AcR" and xeR", then one of three possibilities must hold (Figure):
1. There is an open rectangle B such that 3
x € B c A. (interior)
2. There is an open rectangle B such that
xeBc R" — A. (exterior)

3.If B isany open rectangle with x € B, then B

contains points of both 4 and R" — 4. (boundary)
Those points satisfying (1) constitute the interior of 4, those satisfying (2) the exterior of 4, and those satisfying
(3) the boundary of 4 . Problems 1-16 to 1-18 show that these terms may sometimes have unexpected meanings.

It is not hard to see that the interior of any set A is open, and the same is true for the exterior of 4, which
is, in fact, the interior of R” — A4 . Thus (Problem 1-14) their union is open, and what remains, the boundary, must be
closed.

A collection O of open sets is an open cover of A (or, briefly, covers A) if every pointx € 4 is in
some open set in the collection O. For example, if O is the collection of all open intervals (a,a+1) foraeR,
then O is a cover of R. Clearly no finite number of the open sets inO will cover R or, for that matter, any
unbounded subset of R. A similar situation can also occur for bounded sets. IfO is the collection of all open
intervals (1/n,1—1/n) for all integers n >1, then O is an open cover of (0,1), but again no finite collection of

sets inO will cover (0,1). Although this phenomenon may not appear particularly scandalous, sets for which this

state of affairs cannot occur are of such importance that they have received a special designation: a set 4 is called
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compact if every open cover O contains a finite subcollection of open sets which also covers 4 .

A set with only finitely many points is obviously compact and so is the infinite set A which contains 0
and the numbers 1/n for all integers n (reason: if O is a cover,then OeU for some open setU in O ; there
are only finitely many other points of A not inU , each requiring at most one more open set).

Recognizing compact sets is greatly simplified by the following results, of which only the first has any
depth (i.e., uses any facts about the real numbers).

1-3 Theorem (Heine-Borel). The closed interval [a,b] is compact.

dokok

Theorem 13.1 (From Matsumoto) Let K be a bounded closed set in R” and {U o } w4 bEany open cover onK .

Then you can choose limited number of open sets Ug,q),Ugyp)s---sUqyry from {Ua }aeA which satisfy
K g Ua(l) UU&(Z) \OARN UUO!(k) .

dokok

If Bc R™ iscompactand x € B",itis easy to see that {x}x Bc R"" is compact. However, a
much stronger assertion can be made,
1-4 Theorem. If B is compactand O is an open cover of {x}x B, then there is an open set U < R" containing
x suchthat U x B is covered by a finite number of sets in O .
1-5 Corollary. If Ac R" and B R™ are compact, then Ax Bc R"™ is compact.

1-6. Corollary. A; x---x A, is compact if each 4; is. In particular, a closed rectangle in R* s compact.

1-7 Corollary. A closed bounded subset of R” is compact. (The converse is also true.)

1.3 Functions and Continuity

A function from R” to R" (sometimes called a (vector-valued) function of n wvariables) is a rule which
associates to each point in R"” some point in R™ ; the point function f* associates to x is denoted f(x). We write
f:R" > R™ (read “ f takes R" into R™” or “ [, taking R" into R™.” depending on context) to indicate
that f(x) e R™ is defined for x € R" . The notation /' : 4 — R™ indicates that f(x) is defined only for x in the
set A, which is called domain of f . IfBc 4, we define f(B) as the set of all f(x) for xe B, and if
C < R™ we define /71(C) = {x eA: f(x)e C} . The notation f: A — B indicates that f(A)c B.

A convenient representation of a function f : R> >R may be obtained by drawing a picture of its graph,

the set of all 3-tuples of the form (x, y, f(x, y)) , which is actually a figure in 3-space (see, e.g., Figures 2-1 and 2-2
of Chapter 2).

If f,g:R" - R, the functions f+g, f—g, f-g, and f/g are defined precisely as in the
one-variable case. If f:4—> R™and g:B— R?, where Bc R" , then the composition go /' is defined
by go f(x)=g(f(x)); the domain of gof is AN f ' (B). If f:A—R™ is 1-1, that is, if f(x)# f(»)
when x # y, we define f_1 :A—> R" by the requirement that f_l(z) is the unique xe€ 4 with f(x)=z.

A function f:A4—>R™ determines m component functions f',...,/™:A—>R by
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F(x)=(f1(x),..., f™(x)) . If conversely, m functions 8lre-r8mA— R are given, there is a unique
function f: 4 — R" such that f' =g, namely f(x)=(g,(x),...,g,(x)). This function f will be denoted
(g>---»8,,) so that we always have f=(f",...,f™).If 7:R" — R" is the identity function, 7z(x)=x, then

ﬁi(x) = x'; the function 7' is called the ith projection function.

The notation lim f(x)=b means, as in the one-variable case, that we can get f(x) as close tob as
xX—>a

desired, by choosing x sufficiently close to, but not equal to,a. In mathematical terms this means that for every

number £ >0 there is a number o >0 such that | f (x)—b|<8 for all x in the domain of f which satisfy

0<|x—a|< S . A function f: 4— R™ is called continuous atae 4 if lim f(x)= f(a), and / is simply
xX—a

called continuous if it is continuous at eacha € 4 . One of the pleasant surprises about the concept of continuity is
that it can be defined without using limits. It follows from the next theorem that f : R" — R™ is continuous if and
only if f~'(U) is open whenever U c R™ is open; if the domain of / is not all of R", slightly more
complicated condition is needed.

1-8 Theorem. If A — R" , a function /' : A — R"™ 1is continuous if and only if for every open set U — R" there is

some open setV = R" suchthat f ' (U)=V NA.

dokok
(From Matsumoto: LetU be any open set of Y . Then a mapping f : X — Y is continuous if the inverse mapping
/7U) isan open set of X .)
dokok
The following consequence of Theorem 1-8 is of great importance.

1-9 Theorem. If f:A— R™ is continuous, where 4 = R", and A is compact, then f(4) = R™ is compact.

If f: A— R is bounded, the extent to which f fails to be continuous ata € 4 can be measured in a
precise way. For 6 >0 let
M(a,f,é)zsup{f(x):xeA, x—a|<5},
m(a, f,8)=inf{f(x):x e A|x—d <5}

The oscillation o(f,a) of f ata isdefinedby o(f,a)= éirr(l)[M(a,f, o)—m(a, f, 5)1 . This limit always
-

exists, since M(a, f,0)—m(a, f,0) decreasesas O decreases. There are two important facts about o(f,a).
1-10 Theorem. The bounded function f is continuous at a if and only if o(f,a)=0.

1-11 Theorem. Let A = R" be closed. If f: 4 — R is any bounded function, and & > 0, then {x ed:o(f,x)= 8}

is closed.



2. Differentiation
2.1 Basic Definitions
Recall a function f': R — R is differentiable at @ € R if there is a number f'(a) such that

i S+ = f(@) _

h—0 h

f(@). (1

This equation certainly makes no sense in the general case of a function f: R" — R™ , but can be reformulated in a

way that does. If 1:R — R is the linear transformation defined by A(%) = f'(a) - & , then equation (1) is

equivalent to

imJ@th-fla-Ah) _

h—0 h

2

Equation (2) is often interpreted as saying that A + f(a) us a good approximationto f at a.Henceforth we

focus our attention on the linear transformation A and reformulate the definition of differentiability as follows.
A function f: R —> R is differentiable ata € R if there is a linear transformation A:R — R such that

lim Z@th-fla-4h) _

h—0 h

In this form the definition has a simple generalization to higher dimensions:
A function f:R" — R™ is differentiable at a € R" if there is a linear transformation A:R" — R"

such that

| fa+h) - f(a)- Ah)

lim =0.

h—0 |h|
Note that A€ R" and f(a+h)— f(a)— A(h)e R™, so the norm signs are essential. The linear transformation
A is denoted Df(a) and called the derivative of f at a. This justification for the phrase “the linear
transformation A4 is:
2-1 Theorem. If /: R" — R™ is differentiable ata € R" there is a unique linear transformation A:R" — R™
such that

fim |/ (a+h) = f(a) = Ah) o

h—0 |h|

Example Consider the function /': R — R defined by f(x, y) =sin x. Then Df (a,b) = A satisfies
A(x,y)=(cosa) - x . To prove this, note that

. \f(a+h,b+h) - f(a,b) - A(h,k) i lsin(a + 1) — sina — (cos a) - 4
(150 |(h, ) " (koo |(h, )

Since sin'(a) =cosa, we have

. |sin(a +h)—sina—(cosa)- h|
lim =0.

h—0 |h|
Since |(h,k)| > |h|, it is also true that

. |sin(a+h)—sina —(cosa)- A
m =
=0 |(h, )|

It is often convenient to consider the matrix of Df'(a):R" — R™ with respect to the usual bases of R"

-6 -



and R™ . This  mx n matrix is called the Jacobian matrix of f at a,and denoted f'(a).If f(x,y)=sinx,
then f'(a,b)=(cosa,0). If f:R— R, then f'(a) is a 1x1 matrix whose single entry is the number which is
denoted f'(a) in elementary calculus.

The definition of Df'(a) could be made if f were defined only in some open set containinga .
Considering only functions defined on R” streamlines the statement of theorems and produces no real loss of
generality. It is convenient to define a function /' : R" — R™ to be differentiable on 4 if f* is differentiable ata
foreachae A.If f: A— R™, then [ is called differentiable if /* can be extended to a differentiable function on
some open set containing 4 .

Tk

(From Matsumoto p.99.

Definition 9.11 A mapping (df) , : T),(M ) — T,(N) is called the differential of /': M — N at point p .

Theorem 9.4 Let local coordinates around p and ¢ be (x,...,x,) and (3;,...,»,) and the

function y; = f;(x;,...,x,,) . Then

0| |os i, 2
(2] )55l

i Jj=1 J

deskeskeoskosk

2.2 Basic Theorems
2-2 Theorem (Chain Rule). If /: R" — R™ is differentiable ata, and g: R™ — R” is differentiable at f(a),
then the compositiong o f: R" — R? is differentiable ata, and
D(g e f)(a)=Dg(f(a))e Df (a).
Remark. This equation can be written
(g° (a)=¢g'(f(a)- f'(a).
If m=n=p=1, we obtain the old chain rule.
2-3 Theorem
(DIf f:R" — R™ isaconstant function (that is, if for some y e R" we have f(x)=y forall xe R"), then
Df(a)=0
Q) If f:R" — R™ is a linear transformation, then
Df(a)=f.
(3)If f:R" — R™, then f is differentiable at @ € R" ifand onlyifeach f' is, and
Df(@)=(Df' (@).....Df " (@)
Thus f'(a) is the m x n matrix whose ith row is (f")'(a) .
@ Ifs: R? > R is defined by s(x,y)=x+y,then
Ds(a,b)=s.
BG)Ifp :R?> 5 R is defined by p(x,y)=x-y,then
Dp(a,b)(x,y)=bx +ay.
Thus p'(a,b)=(b,a).



2-4 Corollary. If f,g:R" — R are differentiable at a, then
D(f + g)(a) = Df (a) + Dg(a),
D(f - g)(a)=g(a)Df (a) + f(a)Dg(a).
If, moreover, g(a) # 0, then
g(@)Df (a) — f(a)Dg(a)
[g(@]

We are now assured of the differentiability of those functions f : R” — R™, whose component functions

D(f/g)a)=

are obtained by addition, multiplication, division, and composition, from the functions 7' (which are linear
y p p

transformations) and the functions which we can already differentiate by elementary calculus. Finding Df(x) or

f'(x) may be a fairly formidable task.

2
Example Let /:R> — R be defined by f(x, y) =sin(xy?). Since f = sine (' -‘7[2‘ ), we have
f'(a,b) = sin'(ab?)- {bz (") (a.b) + a([ﬂz]zj (a,b)}

—sin'(ab?) -[bz(;rl)' (a,b) + 2ablz? | (a,b)}
= (cos(ab?))- [b2 (1,0)+ 2ab(0,1)]
= (b* cos(ab?),2ab cos(ab?)).

Fortunately, we will soon discover a much simpler method of computing /.

2.3 Partial Derivatives
We begin the attack on the problem of finding derivatives “one variable at a time.” If f:R" — R and a€R",
the limit

g f@a 4k a") - f(@. . a")
h—0 h

if it exists, is denoted D; f(a), and called ith partial derivative of /' at a. It is important to note that D, f'(a)

is the ordinary derivative of a certain function; in fact, if

g(x)=f(a',...,x,...,a") , then D,f(a)=g'(a’) . This
means that D, f(a) is the slope of the tangent line at
(a, f(a)) to the curve obtained by intersecting the graph of f

with the plane x'=d', j#i (Figure) It also means that

F(x',...,x™) is given by some formula involving x',...,x",

[
|
I
I
|
. . I
computation of . D, f(a) is a problem we can already solve. If I

1 n . .. .
then we find D, f(x,...,x") by differentiating the function / b

whose value at x' is given by the formula when all x/, for
Jj #1i, are thought of as constants.

Example If f(x, y) =sin(xy?), then D, f(x,y)= y? cos(xy?) and D, f(x,y)=2xy cos(xy?). If f(x,y)=x",
then D, f(x,y)=yx’" and D,f(x,y)=x"logx.



With a little practice (e.g., the problems at the end of this section) you should acquire as great a facility
for computing D; f(a) as you already have for computing ordinary derivatives.

If D,f(x) exists for allx € R", we obtain a function D, f : R" — R . The jth partial derivative of this
function at x, that is, D;(D,f)(x), is often denoted D, ;f(x). Note that this notation reverses the order of

iand j. As a matter of fact, the order is usually irrelevant, since most functions satisfy D; ; f=D i f .There are
various delicate theorems ensuring this equality: the following theorem is quite adequate. We state here but postpone

the proof until later.

2-5 Theorem. If D, ; f and D Ix f are continuous in an open set containing a , then
Di,jf(a) = Dj,if(a)-

The function D, ; f is called a second-order (mixed) partial derivative of . Higher-order (mixed)
partial derivatives are defined in the obvious way. Clearly Theorem 2-5 can be used to prove the equality of
higher-order mixed partial derivatives under appropriate conditions. The order of i,...,i; is completely
immaterial in Dy, f if f has continuous partial derivatives of all orders. A function with this property is
calleda C” function. In later chapters it will frequently be convenient to restrict our attention to C* functions.

Partial derivatives will be used in the next section to find derivatives. They also have another important
use — finding maxima and minima of functions.

2-6 Theorem. Let A — R" . If the maximum (or minimum) of /' : 4 — R occurs at a point a in the interior of 4
and D, f(a) exists,then D, f(a)=0.

The reader is reminded that the converse of Theorem 2-6 is false even if n=1 (if f:R— R is
defined by f(x)=x>,then f'(0)=0,but0 is not even a local maximum of minimum). If n > 1, the converse of
Theorem 2-6 may fail to be true in a rather spectacular way.
Suppose, for example, that £ : R?> 5 R is defined by
f(x,y)=x*—y* (Figure). Then D,f(0,0)=0 because g
has a minimum at 0, while D, f(0,0)=0 because g, hasa
maximum at 0. Clearly (0,0) is neither a relative maximum nor
a relative minimum.

If Theorem 2-6 is used to find the maximum or

minimum of f on A, the values of f at boundary points

must be examined 'separately - a formidable task, since the
boundary of 4 may be all A ! Problem 2-27 indicates one way of doing this, and Problem 5-16 states a superior

method which can often be used.

2.4 Derivatives

The reader who has compared Problems 2-10 and 2-17 has probably already guessed the following.

2-7 Theorem. If /: R" — R™ is differentiable ata, then Djf[(a) exists forl<i<m,1<j<n and f'(a) is

the mxn matrix (Djfi(a)) .



There are several examples in the problems to show that the converse of Theorem 2-7 is false. It is true,

however, if one hypothesis is added.

2-8 Theorem. If f:R" — R™, then Df(a) exists if all Djf[(a) exist in an open set containing a and if

each function D f (a) is continuous at a.

(Such a function f* is called continuously differentiable at «.)

Although the chain rule was used in the proof of Theorem 2-7, it could easily have been eliminated. With
Theorem 2-8 to provide differentiable functions, and Theorem 2-7 to provide their derivatives, the chain rule may
therefore seem almost superfluous. However, it has an extremely important corollary concerning partial derivatives.
2-9 Theorem Letg,,...,g,, : R" — R be continuously differentiable ata, and let f: R™ — R be differentiable
at (gl (a),...,g, (a)). Define the function F: R" — R by F(x)= f(gl (x)..8m (a)). Then

D;F(a)=Y.D,f(g,(a).....g,(a)) D;g ;(a) .
Jj=1

Theorem 2-9 is often called the chain rule, but is weaker than Theorem 2-2 since g could be

differentiable without g; being continuously differentiable. Most computations requiring Theorem 2-9 are fairly

straightforward. A slight subtlety is required for the function F': R*> > R defined by
F(x,y)= f(g(x, ), h(x), k(y))
where h,k:R — R . In order to apply Theorem 2-9 define h,k:R* >R by
Ry =h(x),  k(xy)=k().
Then
Dih(x,y)=H(x)  Dyh(x,y)=0,
Dik(x,y)=0  Dok(x.y)=K(y),
and we can write
F(x, )= (g0, 2), 7 (%, ),k (x, ).
Letting a = (g(x,y),h(x),k(y)), we obtain
D\F(x,y) =D, f(a)-Dyg(x,y)+ D, f(a)-h'(x),
D,F(x,y)=Dyf(a)-D,g(x,y)+Dsf(a)-K'(y).

It should, of course, be unnecessary for you to actually write down the functions 4 andk .

2.5 Inverse Functions

Suppose that /' : R — R is continuously differentiable in an open set containing a and f'(a)#0. If f'(a) >0,
there is an open interval V' containing a such that f'(a)>0 for xe€V , and a similar statement holds if
f'(a)<0. Thus f is increasing (decreasing) on V , and is therefore one-to-one with an inverse function f '
defined on some open interval W containing /(a). Moreover it is not hard to show that f'is differentiable,

and for y e W that

P
O o)

-10 -



An analogous discussion in higher dimensions is much more involved, but the result (Theorem 2-11) is very
important. We begin with a simple lemma.

2-10 Lemma. Let Ac R" be a rectangle and let /' : 4 — R" be continuously differentiable. If there is a number

M such that ‘Dj f i(x)‘SM forall x in the interior of A, then

|f ()= )| <n*Mx -y

forall x,ye 4.

2-11 Theorem (Inverse Function Theorem). Suppose that /' : R” — R" is continuously differentiable in an open

set containing a, and det f'(a) # 0. Then there is an open set? containing a and an open setW containing

f(a)such that f :V — W has a continuous inverse f “'.W — V which is differentiable and for all yeW satisfies

(o=l ol

It should be noted that an inverse function /™' may exist even if det f'(a)=0 . For example,
if f:R— R isdefined by f(x)=x", then det f'(0)=0 but f has the inverse function /' (x) = 3x . One thing
is certain however: if det f'(a)=0 then f~' cannot be differentiable at f(a) . To prove this note
that fo f'(x)=x.If /™' were differentiable at f(a), the chain rule would give f'(a)- (f_l)’(f(a))= 1, and
consequently det f'(a)-det(f')'(f(a)) =1, contradicting det f'(a)=0.

2.6 Implicit Functions

Consider the function f :R> 5> R defined

by f(x,y)=x>+y*—1. If we choose (a,b)

B graph of g

with f(a,b)=0 and a #1,—1, there are open {@y): fzy) = 0]

interval A containing @ and B containing b

with the following property: if x € A, there is

|

|
a unique ye B with f(x,y)=0. We can A{l ;
therefore define a functiong:4— R by the } (
condition g(x)eB and  f(x,g(x))=0 l |
(if b>0 , as indicated in Figure, B, I T

graph of g,

then g(x) =v1—x? ). For the function /' we

are considering there is another number 5; such

that f'(a,b,) =0 . There will also be an interval B; containingb, such that, whenx € 4, we have f(x,g,(x))=0

for a unique g,(x) € B, (here g;(x)=—V1- x? ). Bothg and g, are differentiable. These functions are said to be

defined implicitly by the equation f(x,y)=0.
If we choose a=1 or —1 it is impossible to find any such function g defined in an open interval

containing . We would like a simple criterion for deciding when, in general, such a function can be found. More

-11 -



generally we may ask the following: If f:R" xR —> R and f(al,...,a",b)=0, when can we find, for each
(xl,...,x") near (al,. ..,a"),aunique y nearb such that f(xl,...,x",y) =0 ? Even more generally, we can ask
about the possibility of solving m equations, depending upon parameters xl,. ..,x",in m unknowns: If
fiiR"XR" >R i=1l...,m

and

fi@,...,a",b',..6™=0 i=1...m,
when can we find, for each(x',...,x") near(a',...,a") a unique(y',...,y™) near(d',...,b™) which satisfies
£, x", y',...9™) = 02 The answer is provided by the following Theorem.

2-12 Theorem (Implicit Function Theorem). Suppose /' : R" xR™ — R™ is continuously differentiable in an

open set containing (a,b) and f(a,b)=0.Let M be themxm matrix
(D, f1@b) 1<ij<m.

If detM =0, there is an open set A © R" containinga and an open set B < R™ containing b, with the following

property: for each x € A there is a unique g(x) € B such that f(x, g(x)) = 0. The function g is differentiable.

Since the function g is known to be differentiable, it is easy to find its derivative. In fact, since

f'(x,g(x)) =0, taking D, of both sides gives

0=D;f"(x.g(N+ Y. Dy /' (x:8(0) D;g"(x)  i,j=L...m.

a=1

Since det M # 0 , these equations can be solved for nga(x). The answer will depend on the various

D; f'(x,g(x)), and therefore on g(x) . This is unavoidable, since the function g is not unique. Reconsidering the
function /:R>—> R defined by f(x,y)=x>+y>—1, we note that two possible functions satisfying
f(x,g(x))=0 are g(x)=v1—-x> and g(x)=—1—x> .Differentiating f(x,g(x))=0 gives

Dy f(x,g(x) + D, f(x,8(x))-g'(x)=0,

or

2x+2g(x)-g'(x)=0, g'(x)=-x/g(x),
which is indeed the case for either g(x)=v1—x> or g(x)=—-V1-x%.

A generalization of the argument for Theorem 2-12 can be given, which will be important in Chapter 5.

2-13 Theorem. Let /' : R" — R? be continuously differentiable in an open set containinga, where p<n . If
f(a)=0 and the pxn matrix (Djfi(a)) has rank p , then there is an open set 4 — R” containinga and a

differentiable function 2: A — R with differentiable inverse such that

Foh(x!,..,x") =", x").
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2.7 Notation
The partial derivative D, f(x,y,z) is denoted by

YerD o &g Ty o Lo

or any other convenient similar symbols. This notation forces one to write
0
D v,
Ox

for D, f(u,v,w), although the symbol

o (x,:) o T r2)

ox ox (v, w)

(x,2,2)=(u,v,w)
or something similar may be used (and must be used for an expression like D, f(7,3,2). Similar notation is used for
D, f and Dsf .Higher-order derivatives are denoted by symbols like
0’ f(x.y.2)

Oyox
When f:R— R,the symbol 0 automatically revertsto d ;thus

D2D1f(x9yvz) =

dsinx osinx
, nO

x ox

The usual evaluation for D;(fo(g,#)) runs as follows: If f(u,v) is a function and u=g(x,y) and
v="h(x,y), then

I (g(x, ), h(x,y)) _ of (u,v) Ou  f (u,v) v
ox ou Ox o ox

[The symbol Ou/dx means aig(x, y) and aif(u,v) means D, f(u,v)=D, f(g(x,»),h(x,y))] This equation
X u

is often written simply
Y Yo, A
Ox Ou Ox Ov Ox
Note that f means something different on the two sides of the equation!
The notationdf /dx, always a little too tempting, has inspired many (usually meaningless) definitions
ofdx and df separately, the sole purpose of which is to make the equation

=£-dx

dj
fdx

work out. If £ : R? = Rthen df is defined, classically, as

df = gdx +1dy
Ox Oy

(whatever dx and dy mean).
Chapter 4 contains rigorous definitions which enable us to prove the above equations as theorems. It is a
touchy question whether or not these modern definitions represent a real improvement over classical formalism; this

the reader must decide for himself.
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3. Integration

3.1 Basic Definitions

The definition of the integral of a function f : A — R, where 4  R" is a closed rectangle, is so similar to that of
the ordinary integral that a rapid treatment will be given.

Recall that a partition P of a closed interval [a,b] is a sequence f,...,f, where
a=ty<t; <---<t, =b. The partition P divides the interval [a,b] intok subintervals [ti_l,ti]. A partition of a
rectangle [al , b, ]x e X [an ,bn] is a collection P = (A,,..., P,), where each P, is a partition of the interval [ai ,b; ]
Suppose, for example, that P, =¢,...,f; 1is a partition of [al,bl] and P, =s,...,s5; isa partition of [az,bz].
Then the partition P=(P,P,) of [al,bl]x [az,bz] divides the closed rectangle [al,bl]x [az,bz] into k-1
subrectangles, a typical one being [ti—lati]x [s o158 jJ. In general, if P, divides [a,-,bi] into N; subintervals,
then P=(A,...,P,) divides [al,bl ]x X [an ,bn] into N=N,-----N, subrectangles. These subrectangles

will be called subrectangles of the partition P .

Suppose now that A4 is a rectangle, f:A — R is a bounded function, and P is a partition of 4 . For

each subrectangle S of the partition let

mg(f) =inf{f(x): xS},
Ms(f)zsup{f(x):xeS},

ane let v(S) be the volume of S [the volume of a rectangle a rectangle [al,bl]xMx [an,bn], and also of

(a;,b;))x--x(a,,b,), is defined as (b, —a;)---(b, —a,)]. The lower and upper sums of /' for P are
defined by

L(f,P)=Y . mg(f)-v(S),
S

U(f,P)=Y Mg(f)-v(S),
S

Clearly L(f,P)<U(f,P),and an even stronger assertion is true.

3-1 Lemma. Suppose the partition P’ refines P (that is, each subrectangle of P’ is contained in a subrectangle of
P). Then
L(f,P)SL(f,P) ad U(f,P)SU(f,P).
3-2 Corollary. If P and P'are any two partitions, then L(f,P)<U(f,P).
It follows from Corollary 3-2 that the least upper bound of all lower sums for f is less than or equal to

the greatest lower bound of all upper sums for /. A function f:A— R is called integrable on the rectangle A

if f is bounded and sup{L(f,P)}: inf{U(f,P)}. This common number is then denoted jAf , and called the
integral of f over A . Often, the notation L Fxt o xM)dx! e dx™ is used. If f:[a.b]—)R, where

b
a<b,then I f= '[[ ] f . A simple but useful criterion for integrability is provided by the following Theorem.
a a,

3-3 Theorem. A bounded function f:A — R is integrable if and only if for every £ >0 there is a partition P
of A suchthat U(f,P)-L(f,P)<e¢.

In the following sections we will characterize the integrable functions and discover a method of
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computing integrals. For the present we consider two functions, one integrable and one not.

Example 1. Let f:A—> R be a constant function, f(x)=c . Then any partition P we have
ms(f)=Mg(f)=c,sothat L(f,P)zU(f,P)zzscv(S)=c~v(A).Hence J-Afzc-v(A).

Example 2. Let f:[0,1]x[0,]] > R be defined by

0 _if x_is_rational,

f(x,y)={

1 _if x_isirrational.
If P is a partition, then every subrectangle S will contain points (x,y) withx rational, and also points (X, Yy)

with x irrational. Hence mg(f)=0 and M (f)=1,s0
L(f,P)=2..0-0(S)=0
and

U(f.P)=) 1-uS)=v(01]x[0.1])=1.

Therefore f is not integrable.

3.2 Measure Zero and Content Zero

A subset A of R" has (n-dimensional) measure 0 if for every & >0 there is a cover {U 1,UZ,U3,...} of A
by closed rectangles such that Zi 1U(U ) <& . Itis obvious (but nevertheless useful to remember) that if A has

measure 0 and Bc A, then B has measure 0. The reader may verify that open rectangles may be used instead of
closed rectangles in the definition of measure 0.
A set of only finitely many points clearly has measure 0. If A has infinitely many points which can be

arranged in a sequence @;,Q,,Qs,..., then A also has measure 0, for if& >0, we can chooseU; to be a closed

o0

i=1

rectangle containing a; with v(U;) < E/Zi . Then 221U(Ui) < Z S/Zi =¢.

The set of all rational numbers between 0 and 1 is an important and rather surprising example of an
infinite set whose members can be arranged in such a sequence.

3-4 Theorem If A=A UA, UA;U--- andeach A; has measure 0, then A has measure 0.

A subset A of R"™ has (n-dimensional) content 0 if for every & >0 there is a finite cover
{Ul,Uz,U3,...}of A by closed rectangles such that Z?ZIU(U,)<8. If A has content 0, then A clearly has

measure 0. Again, open rectangles could be used instead of closed rectangles in the definition.

3-5 Theorem. If a <b, then[a,b]c R does not have content 0. In fact, if {U,...,U,, }is a finite cover of [a,b]
by closed intervals, then Z?ZIU(UQ >b-a.

If a<b,itisalso true that [a, b] does not have measure 0. This follows from

3-6 Theorem. If A is compact and has measure 0, then A has content 0.
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The conclusion of Theorem 3-6 is false if A is not compact. For example, let A be the set of rational
numbers between 0 and 1; then A has measure 0. Suppose, however, that {[al,bl],...,[an,bn ]} covers A. Then

A s contained in the closed set [al,bl]u v [an,bn], and therefore [O,I]C [al, bl]U v [an,bn]. It follows

from Theorem 3-5 that 2?21 (b; —a;) 21 for any such cover, and consequently A does not have content 0.

3.3 Integrable Functions
3-7 Lemma. Let A be a closed rectangle and let f: A — R be a bounded function such that o(f,x)<¢ for
all x € A . Then there is a partition P of A withU(f,P)—L(f,P)<¢&-v(A).
3-8 Theorem. Let A be a closed rectangle and f: A — R a bounded function. Let B = {x: f is not continuous
at x}. Then f is integrable if and only if B is a set of measure 0.

We have thus far dealt only with the integrals of functions over rectangles. Integrals over other sets are
easily reduced to this type. IfC < R", the characteristic function y is defined
0 x¢C,

ZC(X):{I_xeC.

If C c A for some closed rectangle A and f : A— R is bounded, then .[c f is defined as IA fxc , provided

f - xcisintegrable. This certainly occurs if f and y are integrable.
3-9 Theorem. The function y. : A — R is integrable if and only if the boundary of C has measure 0 (and hence

content 0).

A bounded set C whose boundary has measure 0 is called Jordan-measurable. The integral Jg is called

the (n-dimensional) content of C , or the (n-dimensional) volume of C . Naturally one-dimensional volume is often

called length, and two-dimensional volume, area.

Problem 3-11 shows that even an open set C may not be Jordan-measurable, so that jc f is not necessarily

defined even if C is open and  f is continuous. This unhappy state of affairs will be rectified soon.

3.4 Fubini’s Theorem

The problem of calculating integrals is solved, in some sense, by Theorem 3-10, which reduces the computation of
integrals over a closed rectangle in R™,n >1, to the computation of integrals over closed intervals in R. Of
sufficient importance to deserve a special designation, this theorem is usually referred to as Fubini's theorem,
although it is more or less a special case of a theorem proved by Fubini long after Theorem 3-10 was known.

The idea behind the theorem is Dbest illustrated (Figure) for a positive continuous
function f :[a.b]x[c,d] > R . Let t,,...,t, be a partition of [a,b]and divide [a.b]x[c,d]inton strips by means
of the line segments {ti}x [c, d]. If g, is defined by g, (y) = f(x,y), then the area of the region under the graph
of f and above {x}x[c,d]is
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d d
[9x=[Fey)ay.

c

The volume of the region under the graph of f and

above [ti_l, ti]x [c, d] is therefore approximately equal ' i

d
to (t;—t;_))- If(x,y)dy ,forany x e [ti_l, ti]. Thus
C

[a.p}xle.a] =1 [tit: K[e.d]

is approximately Z?:l(ti —t_1)- 'Ld f(x,y)dy, r //

|
ey s | /ll

with x; in [ti_l, ti]. On the other hand, sums similar to M

b( ¢d
these appear in the definition of j U f(x, y)dyjdx . d i % 0 N
a c

d d
Thus, if h is defined by h(x) = L g, = jc f(x,y)dy, it is reasonable to hope that h is integrable on [a, b] and

that
b b(d
[r =jh=j[jf<x,y>dyjdx.
[a,bx[e,d] a a\c

This will indeed turn out to be true when f is continuous, but in the general case difficulties arise. Suppose, for

example, that the set of discontinuities of f is {x,}x[c,d]for some x, €[a,b]. Then f is integrable on
d
[a, b]>< [c,d]but h(x,) = L f(xy,y)dy may not even be defined. The statement of Fubini’s theorem therefore

looks a little strange, and will be followed by remarks about various special cases where simpler statements are
possible.

We will need one bit of terminology. If f : A — R is a bounded function on a closed rectangle, then,
whether or not f is integrable, the least upper bound of all upper sums, and the greatest lower bound of all upper

sums, both exist. They are called he lower and upper integrals of f on A, and denoted
L[f and U[Ff,
A A

respectively.
3-10 Theorem (Fumini’s Theorem). Let A < R"and B = R™ be closed rectangles, and let f : Ax B — R be
integrable. Forx € A let g, : B — R be defined by g, (y) = f(x,y) and let

L(x)=L[g, = L[ f(x,y)dy,
B B

Ux)=U[g, =U[ f(x.y)dy.
B B

Then L and U are integrable on A and
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(7= i L= /{ [L [ f(my)dyjdx,

AxB B
[fr=]u= j[UIf(x,y)ddex.
AxB A A B

(The integrals on the right side are called iterated integrals for f .)

Remarks. 1. A similar proof shows that

[r=] (L £ f(x,y)dx]dy = i [U £ f(x,y>dx]dy.

AxB B

These integrals are called iterated integrals for f in the reverse order from those of the theorem. As several

problems show, the possibility of interchanging the orders of iterated integrals has many consequences.

2. In practice it is often the case that each g, is integrable, so that _[A 5 f= _[A UB f(x, y)dy)dx . This certainly

occurs if f is continuous.

3. The worst irregularity commonly encountered is that g, is not integrable for a finite number of x € A . In this

case L(x)= jB f(x,y)dy for all but these finitely many x . Since le' remains unchanged if L is defined at a

finite number of points, we can still write IA Bf = JA U.Bf(x,y)dy)dx , provided that IBf(x,y)dy is defined

arbitrarily, say as 0, when it does not exist.
4. There are cases when this will not work and Theorem 3-10 must be used as stated. Let f : [0. 1]>< [0,1] — Rbe
defined by
1 if x_is_irational
flx,y) = 1 if x_is_rational and y is_irrational
1-1/q_if x=p/q_in_lowest terms_ and y is_rational.

1
Then f is integrable and I[o Mo 1]f =1. Now Jof(x,y) =1if x is irrational, and does not exist if x is rational.

1
Therefore h is not integrable if h(x) = .[0 f(x,y)is set equal to 0 when the integral does not exist.

5.IfA= [al,bl]x-ux [an,bn]and f:A— Ris sufficiently nice, we can apply Fubini’s theorem repeatedly to

obtain
[ =l e xmdd )-o
M » o yeens .
6. IfC c Ax B, Fubini’s theorem can be used to evaluate Jc f, since this is by definition jA BXc f . Suppose,

for example, that

C=[-Lix[-11]- {e.v) [, v)| <1
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Then

Jof =T (I v ze ey Jax

Now
_J1if y >1-x? _or_y<—\/1—x2,
Xc(x,y)= :
0 otherwise.
Therefore

1 —1-x? 1
[ fey zeteydy=[ " fleydy+[,— feeydy.
In general, if C — A x B, then main difficulty in deriving expressions for -[C f will be determining

Cn ({x}x B ) for xeA.If Cn (A X {y}) for y e Bis easier to determine, one should use the iterated integral

[ =[], fey) zeCeydxly.

3-5 Partitions of Unity

In this section we introduce a tool of extreme importance in the theory of integration.

3-11 Theorem. Let Ac R™and let O be and open cover of A. Then there is a collection @ of C* functions

@ defined in an open set containing A , with the following properties:
(1) Foreachxe A we have 0<¢p(x)<1.

(2) For eachx € A there is an open set V' containing x such that all but finitely many pe @ areOon V .

(3) For each xe A we have Zwe(p(p(x)zl (by (2) for each x this sum is finite in some open set

containing Xx ).

(4) For each@ € @ there is an open setU in O such that ¢ = 0 outside of some closed set containing in U .

(A collection @ satisfying (1) to (3) is called a C partition of unity for A . If @ also satisfies (4), it is said to be

subordinate to the cover O . In this chapter we will only use continuity of the functions ¢.)

An important consequence of condition (2) of the theorem should be noted. Let C < A be compact. For
each x € Cthere is an open set V, containing x such that only finitely many p € @ arenot0onV, . SinceC is
compact, finitely many such V cover C . Thus only finitely many ¢ € @ are not 0 onC .

One important application of partitions of unity will illustrate their main role — piecing together results

obtained locally. An open cover O of an open set A < R"is admissible if each U € Ois contained in A . If @ is

subordinate to O, f:A — R is bounded in some open set around each point of A, and {x : f is discontinuous

at x} has measure 0, then each IA¢-| f | exists. We define f to be integrable (in the extended sense) if
Zqoe ® jA(p-| f | converges (the proof of Theorem 3-11 shows that the ¢'s may be arranged in a sequence). This
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implies convergence of Z IAw- f

ocd , and hence absolute convergence of Z(pe ® J.Aga- f, which we define to

be | f . These definitions do not depend onO or @ .
A

3-12 Theorem.

(1) If ¥ is another partition of unity, subordinate to an admissible cover O' of A, then ZWEW jAt//-| f | also

converges, and

ZWGW J.Al// |f|: Z(//el[’ J'A'// |f|
(2)IfA and f are bounded, then f is integrable in the extended sense.
(3) If A isJordan-measurable and f is bounded, then this definition of jA f agrees with the old one.

eskeoskeoskosk

From Matsumoto .

Theorem 14.1 Let M be a compact C" -class manifold and let U,V be open sets in M and M =U UV . Then there
are C" -class functonsonM , f:M — R andg:M — R and the followind three conditions hold:
(1) 0<f<1, 0<Lg<l1

@) supp(f)cU, supp(g)cU
(3) f+g=1 (ie,forany peM, f(p)+f(p)=1

Theorem 14.4 Let M be a o -compact C" -class manifold and {U a} is any open cover of M . Then there is a

aeA

countable C” -class function fiiM —>R (j=123,...) and the following conditons hold.
() 0 <1

2) {Supp(fj)}jil is a local cover of M , and also a refinement of {Ua}

aed’

6 2 /=1
j=1

skskok kg

3.6 Change of Variable

If g: [a,b] — R is continuously differentiable and f : R — R is continuous, then, as is well known,

g) b
[r=[fe0) g"
gla)y a

IR IR TR O KM BRI HARS, 1988, ppl86-191
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The proof is very simple: if F'= f, then (F ° g)' = (f o g)- g'; thus the left side is F(b(b))— F(g(a)), while the

right side is F o g(b)— F o g(a) = F(g(b))- F(g(a)).
We leave it to the reader to show that if g is one to one, then the above formula can be written
[f=]regle].
g((a,b))  (a,b)
(Consider separately the cases where g is increasing and where g is decreasing.) The generalization of this formula
to higher dimensions is by no means so trivial.

3-13 Theorem. Let 4 < R"be an open set and g:4—> R" a one-to-one, continuously differentiable function

such that detg'(x)#0forallxe A.If f:g(A)— Ris integrable, then
[£=](rog)dete].
g4 4

The condition det g'(x) # 0 may be eliminated from the hypotheses of Theorem 3-13 by using the
following theorem, which often plays ad unexpected role.
3-14. Theorem (Sard’s Theorem). Let g: A — R" be continuously differentiable. where 4 < R"is open, and let
B= {x €A:detg'(x)= O}. Then g(B) has measure 0.

Theorem 3-14 is actually only the easy part of Sard’s Theorem. The statement and proof of the deeper
result will be found in Ref. 17, page 47.

“A mathematician is one to whom that is as obvious as that twice two makes four is to you. Liouville was

a mathematician.” Lord Kelvin
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4. Integration on Chains
4.1 Algebraic Preliminaries
IfV is a vector space (over R ), we will denote the k-fold productV x---xV by V¥, A function7: V% — Ris called
multilinear if for eachi with1 <i <k we have
TV Vi +95 v ) =T (Ve i ) T (V0 )
TWVyseesaViy.. v ) =al (vy,...,v,.. V)
A multilinear function T : V¥ — R is called a k-tensor on ¥ and the set of all k-tensors, denoted T k (V) , becomes
a vector space (over R)ifforS,T e T* (V') and a € R we define
S+ ) =SSOV, v ) T (Ve vy),
TWVyseeos@Vyyeo v ) =alT (V.3 V;sV)
There is also an operation connecting the various spaces T’ k(V) AfSeT k(V) and7 eT I(V), we define the tensor
product S®T e T**' (V) by
SOT (V5o Vis Viatsee s Vias) =S V5o s Vi) T (Viesgse o5 Viess) -

Note that the order of the factors S and 7T is crucial here since S ® 7T and 7T ® § are far from equal. The following
properties of ® are left as easy exercises for the reader.

($;+5,)T=5,8T+S5,QT,

SO +T,)=SQT+5S®T,,

(@S)®T=S®(al)=a(S®T),

SRNTRU =S (T®U).
Both(S®T)®U and S ® (T ®U) are usually denoted simply S ®7 ®U ; higher-order products 7} ®---® T, are
defined similarly.
The reader has probably already noticed that T 1(V) is just the dual space V" . The operation ® allows us

to express the other vector spaces T’ k(V) in terms of T’ 1(V) .

4-1 Theorem. Letvy,...,v, be a basis forV, and letg,,...,¢, be the dual basis, ¢;(v;) =5 . Then the set of all

k-fold tensor products
0,9, 1<i,....iy <n
is a bases for T’ k(V) , which therefore has dimension n* .
One important construction, familiar for the case of dual spaces, can also be made for tensors.

If f:V — W is a linear transformation, a linear transformation /™~ : T k WYy->T k (V) is defined by

f*T(vl"--’vk):T(f(vl)""’f(vk))
forT e T*(W)and v,,...,v, €V .ltis easy to verify that f*(S®T) = f*S® f*T.

The reader is already familiar with certain tensors, aside from members of " . The first example is the
inner product <,> eT? (R"). On the grounds that any good mathematical commodity is worth generalizing, we
define an inner product on/ to be a 2-tensor 7" such that 7' is symmetric, that is 7(v,w) =T (w,v) forv,w eV and
such that T is positive-definite, that is, 7'(v,v)>0ifv# 0. We distinguish <,> as the usual inner product on R" .
The following theorem shows that our generalization is not too general.

-22 -



4-2 Theorem. If T is an inner product onV", here is a basis v;,...,v, for V" such that 7'(v;,v;) =& . (Such a basis is

called orthonormal with respect to T .) Consequently there is an isomorphism f:R" —V such
that T(f(x), f(»)) =(x,y) forx,y € R" . In other words /T = ().

Despite its importance, the inner product plays a far lesser role than another familiar, seemingly
ubiquitous function, the tensor deteT"(R") . In attempting to generalize this function, we recall that
interchanging two rows of a matrix changes the sign of its determinant. This suggests the following definition. A
k-tensoro e T k(V) is called alternating if

a)(vl,...,v[,...,vj,...,vk) = —a)(vl,...,vj,...,v,-,...,vk) forall v,...,v, eV.
(In this equationv; and v; are interchanged and all otherv's are left fixed.) The set of all alternating k-tensors is
clearly a subspace Aof T k(V) . Since it requires considerable work to produce the determinant, it is not surprising
that alternation k-tensors are difficult to write down. There is, however, a uniform way of expressing all of them.

Recall that the sign of a permutation o, denoted sgno, is +1 ifois even and -1 ifois odd. IfT € Tk(V), we
define AlK(T) by

1
Alt(T)(Vl,...,vk)=Ezsgng‘T(vo_(l),...,vg(k)),

where S, is the set of all permutations of the number 1 to & .
4-3 Theorem.
()If TeT"V),then Alt(T)e A V).
Q) If we A V), then Alt(w)=w.
B)If TeT V), then Alt(Al(T))= AlT).
To determine the dimensions of A* (V) , we would like a theorem analogous to Theorem 4-1. Of course, if
weAW) andnpe AV), thenw®n is usually not in A" (V). We will therefore define a new product, the
wedge product wAne A (V) by

_(k+ D)
R

ONN/] Alt(w®7).

(The reason for the strange coefficient will appear later.) The following properties of A are left as an exercise for
the reader.
(@ + @) "=y An+wy A,
QN +1,) = @A+ O N,
aorn=oran=a(®@An),
orn=D"nro,
form=f(@nf @).
The equation (@ A7) A0 =m A (1 A0) is true but requires more work.
4-4 Theorem
()If SeT*W)andT e T* (V) and Alt(S) =0, then
Alt(S®T)=Al(T ® S)=0.
2) Alt(Alt(w®n)RO)=Alt(w®n®O) = Alt(w® Alt(n ® H)) .
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AV If we AWV),neAWV),andd e A" (V), then

(k+1+m)!

(WAmAO=wA(nAO)= ]

Altlw®n®0) .

Naturally @ A (17 A @) and (@ A 77) A @ are both denoted simply @ A7 A @, and higher-order products
W, A+ A@, are defined similarly. If v,...,v,is a basis forV and ¢,,...,,is the dual basis, a basis for
A (V') can now be constructed quite easily.
4-5 Theorem. The set of all
PaNAAQy  1<i<i,<---<i  <n

is a basis for Ak(V) , which therefore has dimension

ny n!
k) K-k

If V has dimensionn, it follows from Theorem 4-5 that A”(V) has dimension 1. Thus all alternating
n-tensors on ¥ are multiples of any non-zero one. Since the determinant is an example of such a member of A*(R"),

it is not surprising to find it in the following theorem.

4-6 Theorem. Let v,,...,v, be a basis for} ,and let w e A 7). it w, = ijlaijvj are n vectors in /", then

oWy,...,w,) =det(a; ) - o(v,...,v,) .

Theorem 4-6 shows that a non-zero @ e Ak(V) splits the bases on ) into two disjoint groups, those

with(vy,...,v,) <05 if v,...,v,andw,...,w, are two bases and 4 =(a;;)is defined byw,-zzn

j:laijvj , then

Vi,...,v, and wy,...,w, are in the same group if and only if det 4> 0. This criterion is independent of @ and can
always be used to divide the bases of V" into two disjoint groups. Either of these two groups is called an orientation
for V' . The orientation to which a basis v;,...,v, belongs is denoted [vl,. .. ,vn] and the other orientation is
denoted — [vl,...,vn]. In R" we define the usual orientation as [el,...,en] .

The fact that dim A" (R") =1is probably not new to you, since det is often defined as the unique element

we A" (R") such that w(e,...,e,)=1. For a general vector spaceV there is no extra criterion of this sort to

distinguish a particular w € A" (V') . Suppose, however, that an inner product7 for V is given. If v,...,v, and

Wj,..., W, are two bases which are orthonormal with respect to 7', and the matrix 4 =(a;)is defined by

-5y,
Wi =, @V » then

5,] = T(w,-,wj) = ZQikaﬂT(vk,v,)
k=1

n
= Z ik 4 jk
k=1

In other words, if A" denotes the transpose of the matrix /', then we have 4- AT =1 , so detA==1. It follows
from Theorem 4-6 that if w e A"(V) satisfies @(v,,...,v,)=%1, then @(w,,...,w,)==1. If an orientation
4 forV has also been given, it follows that there is a unique @ e A"(V)such that whenever vi,...,v,is an

orthonormal basis such that [vl,...,vn]z A . This unique @ is called the volume element of J' , determined by the
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inner product T and orientation £ . Note that det is the volume element of R" determined by the usual inner product
and usual orientation, and that |det(v1,. LV, )| is the volume of the parallelepiped spanned by the line segments from
0toeachof v,...,v,.
We conclude this section with a construction which we will restrict to R” and ¢ is defined by

51

o= |

n—1

Vi

then @ e A'(R"); therefore there is a unique z € R” such that
Vi

<w, z> = @(w) =det

n-1
w
This z is denoted v; x---xv,_; and called the cross product ofv,,...,v,_; . The following properties are immediate
from the definition:
Vo) X" X Vg(n-1) =SBNO -V X=XV, 4,
V| X"'XCZV[ X...xvn_l =a.(vl x...xvn_l) ,
] _ [}
v x...x(vl_ +v; )X'”Xvn—l =P XXV XXV, AV X XY X XY,
It is uncommon in mathematics to have a “product” that depends on more than two factors. In the case of two
vectors v, w € R? , we obtain a more conventional looking product,vxw e R®. For this reason it is sometimes

maintained that the cross product ca be defined only in R’.

4.2 Fields and Forms
If p e R", the set of all pairs (p,Vv), forve R", is denoted R", , and called the tangent space of R" at p . This set
is made into a vector space in the most obvious way, by defining
(P +(p,w)=(pyv+w),
a-(p,v)=(a,av).
A vector v € R" is often pictured as an arrow from 0 to v ; the

vector (p,v)R", may be pictured (Figure) as an arrow with the

same direction and length, but with initial point p . This arrow goes
from p to the point p + v, and we therefore define p + v to be the

end point of (p,v). We will usually write (p,v) asv, (read: the

vectorv atp).

The vector space R" , is so closely allied to R" that

many of the structures on R” have analogous on R", . In particular the usual inner product <,>p forR", is
_ . . n
defined by <vp,wp>p = <v, w> , and the usual orientation for R", is [(el)p yeres (en)p J
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Any operation which is possible in a vector space may be performed in each R",, and most of this
section is merely an elaboration of this theme. About the simplest operation in a vector space is the selection of a

vector from it. If such a selection is made in each R", , we obtain a vector field (Figure). To be precise, a vector

Pt oy A
st | psm \\ . r\\
/ o s \\V//{”" \\““ /‘i’//nt\

f\..'k-..__

—

field is a function F' such that F(p) e R", for each p e R". For eachp there are numbers F'(p),....,F"(p)
such that

F(p)=F'(p)-(e), ++F"(p)-(e,),.

We thus obtain n component function F’ ":R" = R . The vector field F is called continuous, differentiable, etc., if

the functions F* are. Similar definitions ca be made for a vector field defined only on an open subset of R".
Operations on vectors yield operations on vector fields when applied at each point separately. For example, if '

and G are vector fields and f is a function, we define
(F+G)(p)=F(p)+G(p),
(F.G)(p)=(F(p).G(p)).
(f-F)p)=1(p)F(p).
IfF,...,F,_, are vector fields on R", then we can similarly define
(Fy % B, )(p) = Fi(p) > x Fy(p) .

Certain other definitions are standard and useful. We define the divergence, divFF of F , as Z?:lDiF T Ifwe

introduce the formal symbolism

we can write, symbolically, divF = <V, F ) .If n=3 we write, in conformity with this symbolism,
(VX F)(p)=(DyF* = DyF)(e)) , + (DsF' = DiF?)(ey) , + (DiF? = DyF ' Y(e3),

The vector fieldVx F is called curlF . The names “divergence” and “curl” are derived from physical
considerations which are explained at the end of this book.

Many similar considerations may be applied to a function @ with @(p) € A (R" ) ; such a function is

called a k-form on R", or simply a differential form. If ¢,(p),...,,(p) is the dual basis to (e)ys---5(e,),
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then

o(p)= Y oy 4 (D) [oa(P) A A0y (p)]

il<---<ik
for certain functions @;; 4 ; the form@ is called continuous, differentiable, etc., if these functions are. We shall
usually assume tacitly that forms and vectors fields are differentiable, and “differentiable” will henceforth mean

“C™”; this is a simplifying assumption that eliminates the need for counting how many times a function is

differentiated in a proof. The sum w + 77, product f - @, and wedge product ® A7 are defined in the obvious way.
A function f is considered to be a 0-form and - @ is also written f A @ .

If f:R" — R is differentiable, then Df (p) € A'(R") . By a minor modification we therefore obtain a
1-formdf , defined by

df (p)(v,)=Df (p)(v).
Let us consider in particular the 1-forms dr' ltis customary to let x' denote the function 7" . (On R® we often
denote x' R x? ,and x° by x, y, and z .) This standard notation has obvious disadvantages but it allows many classical

results to be expressed by formulas of equally classical appearance. Since

dx'(p)(v,) =dr' (p)(v,) = Dz (P)W) =V
we see that dxl(p),. ..,dx"(p) is just the dual basis to (e),---,(e,), - Thus every k-form e ca be written
0= Za)“’.__’,-kdx"l A ndx™

The expression for df is of particular interest.
4-7 Theorem. If /' : R" — R is differentiable, then
df =D,f -dx' +---+ D, f -dx" .
In classical notation,
df:a—fldxl +---+a—fndx”.
Ox Ox

If we consider now a differentiable function f:R" —R™ we have a linear
transformation Df (p) : R” — R™ . Another minor modification therefore produces a linear transformation defined
by

S v,)=Df (D)) () -

This linear transformation induces a linear transformation f% A" (R™ ¢(,)) & A*(R",) . If @ is a k-form on R™
we can therefore define a k-form /@ on by (f“@)(p) = f"(@(f(p))). Recall this means that ifv,,...,v, € R"p,
then we have /" @(p)(v;,...,v,) = (S (P)(fi(")s--., () . As an antidote to the abstractness of these
definitions we present a theorem, summarizing the important properties of ~, which allows explicit calculations
of ffw.
4-8 Theorem. If / : R" — R™ is differentiable, then
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(M f1dx)=3" Dif'd/ =3 ——dx’ .

Q) fH(o+@,)=f"(@)+ [ (@,).
G f(go)y=(gef) o
@ form)=fonfn.

By repeatedly applying Theorem 4-8 we have, for example,

£7(Pdx* nd? + Pdx? Adi®) = (Po f)|f* (dx') a £ (dx)]+ (o0 N (@) A £ ()],
The expression obtained by expanding out each ™ (dxi) is quite complicated. (It is helpful to reminder, however,
that we havedx’ A dx’ =(=1)dx’ Adx' =0.) In one special case it will be worth our while to make an explicit
evaluation.
4-9 Theorem. If /' : R" — R" is differentiable, then
FE(hdx' A ndx™) = (ho f)(det f)dx! Ao Adx".

An important construction associated with forms is a generalization of the operator d which changes

0-forms into 1-forms. If
= Z:a),-l’.__’,-kcz’x"1 A A dx ,
i< <ik

we define a (k+1)-form dw , the differential of @, by

1 ik
do= Zdwﬂm,-k Adx" A A dx!

il<---<ik

= Z ZDa(wil,...,ik)'dxa/\dxil/\"'/\dxik

il<-<ik a=1
4-10 Theorem
(1) dw+n)=do+dn.
(2) Ifw isak-formandn isan l-form, then d(wAn)=do+(-) orn.
(3) d(dw)=0.Briefly, d*>=0.
(4) If w isak-formonR™ and f:R" — R"™ is differentiable, then f*(dw)=d(f w).

A formw is called closed if dw=0 and exact if w=dn, for some 7. Theorem 4-10 shows that
every exact form is closed, ant it is natural to ask whether, conversely, every closed form is exact. [fwis the
1-form Pdx + Qdy onR?, then

dw = (D,Pdx + D, Pdy) A dx + (D,Qdx + D,Qdy) A dy
=(D,Q - D,P)dx ndy '
Thus, if dw=0, then D,Q=D,P . Problems 2-21 and 3-34 show that there is a O-form f such that
w=df =D, fdx+ D, fdy . If o is defined only on a subset of R?, however, such a function may not exist. The

classical example is the form

= z_yzdx+ 2x 2aVy
x“+y X4y

defined on  R? —0 . This form is usually denoted d@ (where € is defined in Problem 3-41), since (Problem 4-21)
it equals d@ on the set {(x, y):x<0,0r x>0 _and y+ 0}, where € is defined. Note, however, that®
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cannot be defined continuously on all of R?>—0.If @w=df for some function f: R*> —0 —> R, then D,f=D,0
and D,f =D,0,s0 f=86+constant,showing that such an f cannot exist.

Suppose that a)=2?:1a)[dxi is a 1-form on R" and @ happens to equal df=2:l:1Dif-dx1 . We

can clearly assume that f(0) =0. As in Problem 2-35, we have

1
F()= J%f(tx)dt
0

1
( n ]

= | DD, f(tx)-x'dr .

./0 i=1

1

(" n )

= Za)i(tx)-x’dt
i=1

J i

0

This suggests that in order to find f, given @, we consider the function /@, defined by

1
lo(x) = ia)[(tx)-xidt.
# i=1
Note that the definition of /w makes sense if @ is defined only on an open
set A R" with the property that wheneverx € A, the linesegment from 0 tox is

contained in 4 ; such an open set is called star-shaped with respect to 0 (Figure). A

somewhat involved calculation shows that (on a star-shaped open set) we have

w=d(lw) provided that @ satisfies the necessary condition dwo=0 . The
calculation, as well as the definition of /@, may be generalized considerably:

4-11 Theorem (Poincaré Lemma). If 4 — R" is an open set star-shaped with respect

to 0, then every closed form on 4 is exact.

4.3 Geometric Preliminaries

A singular n-cube in Ac R is a continuous function c:[O,l]" — A (here [O,l]” denotes the n-fold product
[0,1]><---><[0,1]). we let R® and [0,1]0 both denote {0} A singular O-cube in 4 is then a function f': {0}—) A
or, what amounts to the same thing, a point in 4 . A singular 1-cube is often called a curve. A particularly simple,
but particularly important example of a singular n-cube in R” is the standard n-cube /" : [0,1]" — R" denoted by
I"=x for xelo,1]".

We shall need to consider formal sums of singular n-cubes in 4

multiplied by integers, that is, expressions like 1‘
where c¢,c,,c; are singular n-cubes in 4. Such a finite sum of singular n-cubes

with integer coefficients is called an n-chain in 4. In particular a singular

n-cube ¢ is also considered as an n-chain 1-c. It is clear how n-chains can be >
(a)
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added, and multiplied by integers. For example
(A rigorous exposition of this formalism is presented in Problem 4-22.)

For each singular n-chainc in 4 we shall define an (n-1)-chain in 4 called the boundary ofc and

denoted Oc . The boundary of 7 2 for example, might be defined as the sum -1
of four singular 1-cubes arranged counterclockwise around the boundary of [ *
[0,1]2, as indicated in Figure(a). It is actually much more convenient to
define oI as the sum, with the indicated coefficients, of the four singular = =
1-cubes shown in Figure (b). The precise definition of OI" requires some
preliminary notions. For eachi with 1<i<n we define two singular g >

(b)

(n-1)-cubes "0y and [I"(1y asfollows. If xe [0,1]”_1 , then
I"ioy(x)=1"(x",...,x71,0,x",...,x" ™)
=, x o XX,
I"n(x)=1"(x, .. x L x™
=, XL

We call I"¢0) the (i,0)-faceof I" andI"(;1) the (i,l)-face (Figure).

I%z.:l

-
|

Iy Tha

Ih,n: Hl,:! H!‘DJ
(a) (b)

We then define [boundary chain 6" as]
n .
aln :z Z(_l)l+a 1”([,0{) .

i=1 a=0,1

n

For a general singular n-cube c: [0,1] — A we first define the (i, @) -face,
Cli,a) =C° (i)

and then define
n .
Sc=)" D (-1 -
i=1 =0,1
Finally we define the boundary of an n-chain Z a;c; by
8( aici): Zaia(ci) .
Although these few definitions suffice for all applications in this book, we include here the one standard property

of 0.
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4-12 Theorem. If ¢ isann-chainin 4, then 6(éc)=0. Briefly, 8> =0.
It is natural to ask whether Theorem 4-12 has a converse: If dc =0, is there a chain d in A such that
¢ =0d ? The answer depends on A and is generally "no." For example, define c¢: [0,1] —>R?*-0 by

c(t) = (sin 2/mt,cos 27mt) , where n is a non-zero integer, Then ¢(1)=c(0), sodc = 0. But (Problem 4-26) there

is no 2-chain¢’ inR* -0, with oc'=c.

deskeskeoskosk

Examples 1. Standard p-cube®

RP <V, I?:[0]] - R?,17(t)=t,t[01]

Example 2. Closed disk

c2(t',t*) = (t'Reos2r 2 t' RsinQ2z 13, (¢',¢*) 0]

Example 3. Singular 2-cube

¢r o ()=l gy + [ raey - gaae D) @) efon]

Example 4 .Modified ring area

() =1 (1) +(ry () = (O)r, (1) €[OI

c(r,t) = (p(r,t)cos(2zd, p(r,t)sin(27d)

Example S. Singular 3-cube

¢y = (t'Rcos(2rt?)sin(2z £ ),t' Rsin(2z 1) sin( £),t' Reos(z 7)), t=(c',¢*,13) =€ [0,1]
Example 6. Faces for p=1

1(21,0) =(0,1), 1(21,1) =(1,), 1(22,0) =(1,0), 1(22,1) =(tl), teR

Example 7. Boundary chain

€210y ) =(0,0),(c) 1.1y () = (Reos2rt )R sin(27d) , (3 ) 2.0 (1) = (tR,0) , (¢ ) a1y (1) = (tR,0) , 2 €[0,1]

dch =Cr —Cy, Cr(t):=(Rcos2xt,Rsin2zi), Cy(r):=(0,0), te[0,]

etk skosk

4.4 The Fundamental Theorem of Calculus
The fact that d* =0 andd* =0, not to mention the typographical similarity of d and 0, suggests some
connection between chains and forms. This connection is established by integrating forms over chains. Henceforth
only differentiable singular n-cubes will be considered.
If @ isak-formon [0,1]k ,then = fdx' A--- Adx" for a unique function f . We define
Jo= 7.
o] [oaff

We could also write this as

2 W TS N AURET OJFER & IS IR 2006, pp-275-281.
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Ifdxl A ndik = If(xl,...,xk)dxl---dxk,
[0.1] 0.1]f

one of the reasons for introducing the functions X'
If o isak-formonA4 andc isa singular k-cube in 4 , we define
I o= jc*w .
e foaf
Note, in particular, that
J‘fdx1 Aendeh = J.(Ik)*(fdxl Ao ndxh)
I lo,1]f

= J.f(xl,...,xk)cbc1 ~dx®,
o]t

A special definition must be made fork =0. A 0-form @ is a function; ifc: {O} — A4 is asingular O-cube in 4 we

define

jw:w@m».

The integral of @ over a k-chain ¢ = Zaici is defined by
[0=a o
c c;

The integral of a 1-form over a 1-chain is often called a line integral. if Odx+ Qdy is a 1-form on R?

and c: [0,1] —>R? isa singular 1-cube (a curve), then one can (but we will not) prove that
n . .
[ Pax+0dy=tim Y [e' (1)) ' 1, )] Plete ) +[e* 0 - 26, )} 0tete')
¢ i=1
where {,,...,¢, is a partition of [0,1], the choice of#’ in [tH,ti] is arbitrary, and the limit is taken over all

partitions as the maximum of |z‘l- - ti_1| goes to 0. The right side is often taken as a definition of I Pdx + Qdy .
c

This is a natural definition to make, since these sums are very much like sums appearing in the definition of ordinary

integrals. However such an expression is almost impossible to work with and is quickly equated with an integral

equivalent to J- c"(Pdx+ Qdy) . Analogous definitions for surface integrals, that is, integrals of 2-forms over

[0.1]

singular 2-cubes, are even more complicated and difficult to use. This is one reason why we have avoided such an
approach. The other reason is that the definition given here is the one that makes sense in the more general situations
considered in Chapter 5.

The relationship between forms, chains, d,and 0 is summed up in the neatest possible way by Stokes'

theorem, sometimes called the fundamental theorem of calculus in higher dimensions (if k=1 and c=1 it

really is the fundamental theorem of calculus).

4-13 Theorem (Stokes’ Theorem). If @ is a (k-1)-form on an open set A © R” and ¢ 1is ak-chain in 4, then
J.da) = J. .
c ow
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Stokes’ theorem shares three important attributes with many fully evolved major theorems:
1. It is trivial.
2. It is trivial because the terms appearing in it have been properly defined.
3. It has significant consequences.
Since this entire chapter was little more than a series of definitions which made the statement and proof of
Stokes' theorem possible, the reader should be willing to grant the first two of these attributes to Stokes' theorem.

The rest of the book is devoted to justifying the third.
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5. Integration on Manifolds

5.1 Manifolds

[fU andV are open sets in R", a differentiable function2:U — V' with a differentiable inverse v U
will be called a diffeomorphism. ("Differentiable" henceforth means “C* *.)

A subset M of R" is called a k-dimensional manifold (in R") if for every point x € M the

following condition is satisfied : l

(M) There is an open setU containing x , an open set ¥V < R" |

and a diffeomorphism 4:U — V' such that
h(UﬁM)=Vﬂ(Rkx{O})={er:yk“=~--=y"=0}. k

In other words, U "M is, “up to diffeomorphism,” simply v

R x {O} (see Figure). The two extreme cases of our definition

should be noted: a point in R” is a 0-dimensional manifold, and ki)

an open subset of R” is an n-dimensional manifold.

One common example of an n-dimensional manifold is
the n-sphere S” , as defined as {x e R™! :|x| = 1}. We leave it as
an exercise for the reader to prove that condition (M) is satisfied. Q
If you are unwilling to trouble yourself with the details, you may i
instead use the following theorem, which provides many
examples of manifolds (note that §™ = g_l(O), where

g:R™ >R isdefined by g(x)=|xf ~1).

5-1 Theorem. Let A R" beopenandlet g:4—>R? bea b}

differentiable function such that g'(x) has rank p whenever
2(x)=0.Theng '(0) isan (n-p)-dimensional manifold in R" .
There is an alternative characterization of manifolds which is very important.
5-2 Theorem. A subset M of R" is a k-dimensional manifold if and only if for each pointx € M the following

“coordinate condition” is satisfied: i

(C) There is an open setU containing x, an open setlW RF ,and a
1-1 differentiable function / : W — R" such that
) fW)y=MnU, i
(2) f'(y) has rank k foreach yeW,
(3) f7':f(W)—> W is continuous.
(Such a function f is called a coordinate system around x. Sece
Figure.)
One consequence of the proof of Theorem 5-2 should be
noted. If f; :W; > R" and f, : W, - R" are two coordinate systems,

then
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St K /T (H0) > R
is differentiable with non-singular Jacobian. In fact,

f{l () consists of the firstk components of 4(y) .

The half-space H K< R¥ is defined
as {xeRk:kaO}. A subset M of R" is a /

k-dimensional manifold-with-boundary (Figure) if
for every point xe M either condition (M) or the
following condition is satisfied:
(M”) There is an open setU containingx, an open
setV/ < R", and a diffeomorphism #:U — ¥ such that
h(UﬁM)=Vﬂ(Hk><{O})={er:yk >0 and _y"'=...=y" =0}

and /1(x) has kth component=0.

It is important to note that condition (M) and (M’) cannot both hold for the samex. In fact, if
h U —V, and h,:U, =V, satisfied (M) and (M’), respectively, then #, ohl_1 would be a differentiable
map that takes an open set in R*, containing A(x) , into a subset of H ¥ which is not open in RF .
Since det(/, ohl_l)' # 0, this contradicts Problem 2-36. The set of all points x € M for which condition M" is
satisfied is called the boundary of M and denoted OM . This must not be confused with the boundary of a set, as
defined in Chapterl (see Problems 5-3 and5-8).

5.2 Fields and Forms on Manifolds

Let M be a k-dimensional manifold in R" and let /:W — R" be a coordinate system around x = f(a) .
since f'(a) has rank k , the linear transformation f,:R*, — R"y is one-to-one, and f,(R*,) is a
k-dimensional subspace of R"x . If g:¥ — R" is another coordinate system, with x = g(b) , then

g (R%) = £/ o 2).(R"s) = fu(R"0).

Thus the k-dimensional subspace f*(Rka) does not depend on the

coordinate system f . This subspace is denoted M ,., and is called the
tangent space of M atx (see Figure). In later sections we will use

the fact that there is a natural inner product?, onM _, introduced

by that on R"x : if v,we M define Tx(v,w):<v,w>x

Suppose that A is an open set containing M , and F
is a differentiable vector field on A such that F(x)e M, for

eachxeM .If f:Q — R" is a coordinate system, there is a unique
(differentiable) vector field G onW such that f,(G(a))= F(f(a)) for eachaeW . We can also consider a
function /' which merely assigns a vector F'(x) e M, for eachx € M ; such a function is called a vector field
on M . There is still a unique vector field G onW such that f,(G(a)) = F(f(a)) for aeW ; we define F to be
differentiable if G is differentiable. Note that our definition does not depend on the coordinate system chosen:

ifg:V - R" andg,(H (b)) =F(g(b)) for allbeV , then the component function of H(h) must be equal the
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component function of G(f ' (g(b))), so H is differentiable if G is.

Precisely the same considerations hold for forms. A function® which assigns (x)e A”(M,) for
eachxe M is called a p-form onM . If f :W — R" is a coordinate system, then /@ is a p-form onW ; we
define @ to be differentiable if /“@ is. Ap-formem onM ca be written as

W= Za)“,.__,,pdx“ A-dx?
il<---<ip

Here the functions @, are defined only on M . The definitions of d® given previously would make no sense

senlp
here, since D;(@;; ;) hasno meaning. Nevertheless, there is a reasonable way of definingd® .

5-3 Theorem. There is a unique (p+1)-formdw onM such that for every coordinate system f:W — R" we
have
fHdo)=d(f ).
It is often necessary to choose an orientation g, for each tangent space M, of a manifold A/ . Such
choices are called consistent (Figure) provided that for every coordinate
system f:W — R" and a,beW the relation
[f*((el)a)a""f*((ek)a)]=qu(a)
holds if and only if
[ﬁk((el)b),---aﬂk((ek)b)]=/Uf(b)' “
Suppose orientation s, have been chosen consistently.

If f:W — R" is a coordinate system such that

[f*((el)a)""’ﬁk((ek)a)] =Hf(a)

for one, and hence for everya € W, then f is called orientation-preserving. If / is not orientation-preserving

)

and T : R¥ — R* is a linear transformation with det7 = —1, then foT is orientation-preserving. Therefore there is

an orientation-preserving coordinate system around each point. If f and g are orientation-preserving
and x = f(a) = g(b) , then the relation
(@) fle))]= e =[gu (). 8. ()]
implies that
(&0 @)oo e )=l (e
so that det(g ™' o /)’ >0, an important fact to remember.
A manifold for which orientations g, can be chosen consistently is called orientable, and a particular
choice of the y, is called an orientation u of M.
A manifold together with an orientation s« is called
an oriented manifold. The classical example of a
non-orientable manifold is the Mobius strip. A model
can be made by gluing together the ends of a strip of
paper which has been given a half twist (Figure).
Our definitions of vector fields, forms, and
orientations can be made for manifold-with-boundary

and xeoM , then (M), is a (k-1)-dimensional
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subspace of the k-dimensional vector space M, . Thus there are exactly two unit vectors in M, which are
perpendicularto (OM), ; they can be distinguished

as follows (Figure). If f:W — R" is a coordinate system
with W = H* and f(0)=x, then only one of these unit vectors

is f,(vy) for somev, with vF <0 . This unit vector is called the

outward unit normal n(x) ; it is not hard to check that this
definition does not depend on the coordinate system f .

Suppose that g is an orientation of a k-dimensional
manifold-with-boundary M . If xeoM choose
Vi,eeos Vi €(OM), so that [n(x),vl,...,vk_1]=,ux. If it is also
true that [n(x),wl,...,wk_l]=,ux , then both [vl,...,vk_l]

and [wl,...,wk_l] are the same orientation for (OM), . This

orientation is denoted (Ou), . It is easy to see that the

ey

orientation (Ou),., forx € OM , are consistent on OM . Thus if M is

orientable, OM 1is also orientable, and an orientation ¢ for M determines an orientation Ou for OM , called
the induced orientation. If we apply these definitions to H ¥ with the usual orientation, we find that the induced
orientation on R*7!= {x eH":xF = 0} is (—l)k times the usual orientation. The reason for such a choice will
become clear in the next section.

If M is an oriented (n-1)-dimensional manifold in R", a substitute for outward unit normal vectors ca be
defined, even though M is not necessarily the boundary of an n-dimensional manifold. If [vl,...,vn_l] =u,, we
choose n(x) inR"x so that n(x) is a unit vector perpendicular to M, and [n(x),vl,...,vn,l] is the usual
orientation of R",. We still calln(x) the outward unit normal to M 8denoted by ). The vectorsn(x) vary
continuously on M , in an obvious sense. Conversely, if a continuous family of unit normal vectors n(x) is defined
on all of M, then we can determine an orientation of M . This shows that such a continuous choice of normal
vectors is impossible on the Mdbius strip. In the paper model of the Mdbius strip the two sides of the paper (which
has thickness) may be thought of as the end points of the unit normal vectors in both directions. The impossibility of
choosing normal vectors continuously is reflected by the famous property of the paper model. The paper model is
one-sided (if you start to paint it on one side you end up painting it all over); in other words, choosing n(z)
arbitrarily at one point, and then by the continuity requirement at other points, eventually forces the opposite choice

for n(x) at the initial point.

5.3 Stokes’ Theorem on Manifold
If @ isap-form on a k-dimensional manifold-with-boundary M andc is a singular p-cube in M , we define
j o= jc*w
¢ foap
precisely as before; integrals over p-chains are also defined as before. In the case p =k it may happen that there is
an open set ¥ o [0,1]k and a coordinate system f * — R" such thatc(x) = f(x) forxe [O,l]k ; ak-cube in M

will always be understood to be of this type. If M is oriented, the singular k-cube c is called orientation-preserving
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if f'is.
5-4 Theorem. If c|,c;: [O,l]k — M are two orientation preserving singular k-cubes in the oriented k-dimensional

manifold M andw isak-formonM suchthat@w =0 outside of ¢, ([O,l]k )ﬁ Cy ([O,I]k ), then
[0 [o
) ¢y

The last equation in this proof should help explain why we have had to be so careful about orientations.
Letw be a k-form on an oriented k-dimensional manifold M . If there is an orientation-preserving

singular k-cube ¢ inM such thatw =0 outside of c([O,l]k ), we define

Jo=[o.
M c
Theorem 5-4 shows j @ doe not depend on the choice of ¢ . Suppose now that w 1is an arbitrary k-form on M .

There is an open cover O of M such that for each U € O there is an orientation-preserving singular

k-cube ¢ withU < c([O,l]k). Let@ be a partition of unity for M subordinate to this cover. We define

fo- 3 foro

M ped M

provided the sum converges as described in the discussion preceding Theorem 3-12 (this is certainly true if M is

compact). An argument similar to that in Theorem 3-12 shows that j @ does not depend on the cover O oron@ .

All our definitions could have been given for a k-dimensional manifold-with-boundary M with
orientation . LetOM have the induced orientation 0u . Letc be an orientation-preserving k-cube in M such
that ¢ o) lies indM and is the only face which has any interior points inOM . As the remarks after the definition

of Oyt show, C(r,0) 1s orientation-preserving if k is even, but not if k is odd. Thus, if @ is a (k - I)-form on M which

is 0 outside of c([O,l]k ), we have
ja) = (-t ja) .
oM

(k.0
On the other hand, c¢(; ) appears with coefficient (—l)k indc .

Therefore

jwz jw =(—l)k IwzaLw.

dc (-D* e C(k,0)
Our choice of Ou was made to eliminate any minus signs in this equation, and in the following theorem.
5-5 Theorem (Stokes’ Theorem). If M is a compact oriented k-dimensional manifold-with-boundary and @ is a

(k-1)-form on M , then
[o=[o.
M oM

(Here OM is given the induced orientation.)
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5.3 The Volume Element
Let M be a k-dimensional manifold (or manifold-with-boundary) in R" , with an orientation g . Ifx € M , then 1,

and the inner product7, we defined previously determine a volume element @(x) € A (M,) . We therefore obtain

a nowhere-zero k-formw on M , which is called the volume element on M (determined by ¢ ) and denoteddV

even though it is not generally the differential of a (k -1)-form. The volume of M is defined as I Ag[lV, provided

this integral exists, which is certainly the case if M is compact. "Volume" is usually called length or surface area
for one- and two-dimensional manifolds, anddV is denoted ds (the "element of length") or dA [ordS] (the
"element of [surface] area").

A concrete case of interest to us is the volume element of an oriented surface (two-dimensional
manifold) M in R®. Let n(x) be the unit outward normal atxe M . If we A (M) is defined by

v
o(v,w)=det| w |,
n(x)
then @(v,w)=1 if v andw are an orthonormal basis of M, with [v, w] =y, . Thus dA= . On the other
hand, o'v,w)= <v X W, n(x)> by definition of vx w. Thus we have
dA(v,w) = (vxw,n(x)).

Since vxw is a multiple of n(x) for v,we M, we conclude that

dA(v,w) = |v x w|

if [v, w] = u, . If we wish to compute the area of M , we must evaluate J. ,c"(dA) for orientation-preserving

[0.1]
singular 2-cubes ¢ . Define
E(a)= [chl (a)]2 + [chz (a)]Z + [ch3 (a)]Z ,
F(a)= chl (a)- D201 (a)+ D102 (a)- D202 (a)+ ch3 (a)- ch3 (a),
G(a)= [chl(a)]2 + [D202 (a)]2 + [D203 (a)]2 .
Then

¢ (dA)(e)),(e2),) = dA(c,((e))45(€2),))
=|(D¢! (@), Die? (@), Di* (@) < (Dse' (@), Dy (@), Dyc* (@)

= JE(@)G(a)- F(a)’
by Problem 4-9. Thus
]c*(dA) = Ix/EG—Fz .
0.1 0.1
Calculating surface area is clearly a foolhardy enterprise; fortunately one seldom needs to know the area

of a surface. Moreover, there is a simple expression for d4 which suffices for theoretical considerations.

5-6 Theorem. Let M be an oriented two-dimensional manifold (or manifold-with-boundary) in R® andletn be
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the unit outward normal. Then

) dA=n'dy ndz +n*dz Adx+n’dx Ady .
Moreover, on M we have
2) nldA=dy/\dz.
3) n*dA=dz ndx.
4 n*dA=dx ndy .

A word of caution: if @e A*(R®,) is defined by
o =n'(a)-dy(a) Adz(a) +n*(a)- dz(a) A dx(a) + n*(a) - dx(a) A dy(a),
it is not true, for example, that
n'(a)-w=dy(a) Adz(a).

The two sides give the same result only when applied to

vwweM,. |

A few remarks should be made to justify the definition of G
length and surface area we have given. If c: [O,l]—) R" s 3 '
differentiable ~ and c([O,l]) is a  one-dimensional s
manifold-with-boundary, it can be shown, but the proof is messy, - : s
that the length of c([O,l]) is indeed the least upper bound of the 1 =
lengths of inscribed broken lines. If c: [0,1]2 — R", one naturally ¥
hopes that the area of c([O,l]z) will be the least upper bound of :—"__//t/ :;'—_)1_53
the areas of surfaces made up of triangles whose vertices lie in i
c([O,l]z) . Amazingly enough, such a least upper bound is usually s ]
nonexistent - one can find inscribed polygonal surfaces arbitrarily 17
close to c([0,1]2) with arbitrarily large area! This is indicated for == 1
a cylinder in Figure. Many definitions of surface area have been — =
proposed, disagreeing with each other, but all agreeing with our
definition for differentiable surfaces. For a discussion of these / \

difficult questions the reader is referred to References [3] or [15].

5.4 Classical Theorems
We have now prepared all the rnachinery necessary to state and prove the classical "Stokes' type" of theorems. We

will indulge in a little bit of self-explanatory classical notation.

5-7 Theorem (Green’s Theorem). Let M — R? bea compact two-dimensional manifold-with-boundary. Suppose
that a,f: M — R are differentiable. Then

j adx + Bdy = j (D, — Dya)dx A dy
oM M
_ ([ 28 _%a
_Lj[ax oy dy

(Here M is given the usual orientation, and OM the induced orientation, also known as the counterclockwise
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orientation.)

5-8 Theorem (Divergence Theorem). Let M R’bea compact three-dimensional manifold-with-boundary and n
the unit outward normal on oM . Let F' be a differentiable vector field on M . Then
JdldeV I F n dA
oM

This equation is also written in terms of three differentiable functions @, 5,7 :M — R :

m@j aaj a"‘jd ”(na+n,b’+n7)d5

5-9 Theorem (Stokes' Theorem). Let M — R® bea compact oriented two-dimensional manifold-with-boundary
andn the unit outward normal on M determined by the orientation of M . Let OM have the induced orientation.
Let T be the vector field on OM with ds(T)=1 and let F be a differentiable vector field in an open set
containing M . Then

[{(VxF),n)da= [(F,T)ds

M oM

This equation is sometimes written

J.J.adx+,3dy+7dz =‘[‘[{nl(%—%J+nz(a—a—%j+n3(%—a—aﬂdS.
poyt oy 0Oz 0z Ox ox Oy

M

Theorems 5-8 and 5-9 are the basis for the names divF and curlF . If F(x) is the velocity vector of a

fluid atx (at some time) then JaM <F ,n)dA is the amount of fluid “diverging” from M . Consequently the

condition divF =0 expresses the fact that the fluid is incompressible. If M is a disc, then I@M <F ,n)ds measures

the amount that the fluid curls around the center of the disc. If this is zero for all discs, then V xF =0, and the
fluid is called irrotational.

These interpretations of divF and curlF are due to Maxwell [13]. Maxwell actually worked with the
negative of divF', which he accordingly called the convergence. For VxF Maxwell proposed "with great
diffidence" the terminology rotation of F ; this unfortunate term suggested the abbreviation rotFF which one
occasionally still sees.

The classical theorems of this section are usually stated in somewhat greater generality than they are here.
For example, Green's Theorem is true for a square, and the Divergence Theorem is true for a cube. These two
particular facts can be proved by approximating the square or cube by manifolds-with-boundary. A thorough
generalization of the theorems of this section requires the concept of manifolds-with-corners; these are subsets
of R" which are, up to diffeomorphism, locally a portion of R* which is bounded by pieces of (k -1)-planes. The
ambitious reader will find it a challenging exercise to define manifolds-with-corners rigorously and to investigate

how the results of this entire chapter may be generalized.
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