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1. Function on Euclidean Space 

1.1 Norm and Inner Product 

Euclidean n-space
nR  is defined as the set of all n-tuples ),,( 1 nxx K  of real numbers

ix  (a “1-tuple of numbers” 

is just a number and RR =1
, the set of all real numbers). An element of

nR  is often called a point in 
nR , 

and
321

,, RRR  are often called the line, the plane, and space, respectively. If x  denotes an element of
nR , then x  

is an n-tuple of numbers, the ith one of which is denoted
ix ; thus we can write 

),,( 1 nxxx K= . 

A point in
nR  is frequently also called a vector in

nR , because 
nR , with ),,( 11 nn yxyxyx ++=+ K  

and ),,( 1 naxaxax K= , as operation, is a vector space (over the real numbers, of dimension n ). In this vector 

space there is the notion of the length of a vector x , usually called the norm x of x  and defined by 

( ) ( )221 nxxx ++= L . 

If 1=n , then x  is the usual absolute value of x . The relation between the norm and the vector structure of
nR  is 

very important. 

1-1 Theorem. If
nRyx ∈,  and Ra∈ , then 

(1) 0≥x , and 0=x  if and only if 0=x . 

(2) yxyx
n

i

ii ⋅≤∑ =1 ; equality holds if and only if x  and y  are linearly dependent. 

(3) .yxyx +≤+  

(4) .xaax ⋅=  

The quantity ∑ =

n

i

ii
yx

1
 which appears in (2) is called the inner product of x  and y and denoted yx, . 

The most important properties of the inner product are the following. 

1-2 Theorem. If 
nRyyyxxx ∈2121 ,,,,, , and Ra∈ , then 

(1) xyyx ,, =     (symmetry) 

(2) yxaayxyax ,,, ==    (bilinearity) 

   yxyxyxx ,,, 2121 +=+  

     2121 ,,, yxyxyyx +=+  

(3) ,0, ≥xx  and 0, =xx  if and only if 0=x (positive definiteness) 

(4) ., xxx =  

(5) 
4

,

22
yxyx

yx
−−+

=   (polarization identity) 

We conclude this section with some important remarks about notation. The vector )0,,0( K will usually 

be denoted simply 0. The usual basis of
nR  is nee ,,1 K , where )0,,1,,0( KK=ie , with the 1 in the ith place. If 

mn RRT →:  is a linear transformation, the matrix of T  with respect to the usual bases of
nR and

mR  is the 

nm×  matrix )( ijaA = , where ∑ =
=

m

j jjii eaeT
1

)(  - the coefficient of )( ieT  appear in the ith column of the 
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matrix. If
pm RRS →: has the mp×  matrix B , then TS o  has the np×  matrix BA  [here ))(()( xTSxTS =o ; 

most books on linear algebra denote TS o simply ST ]. To find )(xT  one computes the 1×m  matrix 
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then ),,()( 1 myyxT K= . One notational convention greatly simplifies many formulas: if
nRx∈ and 

mRy∈ , then 

),( yx  denotes 

mnmn Ryyxx +∈),,,,,( 11
KK . 

 

1.2 Subsets of Euclidean Space 

The closed interval [ ]ba,  has a natural analogue in
2R . This is the closed rectangle [ ] [ ]dcba ,, × , defined as the 

collection of all pairs ),( yx  with [ ]bax ,∈  and [ ]dcy ,∈ . More generally, if
mRA⊂  and

nRB ⊂ , then 

nmRBA +⊂×  is defined as the set of all
nmRyx +∈),(  with Ax∈  and By∈ . In particular, 

nmnm RRR ×=+
. If 

mRA⊂ , 
nRB ⊂  and 

pRC ⊂ , then )()( CBACBA ××=×× , and both of these are denoted simply 

CBA ×× ; this convention is extended to the product of any number of sets. The set [ ] [ ] n
nn Rbaba ⊂×× ,, 11 L  is 

called closed rectangle in
nR , while the set ( ) ( ) n

nn Rbaba ⊂×× ,, 11 L  is called open rectangle.  More 

generally a set
nRU ⊂  is called open if for each Ux∈  there is an open rectangle A  such that UAx ⊂∈ . 

A subset C  of 
nR  is closed if CR n −  is open. For example, If C  contains only finitely many 

points, thenC  is closed. The reader should supply the proof that a closed rectangle in
nR  is indeed a closed set. 

If 
nRA⊂  and 

nRx∈ , then one of three possibilities must hold (Figure):  

l. There is an open rectangle B  such that 

.ABx ⊂∈  (interior) 

2. There is an open rectangle B  such that 

.ARBx n −⊂∈  (exterior) 

3. If B  is any open rectangle with Bx∈ , then B  

contains points of both A  and .AR n −  (boundary) 

Those points satisfying (1) constitute the interior of A , those satisfying (2) the exterior of A , and those satisfying 

(3) the boundary of A . Problems 1-16 to 1-18 show that these terms may sometimes have unexpected meanings. 

It is not hard to see that the interior of any set A  is open, and the same is true for the exterior of A , which 

is, in fact, the interior of ARn − . Thus (Problem 1-14) their union is open, and what remains, the boundary, must be 

closed. 

A collection O  of open sets is an open cover of A (or, briefly, covers A) if every point Ax∈  is in 

some open set in the collection O . For example, ifO  is the collection of all open intervals )1,( +aa  for Ra∈ , 

thenO  is a cover of R . Clearly no finite number of the open sets inO  will cover R  or, for that matter, any 

unbounded subset of R . A similar situation can also occur for bounded sets. IfO  is the collection of all open 

intervals )/11,/1( nn −   for all integers 1>n , thenO  is an open cover of )1,0( , but again no finite collection of 

sets inO  will cover )1,0( . Although this phenomenon may not appear particularly scandalous, sets for which this 

state of affairs cannot occur are of such importance that they have received a special designation: a set A  is called 
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compact if every open coverO  contains a finite subcollection of open sets which also covers A . 

A set with only finitely many points is obviously compact and so is the infinite set A  which contains 0 

and the numbers n/1  for all integers n  (reason: if O  is a cover, then UO∈  for some open setU  inO ; there 

are only finitely many other points of A  not inU , each requiring at most one more open set). 

Recognizing compact sets is greatly simplified by the following results, of which only the first has any 

depth (i.e., uses any facts about the real numbers). 

1-3 Theorem (Heine-Borel). The closed interval [ ]ba,  is compact. 

 

*** 

Theorem 13.1 (From Matsumoto) Let K  be a bounded closed set in
nR  and { }

A
U ∈αα  be any open cover on K . 

Then you can choose limited number of open sets )()2()1( ,,, kUUU ααα K  from { }
A

U ∈αα  which satisfy 

)()2()1( kUUUK ααα ∪∪∪⊆ L . 

*** 

 

If 
mRB ⊂  is compact and 

nBx∈ , it is easy to see that { } mnRBx +⊂×  is compact. However, a 

much stronger assertion can be made, 

1-4 Theorem. If B  is compact and O  is an open cover of { } Bx × , then there is an open set 
nRU ⊂  containing 

x  such that BU ×  is covered by a finite number of sets in O . 

1-5 Corollary. If 
nRA⊂  and 

mRB ⊂  are compact, then 
mnRBA +⊂×  is compact. 

1-6. Corollary. kAA ××L1  is compact if each iA  is. In particular, a closed rectangle in
kR  is compact. 

1-7 Corollary. A closed bounded subset of
nR  is compact. (The converse is also true.) 

 

1.3 Functions and Continuity 

A function from
nR  to 

mR  (sometimes called a (vector-valued) function of n  variables) is a rule which 

associates to each point in
nR  some point in

mR ; the point function f  associates to x  is denoted )(xf . We write 

mn RRf →:  (read “ f  takes nR  into 
mR ” or “ f , taking nR  into 

mR .” depending on context) to indicate 

that
mRxf ∈)(  is defined for

nRx∈ . The notation
mRAf →:  indicates that )(xf  is defined only for x  in the 

set A , which is called domain of f . If AB ⊂ , we define )(Bf  as the set of all )(xf  for Bx∈ , and if 

mRC ⊂  we define { }CxfAxCf ∈∈=− )(:)(1 . The notation BAf →:  indicates that BAf ⊂)( . 

A convenient representation of a function RRf →2:  may be obtained by drawing a picture of its graph, 

the set of all 3-tuples of the form )),(,,( yxfyx , which is actually a figure in 3-space (see, e.g., Figures 2-1 and 2-2 

of Chapter 2). 

If RRgf n →:, , the functions gf + , gf − , gf ⋅ , and gf /  are defined precisely as in the 

one-variable case. If
mRAf →: and 

pRBg →: , where
mRB ⊂ , then the composition fg o  is defined 

by ))(()( xfgxfg =o ; the domain of fg o  is )(1 BfA −∩ . If 
mRAf →:  is 1-1, that is, if )()( yfxf ≠  

when yx ≠ , we define 
nRAf →− :1
 by the requirement that )(1 zf −

 is the unique Ax∈  with zxf =)( . 

A function
mRAf →:  determines m  component functions RAff m →:,,1 K  by 
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))(,),(()( 1 xfxfxf m
K= . If conversely, m  functions RAgg m →:,,1 K  are given, there is a unique 

function
mRAf →:  such that i

i gf = , namely ))(,),(()( 1 xgxgxf mK= . This function f  will be denoted 

),,( 1 mgg K , so that we always have ),,( 1 mfff K= . If 
nn RR →:π  is the identity function, xx =)(π , then 

ii xx =)(π ; the function 
iπ  is called the ith projection function. 

The notation bxf
ax

=
→

)(lim  means, as in the one-variable case, that we can get )(xf  as close tob  as 

desired, by choosing x  sufficiently close to, but not equal to, a . In mathematical terms this means that for every 

number 0>ε  there is a number 0>δ  such that ε<− bxf )(  for all x  in the domain of f  which satisfy 

δ<−< ax0 . A function
mRAf →:  is called continuous at Aa∈  if )()(lim afxf

ax
=

→
, and f  is simply 

called continuous if it is continuous at each Aa∈ . One of the pleasant surprises about the concept of continuity is 

that it can be defined without using limits. It follows from the next theorem that
mn RRf →:  is continuous if and 

only if )(1 Uf −  is open whenever 
mRU ⊂  is open; if the domain of f  is not all of

nR , slightly more 

complicated condition is needed. 

1-8 Theorem. If
nRA⊂ , a function

mRAf →:  is continuous if and only if for every open set
mRU ⊂ there is 

some open set
nRV ⊂  such that AVUf ∩=− )(1 .  

*** 

(From Matsumoto: LetU  be any open set ofY . Then a mapping YXf →:  is continuous if the inverse mapping 

)(1 Uf −  is an open set of X .) 

*** 

 The following consequence of Theorem 1-8 is of great importance. 

1-9 Theorem. If 
mRAf →:  is continuous, where

nRA⊂ , and A  is compact, then
mRAf ⊂)(  is compact. 

If RAf →:  is bounded, the extent to which f  fails to be continuous at Aa∈  can be measured in a 

precise way. For 0>δ  let 

{ }
{ }.,:)(inf),,(

,,:)(sup),,(

δδ

δδ

<−∈=

<−∈=

axAxxffam

axAxxffaM
 

The oscillation ),( afo  of f  at a  is defined by [ ].),,(),,(lim),(
0

δδ
δ

famfaMafo −=
→

. This limit always 

exists, since ),,(),,( δδ famfaM −  decreases as δ  decreases. There are two important facts about ),( afo . 

1-10 Theorem. The bounded function f  is continuous at a  if and only if 0),( =afo . 

1-11 Theorem. Let
nRA⊂  be closed. If RAf →:  is any bounded function, and 0>ε , then{ }ε≥∈ ),(: xfoAx  

is closed. 
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2. Differentiation 

2.1 Basic Definitions 

Recall a function RRf →:  is differentiable at Ra∈  if there is a number )(af ′  such that 

).(
)()(

lim
0

af
h

afhaf

h
′=

−+
→

             (1) 

This equation certainly makes no sense in the general case of a function 
mn RRf →: , but can be reformulated in a 

way that does. If RR→:λ  is the linear transformation defined by hafh ⋅′= )()(λ , then equation (1) is 

equivalent to 

.0
)()()(

lim
0

=
−−+

→ h

hafhaf

h

λ
           (2) 

Equation (2) is often interpreted as saying that )(af+λ  us a good approximation to f  at a . Henceforth we 

focus our attention on the linear transformation λ  and reformulate the definition of differentiability as follows. 

A function RRf →:  is differentiable at Ra∈  if there is a linear transformation RR→:λ  such that 

.0
)()()(

lim
0

=
−−+

→ h

hafhaf

h

λ
 

In this form the definition has a simple generalization to higher dimensions: 

A function 
mn RRf →:  is differentiable at 

nRa∈  if there is a linear transformation 
mn RR →:λ  

such that 

.0
)()()(

lim
0

=
−−+

→ h

hafhaf

h

λ
 

Note that 
nRh∈  and 

mRhafhaf ∈−−+ )()()( λ , so the norm signs are essential. The linear transformation 

λ  is denoted )(aDf  and called the derivative of f at a . This justification for the phrase “the linear 

transformation λ ” is: 

2-1 Theorem. If
mn RRf →:  is differentiable at

nRa∈  there is a unique linear transformation
mn RR →:λ  

such that 

.0
)()()(

lim
0

=
−−+

→ h

hafhaf

h

λ
 

Example Consider the function RRf →2:  defined by xyxf sin),( = . Then λ=),( baDf  satisfies 

xayx ⋅= )(cos),(λ . To prove this, note that 

),(

)(cossin)sin(
lim

),(

),(),(),(
lim

0),(0),( kh

haaha

kh

khbafhbhaf

khkh

⋅−−+
=

−−++

→→

λ
 

Since aa cos)(nsi =′ , we have 

.0
)(cossin)sin(

lim
0

=
⋅−−+

→ h

haaha

h
 

Since hkh ≥),( , it is also true that 

.0
),(

)(cossin)sin(
lim

0
=

⋅−−+
→ kh

haaha

h
 

It is often convenient to consider the matrix of 
mn RRaDf →:)(  with respect to the usual bases of

nR  



 - 7 - 

and
mR . This nm× matrix is called the Jacobian matrix of f  at a , and denoted )(af ′ . If xyxf sin),( = , 

then )0,(cos),( abaf =′ . If RRf →: , then )(af ′  is a 11×  matrix whose single entry is the number which is 

denoted )(af ′  in elementary calculus. 

The definition of )(aDf  could be made if f  were defined only in some open set containing a . 

Considering only functions defined on
nR  streamlines the statement of theorems and produces no real loss of 

generality. It is convenient to define a function
mn RRf →:  to be differentiable on A  if f  is differentiable at a  

for each Aa∈ . If
mRAf →: , then f  is called differentiable if f  can be extended to a differentiable function on 

some open set containing A . 

***** 

(From Matsumoto p.99. 

Definition 9.II A mapping )()(:)( NTMTdf qpp →  is called the differential of NMf →:  at point p . 

Theorem 9.4 Let local coordinates around p  and q be ),,( 1 mxx K  and ),,( 1 nyy K  and the 

function ),,( 1 mjj xxfy K= . Then 

∑
=












∂
∂

∂

∂
=




















 ∂ n

j q
ji

j

pi
p

y
p

x

f

dx
df

1

)()( . 

***** 

 

2.2 Basic Theorems 

2-2 Theorem (Chain Rule). If
mn RRf →:  is differentiable at a , and pm RRg →:  is differentiable at )(af , 

then the composition
pn RRfg →:o  is differentiable at a , and 

).())(())(( aDfafDgafgD oo =  

Remark. This equation can be written 

).())(()()( afafgafg ′⋅′=′o  

If 1=== pnm , we obtain the old chain rule. 

2-3 Theorem 

(1) If 
mn RRf →:  is a constant function (that is, if for some 

mRy∈ we have yxf =)( for all 
nRx∈ ), then 

0)( =aDf  

(2) If 
mn RRf →:  is a linear transformation, then 

.)( faDf =  

(3) If 
mn RRf →: , then f  is differentiable at nRa∈  if and only if each 

if  is, and 

( ).)(,),()( 1 aDfaDfaDf m
K=  

Thus )(af ′ is the nm × matrix whose ith row is )()( af i ′ . 

(4) If RRs →2:  is defined by yxyxs +=),( , then 

.),( sbaDs =  

(5) If RRp →2:  is defined by yxyxp ⋅=),( , then 

.),)(,( aybxyxbaDp +=  

Thus ).,(),( abbap =′  
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2-4 Corollary. If RRgf n →:,  are differentiable at a , then 

).()()()())((

),()())((

aDgafaDfagagfD

aDgaDfagfD

+=⋅

+=+
 

If, moreover, 0)( ≠ag , then 

[ ]
.

)(

)()()()(
))((

2
ag

aDgafaDfag
agfD

−
=  

We are now assured of the differentiability of those functions
mn RRf →: , whose component functions 

are obtained by addition, multiplication, division, and composition, from the functions
iπ  (which are linear 

transformations) and the functions which we can already differentiate by elementary calculus. Finding )(xDf  or 

)(xf ′  may be a fairly formidable task. 

Example Let RRf →2:  be defined by )sin(),( 2xyyxf = . Since )(sin
2

21 ππ ⋅= of , we have 

( ) [ ]

( ) ( )
[ ]

)).cos(2),cos((

)1,0(2)0,1())(cos(

),(2),()(nsi

),(),()(nsi),(

222

22

2122

22122

abababb

abbab

baabbabab

baabababbaf

=

+⋅=





 ′

+
′

⋅′=











 ′





+

′
⋅′=′

ππ

ππ

 

Fortunately, we will soon discover a much simpler method of computing f ′ . 

 

2.3 Partial Derivatives 

We begin the attack on the problem of finding derivatives “one variable at a time.” If RRf n →:  and 
nRa∈ , 

the limit 

h

aafahaaf nni

h

),,(),,,,(
lim

11

0

KKK −+
→

 

if it exists, is denoted )(afDi , and called ith partial derivative of f  at a . It is important to note that )(afDi  

is the ordinary derivative of a certain function; in fact, if 

),,,,()( 1 naxafxg KK= , then )()( i
i agafD ′= . This 

means that )(afDi  is the slope of the tangent line at 

))(,( afa  to the curve obtained by intersecting the graph of f  

with the plane ijax ii ≠= ,  (Figure) It also means that 

computation of . )(afDi  is a problem we can already solve. If 

),,( 1 nxxf K  is given by some formula involving 
n

xx ,,
1
K , 

then we find ),,( 1 n
i xxfD K  by differentiating the function 

whose value at 
ix  is given by the formula when all 

jx , for 

ij ≠ , are thought of as constants. 

Example If )sin(),( 2xyyxf = , then )cos(),( 22
1 xyyyxfD =  and )cos(2),( 2

2 xyxyyxfD = . If
yxyxf =),( , 

then 
1

1 ),( −= yyxyxfD  and xxyxfD y log),(2 = . 
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With a little practice (e.g., the problems at the end of this section) you should acquire as great a facility 

for computing )(afDi  as you already have for computing ordinary derivatives. 

If )(xfDi  exists for all
nRx∈ , we obtain a function RRfD n

i →: . The jth partial derivative of this 

function at x , that is, ))(( xfDD ij , is often denoted )(, xfD ji . Note that this notation reverses the order of 

i and j . As a matter of fact, the order is usually irrelevant, since most functions satisfy fDfD ijji ,, = .There are 

various delicate theorems ensuring this equality: the following theorem is quite adequate. We state here but postpone 

the proof until later. 

2-5 Theorem. If fD ji,  and fD ij,  are continuous in an open set containing a , then 

).()( ,, afDafD ijji =  

The function fD ji,  is called a second-order (mixed) partial derivative of f . Higher-order (mixed) 

partial derivatives are defined in the obvious way. Clearly Theorem 2-5 can be used to prove the equality of 

higher-order mixed partial derivatives under appropriate conditions. The order of kii ,,1 K  is completely 

immaterial in fD iki ,1K  if f  has continuous partial derivatives of all orders. A function with this property is 

called a 
∞C  function. In later chapters it will frequently be convenient to restrict our attention to 

∞C functions. 

Partial derivatives will be used in the next section to find derivatives. They also have another important 

use – finding maxima and minima of functions. 

2-6 Theorem. Let
nRA⊂ . If the maximum (or minimum) of RAf →:  occurs at a point a  in the interior of A  

and )(afDi  exists, then 0)( =afDi . 

The reader is reminded that the converse of Theorem 2-6 is false even if 1=n  (if RRf →:  is 

defined by 
3)( xxf = , then 0)0( =′f , but 0 is not even a local maximum of minimum). If 1>n , the converse of 

Theorem 2-6 may fail to be true in a rather spectacular way. 

Suppose, for example, that RRf →2:  is defined by 

22),( yxyxf −=  (Figure). Then 0)0,0(1 =fD  because 1g  

has a minimum at 0, while 0)0,0(2 =fD  because 2g  has a 

maximum at 0. Clearly )0,0( is neither a relative maximum nor 

a relative minimum. 

If Theorem 2-6 is used to find the maximum or 

minimum of f  on A , the values of f  at boundary points 

must be examined 'separately - a formidable task, since the 

boundary of A  may be all A ! Problem 2-27 indicates one way of doing this, and Problem 5-16 states a superior 

method which can often be used. 

 

2.4 Derivatives 

The reader who has compared Problems 2-10 and 2-17 has probably already guessed the following. 

2-7 Theorem. If
mn RRf →:  is differentiable at a , then )(afD

i
j  exists for njmi ≤≤≤≤ 1,1  and )(af ′  is 

the nm ×  matrix ))(( afD
i

j . 
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There are several examples in the problems to show that the converse of Theorem 2-7 is false. It is true, 

however, if one hypothesis is added. 

2-8 Theorem. If 
mn RRf →: , then )(aDf  exists if all )(afD

i
j  exist in an open set containing a  and if 

each function )(afD
i

j  is continuous at a .  

(Such a function f  is called continuously differentiable at a .) 

Although the chain rule was used in the proof of Theorem 2-7, it could easily have been eliminated. With 

Theorem 2-8 to provide differentiable functions, and Theorem 2-7 to provide their derivatives, the chain rule may 

therefore seem almost superfluous. However, it has an extremely important corollary concerning partial derivatives. 

2-9 Theorem Let RRgg n
m →:,,1 K  be continuously differentiable at a , and let RRf m →:  be differentiable 

at ( ))(,),(1 agag mK . Define the function RRF n →:  by ( ))(,),()( 1 agxgfxF mK= . Then 

( )∑
=

⋅=
m

j

jimji agDagagfDaFD
1

1 )()(,),()( K . 

Theorem 2-9 is often called the chain rule, but is weaker than Theorem 2-2 since g  could be 

differentiable without ig  being continuously differentiable. Most computations requiring Theorem 2-9 are fairly 

straightforward. A slight subtlety is required for the function RRF →2:  defined by 

))(),(),,((),( ykxhyxgfyxF =  

where RRkh →:, . In order to apply Theorem 2-9 define RRkh →2
:,  by 

)(),( xhyxh = ,   )(),( ykyxk = . 

Then 

)(),(1 xhyxhD ′=  0),(2 =yxhD , 

0),(1 =yxkD  )(),(2 ykyxkD ′= , 

and we can write 

)),(),,(),,((),( yxkyxhyxgfyxF = . 

Letting ))(),(),,(( ykxhyxga = , we obtain 

)()(),()(),( 2211 xhafDyxgDafDyxFD ′⋅+⋅= , 

)()(),()(),( 3212 ykafDyxgDafDyxFD ′⋅+⋅= . 

It should, of course, be unnecessary for you to actually write down the functions h  and k . 

 

2.5 Inverse Functions 

Suppose that RRf →:  is continuously differentiable in an open set containing a  and 0)( ≠′ af . If 0)( >′ af , 

there is an open interval V  containing a  such that 0)( >′ af  for Vx∈ , and a similar statement holds if 

0)( <′ af . Thus f  is increasing (decreasing) on V , and is therefore one-to-one with an inverse function
1−f  

defined on some open interval W  containing )(af . Moreover it is not hard to show that 
1−f is differentiable, 

and for Wy∈  that 

( ))(

1
)()(

1

1

yff
yf −

−

′
=′ . 
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An analogous discussion in higher dimensions is much more involved, but the result (Theorem 2-11) is very 

important. We begin with a simple lemma. 

2-10 Lemma. Let
nRA⊂  be a rectangle and let

nRAf →:  be continuously differentiable. If there is a number 

M  such that MxfD i
j ≤)(  for all x  in the interior of A , then 

yxMnyfxf −≤− 2)()(  

for all Ayx ∈, . 

2-11 Theorem (Inverse Function Theorem). Suppose that
nn RRf →:  is continuously differentiable in an open 

set containing a , and 0)(det ≠′ af . Then there is an open setV  containing a  and an open setW  containing 

)(af such that WVf →: has a continuous inverse VWf →− :1 which is differentiable and for all Wy∈  satisfies 

( ) ( )[ ] 111 )()(
−−− ′=

′
yffyf . 

It should be noted that an inverse function
1−f  may exist even if 0)(det =′ af . For example, 

if RRf →:  is defined by
3)( xxf = , then 0)0(det =′f  but f  has the inverse function 31 )( xxf =−

. One thing 

is certain however: if 0)(det =′ af  then
1−f  cannot be differentiable at )(af . To prove this note 

that xxff =− )(1o . If 
1−f  were differentiable at )(af , the chain rule would give ( ) Iaffaf =′⋅′ − )()()( 1

, and 

consequently 1))(()det()(det 1 =′⋅′ − affaf , contradicting 0)(det =′ af . 

 

2.6 Implicit Functions 

Consider the function RRf →2:  defined 

by 1),( 22 −+= yxyxf . If we choose ),( ba  

with 0),( =baf  and 1,1 −≠a , there are open 

interval A  containing a  and B  containing b  

with the following property: if Ax∈ , there is 

a unique By∈  with 0),( =yxf . We can 

therefore define a function RAg →:  by the 

condition Bxg ∈)(  and 0))(,( =xgxf  

(if 0>b , as indicated in Figure, 

then
21)( xxg −= ). For the function f  we 

are considering there is another number 1b  such 

that 0),( 1 =baf . There will also be an interval 1B  containing 1b  such that, when Ax∈ , we have 0))(,( 1 =xgxf  

for a unique 11 )( Bxg ∈  (here
2

1 1)( xxg −−= ). Both g  and 1g  are differentiable. These functions are said to be 

defined implicitly by the equation 0),( =yxf . 

If we choose 1=a  or 1−  it is impossible to find any such function g  defined in an open interval 

containing a . We would like a simple criterion for deciding when, in general, such a function can be found. More 
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generally we may ask the following: If RRRf n →×:  and 0),,,( 1 =baaf n
K , when can we find, for each 

),,( 1 nxx K  near ),,( 1 naa K , a unique y  near b  such that 0),,,( 1 =yxxf n
K ? Even more generally, we can ask 

about the possibility of solving m  equations, depending upon parameters 
n

xx ,,
1
K , in m  unknowns: If 

RRRf mn
i →×:   mi ,,1K=  

and 

0),,,,( 11 =mn
i bbaaf KK    mi ,,1K= , 

when can we find, for each ),,( 1 nxx K  near ),,( 1 naa K  a unique ),,( 1 myy K  near ),,( 1 mbb K  which satisfies 

0),,,,( 11 =mn
i yyxxf KK ? The answer is provided by the following Theorem. 

2-12 Theorem (Implicit Function Theorem). Suppose
mmn RRRf →×:  is continuously differentiable in an 

open set containing ),( ba  and 0),( =baf . LetM  be the mm×  matrix 

( )),( bafD
i

jn+    mji ≤≤ ,1 . 

If 0det ≠M , there is an open set
nRA⊂  containing a  and an open set mRB ⊂  containing b , with the following 

property: for each Ax∈  there is a unique Bxg ∈)(  such that 0))(,( =xgxf . The function g  is differentiable. 

Since the function g  is known to be differentiable, it is easy to find its derivative. In fact, since 

0))(,( =xgxf i , taking jD  of both sides gives 

∑
=

+ ⋅+=
m

j
i

n
i

j xgDxgxfDxgxfD
1

)())(,())(,(0
α

α
α    mji K,1, = . 

Since 0det ≠M , these equations can be solved for )(xgD j
α

. The answer will depend on the various 

))(,( xgxfD
i

j , and therefore on )(xg . This is unavoidable, since the function g  is not unique. Reconsidering the 

function RRf →2:  defined by 1),( 22 −+= yxyxf , we note that two possible functions satisfying 

0))(,( =xgxf  are 
21)( xxg −=  and 

21)( xxg −−= . Differentiating 0))(,( =xgxf  gives 

0)())(,())(,( 21 =′⋅+ xgxgxfDxgxfD , 

or 

0)()(22 =′⋅+ xgxgx ,  )()( xgxxg −=′ , 

which is indeed the case for either 
21)( xxg −=  or 

21)( xxg −−= . 

A generalization of the argument for Theorem 2-12 can be given, which will be important in Chapter 5. 

2-13 Theorem. Let
pn RRf →:  be continuously differentiable in an open set containing a , where np ≤ . If 

0)( =af  and the np× matrix ( ))(afD
i

j  has prank , then there is an open set
nRA⊂  containing a  and a 

differentiable function RAh →:  with differentiable inverse such that 

),,(),,( 11 npnn xxxxhf KKo
+−= . 
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2.7 Notation 

The partial derivative ),,(1 zyxfD  is denoted by 

x

zyxf

∂
∂ ),,(

 or 
x

f

∂
∂

 or ),,( zyx
x

f

∂
∂

 or ),,( zyxf
x∂
∂

 

or any other convenient similar symbols. This notation forces one to write 

),,( wvu
x

f

∂
∂

 

for ),,(1 wvufD , although the symbol 

),,(),,(

),,(

wvuzyxx

zyxf

=∂
∂

 or ),,(
),,(

wvu
x

zyxf

∂
∂

 

or something similar may be used (and must be used for an expression like )2,3,7(1 fD . Similar notation is used for 

fD2  and fD3 . Higher-order derivatives are denoted by symbols like 

xy

zyxf
zyxfDD

∂∂
∂

=
),,(

),,(
2

12 . 

When RRf →: , the symbol ∂  automatically reverts to d ; thus 

dx

xd sin
, not 

x

x

∂
∂ sin

. 

The usual evaluation for )),((1 hgfD o  runs as follows: If ),( vuf  is a function and ),( yxgu =  and 

),( yxhv = , then 

x

v

v

vuf

x

u

u

vuf

x

yxhyxgf

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂

∂ ),(),()),(),,((
. 

[The symbol xu ∂∂ means ),( yxg
x∂
∂

and ),( vuf
u∂
∂

means )),(),,((),( .11 yxhyxgfDvufD = ] This equation 

is often written simply 

x

v

v

f

x

u

u

f

x

f

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂

. 

Note that f  means something different on the two sides of the equation! 

The notation dxdf , always a little too tempting, has inspired many (usually meaningless) definitions 

of dx  and df separately, the sole purpose of which is to make the equation 

dx
dx

df
df ⋅=  

work out. If RRf →2: then df is defined, classically, as 

dy
y

f
dx

x

f
df

∂
∂

+
∂
∂

=  

(whatever dx  and dy  mean). 

Chapter 4 contains rigorous definitions which enable us to prove the above equations as theorems. It is a 

touchy question whether or not these modern definitions represent a real improvement over classical formalism; this 

the reader must decide for himself. 
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3. Integration 

3.1 Basic Definitions 

The definition of the integraI of a function RAf →: , where
nRA⊂ is a closed rectangIe, is so similar to that of 

the ordinary integral that a rapid treatment will be given. 

Recall that a partition P  of a closed interval [ ]ba,  is a sequence ktt ,,0 K  where 

bttta k =≤≤≤= L10 . The partition P  divides the interval [ ]ba,  into k  subintervals [ ]ii tt ,1− . A partition of a 

rectangle [ ] [ ]nn baba ,, 11 ××L  is a collection ),,( 1 nPPP K= , where each iP  is a partition of the interval [ ]ii ba , . 

Suppose, for example, that kttP ,,01 K=  is a partition of [ ]11 ,ba  and lssP ,,02 K=  is a partition of [ ]22 ,ba . 

Then the partition ),( 21 PPP =  of [ ] [ ]2211 ,, baba ×  divides the closed rectangle [ ] [ ]2211 ,, baba ×  into lk ⋅  

subrectangles, a typical one being [ ] [ ]jjii sstt ,, 11 −− × . In generaI, if iP  divides [ ]ii ba ,  into iN  subintervals, 

then ),,( 1 nPPP K=  divides [ ] [ ]nn baba ,, 11 ××L  into nNNN ⋅⋅= L1  subrectangles. These subrectangles 

will be called subrectangles of the partition P . 

Suppose now that A  is a rectangle, RAf →:  is a bounded function, and P  is a partition of A . For 

each subrectangle S  of the partition let 

{ }
{ },:)(sup)(

,:)(inf)(

SxxffM

Sxxffm

S

S

∈=

∈=
 

ane let )(Sv  be the volume of S  [the volume of a rectangle a rectangle [ ] [ ]nn baba ,, 11 ××L , and also of 

),(),( 11 nn baba ××L , is defined as )()( 11 nn abab −− L ]. The lower and upper sums of f  for P  are 

defined by 

∑

∑

⋅=

⋅=

S
S

S
S

SvfMPfU

SvfmPfL

),()(),(

),()(),(

 

Clearly ),(),( PfUPfL ≤ , and an even stronger assertion is true. 

3-1 Lemma. Suppose the partitionP ′ refinesP  (that is, each subrectangle ofP ′ is contained in a subrectangle of 

P ). Then 

),(),( PfLPfL ′≤    and   ),(),( PfUPfU ≤′ . 

3-2 Corollary. If P  and P ′ are any two partitions, then ),(),( PfUPfL ≤′ . 

It follows from CorolIary 3-2 that the least upper bound of all lower sums for f  is less than or equal to 

the greatest lower bound of all upper sums for f . A function RAf →:  is called integrable on the rectangleA  

if f is bounded and { } { }),(inf),(sup PfUPfL = . This common number is then denoted ∫A f , and called the 

integral of f  over A . Often, the notation ∫A
nn dxdxxxf LK

11 ),,(  is used. If [ ] Rbaf →.: , where 

ba ≤ , then [ ]∫ ∫=
b

a ba
ff

,
. A simple but useful criterion for integrability is provided by the following Theorem. 

3-3 Theorem. A bounded function RAf →:  is integrable if and only if for every 0>ε  there is a partition P  

of A  such that ε<− ),(),( PfLPfU . 

In the following sections we will characterize the integrable functions and discover a method of 
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computing integrals. For the present we consider two functions, one integrable and one not. 

Example 1. Let RAf →:  be a constant function, cxf =)( . Then any partition P  we have 

cfMfm SS == )()( , so that )()(),(),( AvcSvcPfUPfL
S

⋅=⋅== ∑ . Hence )(Avcf
A

⋅=∫ . 

Example 2. Let [ ] [ ] Rf →× 1,01,0:  be defined by 





=
.___1

,____0
),(

alisirrationxif

rationalisxif
yxf  

IfP  is a partition, then every subrectangleS  will contain points ),( yx  with x  rational, and also points ),( yx  

with x irrational. Hence 0)( =fmS  and 1)( =fM S , so 

0)(0),( =⋅=∑S
SvPfL  

and 

[ ] [ ]( ) 11,01,0)(1),( =×=⋅=∑ vSvPfU
S

. 

Therefore f  is not integrable. 

 

3.2 Measure Zero and Content Zero 

A subset A  of
nR  has (n-dimensional) measure 0 if for every 0>ε  there is a cover { }K,,, 321 UUU  of A  

by closed rectangles such that ε<∑∞

=1
)(

i iUv . It is obvious (but nevertheless useful to remember) that if A  has 

measure 0 and AB ⊂ , then B  has measure 0. The reader may verify that open rectangles may be used instead of 

closed rectangles in the definition of measure 0. 

A set of only finitely many points clearly has measure 0. IfA  has infinitely many points which can be 

arranged in a sequence K,,, 321 aaa , thenA  also has measure 0, for if 0>ε , we can choose iU  to be a closed 

rectangle containing ia  with 
i

iUv 2)( ε< . Then εε =<∑∑ ∞

=

∞

= 11
2)(

i

i

i iUv . 

The set of all rational numbers between 0 and 1 is an important and rather surprising example of an 

infinite set whose members can be arranged in such a sequence. 

3-4 Theorem If L∪∪∪= 321 AAAA  and each iA  has measure 0, thenA  has measure 0. 

A subset A  of 
nR  has (n-dimensional) content 0 if for every 0>ε there is a finite cover 

{ }K,,, 321 UUU of A  by closed rectangles such that ε<∑ =

n

i iUv1 )( . IfA  has content 0, thenA  clearly has 

measure 0. Again, open rectangles could be used instead of closed rectangles in the definition. 

3-5 Theorem. If ba < , then [ ] Rba ⊂, does not have content 0. In fact, if{ }nUU ,,1 K is a finite cover of [ ]ba,  

by closed intervals, then abUv
n

i i −≥∑ =1
)( . 

If ba < , it is also true that [ ]ba, does not have measure 0. This follows from 

3-6 Theorem. If A  is compact and has measure 0, thenA  has content 0. 
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The conclusion of Theorem 3-6 is false if A  is not compact. For example, let A  be the set of rational 

numbers between 0 and 1; then A  has measure 0. Suppose, however, that [ ] [ ]{ }nn baba ,,,, 11 K covers A . Then 

A  is contained in the closed set [ ] [ ]nn baba ,, 11 ∪∪L , and therefore [ ] [ ] [ ]nn baba ,,1,0 11 ∪∪⊂ L . It follows 

from Theorem 3-5 that 1)(
1

≥−∑ =

n

i ii ab  for any such cover, and consequentlyA  does not have content 0. 

 

3.3 Integrable Functions 

3-7 Lemma. Let A  be a closed rectangle and let RAf →:  be a bounded function such that ε<),( xfo  for 

all Ax ∈ . Then there is a partitionP ofA with )(),(),( AvPfLPfU ⋅<− ε . 

3-8 Theorem. LetA be a closed rectangle and RAf →: a bounded function. Let { fxB := is not continuous 

at }x . Then f is integrable if and only if B is a set of measure 0. 

We have thus far dealt only with the integrals of functions over rectangles. Integrals over other sets are 

easily reduced to this type. If
nRC ⊂ , the characteristic function Cχ is defined 





∈

∉
=

._1

,_0
)(

Cx

Cx
xCχ  

If AC ⊂ for some closed rectangle A and RAf →: is bounded, then ∫C f is defined as ∫ ⋅
A Cf χ , provided 

Cf χ⋅ is integrable. This certainly occurs if f and Cχ are integrable. 

3-9 Theorem. The function RAC →:χ is integrable if and only if the boundary of C has measure 0 (and hence 

content 0). 

A bounded setC whose boundary has measure 0 is called Jordan-measurable. The integral ∫C1  is called 

the (n-dimensional) content ofC , or the (n-dimensional) volume ofC . Naturally one-dimensional volume is often 

called length, and two-dimensional volume, area. 

Problem 3-11 shows that even an open setC may not be Jordan-measurable, so that ∫C f is not necessarily 

defined even ifC is open and f is continuous. This unhappy state of affairs will be rectified soon. 

 

3.4 Fubini’s Theorem 

The problem of calculating integrals is solved, in some sense, by Theorem 3-10, which reduces the computation of 

integrals over a closed rectangle in 1, >nRn , to the computation of integrals over closed intervals inR . Of 

sufficient importance to deserve a special designation, this theorem is usually referred to as Fubini's theorem, 

although it is more or less a special case of a theorem proved by Fubini long after Theorem 3-10 was known. 

The idea behind the theorem is best illustrated (Figure) for a positive continuous 

function [ ] [ ] Rdcbaf →× ,.: . Let ntt ,,0 K be a partition of [ ]ba, and divide [ ] [ ]dcba ,. × inton strips by means 

of the line segments{ } [ ]dcti ,× . If xg is defined by ),()( yxfygx = , then the area of the region under the graph 

of f  and above{ } [ ]dcx ,× is 
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∫∫ =
d

c

d

c

x dyyxfg ),( . 

The volume of the region under the graph of f and 

above [ ] [ ]dctt ii ,,1 ×− is therefore approximately equal 

to ∫⋅− −

d

c

ii dyyxftt ),()( 1 , for any [ ]ii ttx ,1−∈ . Thus 

[ ] [ ] [ ] [ ]
∑ ∫∫
= ×× −

=
n

i dcttdcba ii

ff
1 ,,,, 1

 

is approximately ∑ ∫= − ⋅−
n

i

d

c iii dyyxftt
1 1 ),()( , 

with ix in [ ]ii tt ,1− . On the other hand, sums similar to 

these appear in the definition of ∫ ∫ 




b

a

d

c
dxdyyxf ),( . 

Thus, if h is defined by ∫∫ ==
d

c

d

c x dyyxfgxh ),()( , it is reasonable to hope thath is integrable on [ ]ba,  and 

that 

[ ] [ ]
∫ ∫∫∫ 










==

×

b

a

d

c

b

adcba

dxdyyxfhf ),(

,,

. 

This will indeed turn out to be true when f is continuous, but in the general case difficulties arise. Suppose, for 

example, that the set of discontinuities of f is { } [ ]dcx ,0 × for some [ ]bax ,0 ∈ . Then f is integrable on 

[ ] [ ]dcba ,, × but ∫=
d

c
dyyxfxh ),()( 00 may not even be defined. The statement of Fubini’s theorem therefore 

looks a little strange, and will be followed by remarks about various special cases where simpler statements are 

possible. 

We will need one bit of terminology. If RAf →: is a bounded function on a closed rectangle, then, 

whether or not f is integrable, the least upper bound of all upper sums, and the greatest lower bound of all upper 

sums, both exist. They are called he lower and upper integrals of f onA , and denoted 

∫
A

fL    and   ∫
A

fU , 

respectively. 

3-10 Theorem (Fumini’s Theorem). Let 
nRA ⊂ and

mRB ⊂ be closed rectangles, and let RBAf →×: be 

integrable. For Ax ∈ let RBgx →: be defined by ),()( yxfygx = and let 

∫∫

∫∫

==

==

BB

x

BB

x

dyyxfgx

dyyxfgx

.),()(

,),()(

UU

LL

U

L

 

Then L  and U  are integrable on A  and 
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.),(

,),(

∫ ∫∫∫

∫ ∫∫∫











==











==

×

×

A BABA

A BABA

dxdyyxff

dxdyyxff

U

L

U

L

 

(The integrals on the right side are called iterated integrals for f .) 

Remarks. 1. A similar proof shows that 

.),(),( ∫ ∫∫ ∫∫ 









=










=

× B AB ABA

dydxyxfdydxyxff UL  

These integrals are called iterated integrals for f in the reverse order from those of the theorem. As several 

problems show, the possibility of interchanging the orders of iterated integrals has many consequences. 

2. In practice it is often the case that each xg is integrable, so that ( )∫ ∫∫ =
× A BBA

dxdyyxff ),( . This certainly 

occurs if f is continuous. 

3. The worst irregularity commonly encountered is that xg is not integrable for a finite number of Ax ∈ . In this 

case ∫=
B

dyyxfx ),()(L for all but these finitely many x . Since ∫AL  remains unchanged if L  is defined at a 

finite number of points, we can still write ( )∫ ∫∫ =
× A BBA

dxdyyxff ),( , provided that ∫B dyyxf ),( is defined 

arbitrarily, say as 0, when it does not exist. 

4. There are cases when this will not work and Theorem 3-10 must be used as stated. Let [ ] [ ] Rf →× 1,01.0: be 

defined by 









=−

=

._______/__/11

________1

____1

),(

rationalisyandtermslowestinqpxifq

irrationalisyandrationalisxif

irationalisxif

yxf  

Then f is integrable and [ ] [ ] 1
1,01,0

=∫ ×
f . Now 1),(

1

0
=∫ yxf if x is irrational, and does not exist if x is rational. 

Thereforeh is not integrable if ∫=
1

0
),()( yxfxh is set equal to 0 when the integral does not exist. 

5. If [ ] [ ]nn babaA ,, 11 ××= L and RAf →: is sufficiently nice, we can apply Fubini’s theorem repeatedly to 

obtain 

nb

a

b

a

n

A
dxdxxxff

n

n
∫ ∫∫ 













= LKL

1

1

11 ),,( . 

6. If BAC ×⊂ , Fubini’s theorem can be used to evaluate ∫C f , since this is by definition ∫ ×BA C fχ . Suppose, 

for example, that 

[ ] [ ] { }1),(:),(1,11,1 <−−×−= yxyxC . 
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Then 

∫ ∫∫ − −





 ⋅=

1

1

1

1
),(),( dxdyyxyxff C

C
χ  

Now 





 −−<−>=

._0

,1__1__1
),(

22

otherwise

xyorxyif
yxCχ  

Therefore 

.),(),(),(),(
1

1

1

1

1

1 2

2

∫∫∫ −

−−

−−
+=⋅

x

x

C dyyxfdyyxfdyyxyxf χ  

In general, if BAC ×⊂ , then main difficulty in deriving expressions for ∫C f will be determining 

{ }( )BxC ×∩ for Ax ∈ . If { }( )yAC ×∩ for By∈ is easier to determine, one should use the iterated integral 

( )∫ ∫∫ ⋅=
B A CC

dydxyxyxff ),(),( χ . 

 

3-5 Partitions of Unity 

In this section we introduce a tool of extreme importance in the theory of integration. 

3-11 Theorem. Let 
nRA ⊂ and let O  be and open cover ofA . Then there is a collectionΦ of 

∞C functions 

ϕ defined in an open set containing A , with the following properties: 

(1) For each Ax ∈  we have 1)(0 ≤≤ xϕ . 

(2) For each Ax ∈  there is an open setV containing x such that all but finitely many Φϕ∈ are 0 on V . 

(3) For each Ax ∈  we have ∑ ∈
=

Φϕ
ϕ 1)(x (by (2) for each x  this sum is finite in some open set 

containing x ). 

(4) For each Φϕ∈  there is an open setU in O such that 0=ϕ outside of some closed set containing in U . 

(A collectionΦ satisfying (1) to (3) is called a 
∞C partition of unity forA . If Φ also satisfies (4), it is said to be 

subordinate to the coverO . In this chapter we will only use continuity of the functions ϕ .) 

An important consequence of condition (2) of the theorem should be noted. Let AC ⊂  be compact. For 

each Cx ∈ there is an open set xV containing x  such that only finitely many Φϕ∈  are not 0 on xV . SinceC  is 

compact, finitely many such xV coverC . Thus only finitely many Φϕ∈ are not 0 onC . 

One important application of partitions of unity will illustrate their main role – piecing together results 

obtained locally. An open coverO of an open set 
nRA ⊂ is admissible if each OU ∈ is contained inA . IfΦ is 

subordinate to O , RAf →: is bounded in some open set around each point of A , and { fx : is discontinuous 

at }x  has measure 0, then each ∫ ⋅
A

fϕ exists. We define f to be integrable (in the extended sense) if 

∑ ∫∈
⋅

Φϕ
ϕ

A
f converges (the proof of Theorem 3-11 shows that the 'ϕ s may be arranged in a sequence). This 
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implies convergence of ∑ ∫∈
⋅

Φϕ
ϕ

A
f , and hence absolute convergence of ∑ ∫∈

⋅
Φϕ

ϕ
A

f , which we define to 

be ∫A f . These definitions do not depend onO or Φ . 

3-12 Theorem. 

(1) If Ψ is another partition of unity, subordinate to an admissible cover 'O  of A , then ∑ ∫∈
⋅

Ψψ
ψ
A

f  also 

converges, and 

∑ ∫∑ ∫ ∈∈
⋅=⋅

ΨψΨψ
ψψ

AA
ff . 

(2) IfA  and f are bounded, then f is integrable in the extended sense. 

(3) If A is Jordan-measurable and f is bounded, then this definition of ∫A f agrees with the old one. 

***** 

From Matsumoto
1
. 

Theorem 14.1 LetM be a compact
rC -class manifold and let VU , be open sets inM  and VUM ∪= . Then there 

are 
rC -class functons onM , RMf →:  and RMg →:  and the followind three conditions hold: 

(1) 10 ≤≤ f ,  10 ≤≤ g  

(2) Ufp ⊂)(sup ,  Ugp ⊂)(sup  

(3) 1≡+ gf  (i.e., for any Mp∈ , 1)()( =+ pfpf  

Theorem 14.4 LetM be a σ -compact
rC -class manifold and { }

A
U ∈αα  is any open cover ofM . Then there is a 

countable 
rC -class function RMf j →:  ),3,2,1( K=j  and the following conditons hold. 

(1) 10 ≤≤ f  

(2) { }∞
=1

)(supp
jjf  is a local cover ofM , and also a refinement of { }

A
U ∈αα , 

(3) 1
1

≡∑
∞

=j
jf  

***** 

 

3.6 Change of Variable 

If [ ] Rbag →,: is continuously differentiable and RRf →: is continuous, then, as is well known, 

∫∫ ′⋅=
b

a

bg

ag

ggff )(

)(

)(

o . 

                                                           
1
 1988, pp186-191 
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The proof is very simple: if fF =′ , then ( ) ( ) ggfgF ′⋅=′ oo ; thus the left side is ( ) ( ))()( agFbbF − , while the 

right side is ( ) ( ))()()()( agFbgFagFbgF −=− oo . 

We leave it to the reader to show that if g is one to one, then the above formula can be written 

∫∫ ′⋅=
),()),(( babag

ggff o . 

(Consider separately the cases where g is increasing and where g is decreasing.) The generalization of this formula 

to higher dimensions is by no means so trivial. 

3-13 Theorem. Let 
nRA⊂ be an open set and 

nRAg →:  a one-to-one, continuously differentiable function 

such that 0)(det ≠′ xg for all Ax∈ . If RAgf →)(: is integrable, then 

( )∫∫ ′=
AAg

ggff det

)(

o . 

The condition 0)(det ≠′ xg may be eliminated from the hypotheses of Theorem 3-13 by using the 

following theorem, which often plays ad unexpected role. 

3-14. Theorem (Sard’s Theorem). Let 
nRAg →: be continuously differentiable. where 

nRA⊂ is open, and let 

{ }0)(det: =′∈= xgAxB . Then )(Bg has measure 0. 

Theorem 3-14 is actually only the easy part of Sard’s Theorem. The statement and proof of the deeper 

result will be found in Ref. 17, page 47. 

“A mathematician is one to whom that is as obvious as that twice two makes four is to you. Liouville was 

a mathematician.” Lord Kelvin 
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4. Integration on Chains 

4.1 Algebraic Preliminaries 

IfV is a vector space (over R ), we will denote the k-fold product VV ××L by
kV . A function RVT k →: is called 

multilinear if for each i with ki ≤≤1 we have 

),,',,(),,,,(),,',,( 111 kikikii vvvTvvvTvvvvT KKKKKK +=+  

),,,,(),,,,( 11 kiki vvvaTvavvT KKKK = . 

A multilinear function RVT k →: is called a k-tensor on V and the set of all k-tensors, denoted )(VT k
, becomes 

a vector space (over R ) if for )(, VTTS k∈ and Ra∈ we define 

),,,(),,(),,)(( 111 kkk vvTvvSvvTS KKK +=+  

),,,,(),,,,( 11 kiki vvvaTvavvT KKKK = . 

There is also an operation connecting the various spaces )(VT k
. If )(VTS k∈ and )(VTT l∈ , we define the tensor 

product )(VTTS lk+∈⊗ by 

),,(),,(),,,,,( 1111 lkkklkkk vvTvvSvvvvTS ++++ ⋅=⊗ KKKK . 

Note that the order of the factors S andT is crucial here since TS ⊗ and ST ⊗ are far from equal. The following 

properties of⊗ are left as easy exercises for the reader. 

TSTSTSS ⊗+⊗=⊗+ 2121 )( , 

2121 )( TSTSTTS ⊗+⊗=+⊗ , 

)()()( TSaaTSTaS ⊗=⊗=⊗ , 

)()( UTSUTS ⊗⊗=⊗⊗ . 

Both UTS ⊗⊗ )( and )( UTS ⊗⊗ are usually denoted simply UTS ⊗⊗ ; higher-order products rTT ⊗⊗L1 are 

defined similarly. 

The reader has probably already noticed that )(1 VT is just the dual space
∗V . The operation⊗ allows us 

to express the other vector spaces )(VT k
in terms of )(1 VT . 

4-1 Theorem. Let nvv ,,1 K be a basis forV , and let nϕϕ ,,1 K be the dual basis, ijji v δϕ =)( . Then the set of all 

k-fold tensor products 

iki ϕϕ ⊗⊗L1    nii k ≤≤ ,,1 1 K  

is a bases for )(VT k
, which therefore has dimension

kn . 

One important construction, familiar for the case of dual spaces, can also be made for tensors. 

If WVf →: is a linear transformation, a linear transformation )()(: VTWTf kk →∗
is defined by 

))(,),((),,( 11 kk vfvfTvvTf KK =∗
 

for )(WTT k∈ and Vvv k ∈,,1 K . It is easy to verify that TfSfTSf ∗∗∗ ⊗=⊗ )( . 

The reader is already familiar with certain tensors, aside from members of
∗V . The first example is the 

inner product )(, 2 nRT∈ . On the grounds that any good mathematical commodity is worth generalizing, we 

define an inner product onV to be a 2-tensorT such thatT is symmetric, that is ),(),( vwTwvT = for Vwv ∈, and 

such that T is positive-definite, that is, 0),( >vvT if 0≠v . We distinguish , as the usual inner product on
nR . 

The following theorem shows that our generalization is not too general. 
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4-2 Theorem. If T is an inner product onV , here is a basis nvv ,,1 K forV such that ijji vvT δ=),( . (Such a basis is 

called orthonormal with respect to T .) Consequently there is an isomorphism VRf n →: such 

that yxyfxfT ,))(),(( = for
nRyx ∈, . In other words ,=∗Tf . 

Despite its importance, the inner product plays a far lesser role than another familiar, seemingly 

ubiquitous function, the tensor )(det nn RT∈ . In attempting to generalize this function, we recall that 

interchanging two rows of a matrix changes the sign of its determinant. This suggests the following definition. A 

k-tensor )(VT k∈ω is called alternating if 

),,,,,,(),,,,,,( 11 kijkji vvvvvvvv KKKKKK ωω −=   for all Vvv k ∈,,1 K . 

(In this equation iv and jv are interchanged and all other sv' are left fixed.) The set of all alternating k-tensors is 

clearly a subspace
kΛ of )(VT k

. Since it requires considerable work to produce the determinant, it is not surprising 

that alternation k-tensors are difficult to write down. There is, however, a uniform way of expressing all of them. 

Recall that the sign of a permutationσ , denoted σsgn , is +1 ifσ is even and -1 ifσ is odd. If )(VTT k∈ , we 

define )(TAlt  by 

∑ ⋅= ),,(sgn
!

1
),,)(( )()1(1 kk vvT

k
vvTAlt σσσ KK , 

where kS is the set of all permutations of the number 1 to k . 

4-3 Theorem. 

(1) If )(VTT k∈ , then )()( VTAlt kΛ∈ . 

(2) If )(VkΛω∈ , then ωω =)(Alt . 

(3) If )(VTT k∈ , then )())(( TAltTAltAlt = . 

To determine the dimensions of )(VkΛ , we would like a theorem analogous to Theorem 4-1. Of course, if 

)(VkΛω∈  and )(VlΛη∈ , then ηω ⊗ is usually not in )(Vlk+Λ . We will therefore define a new product, the 

wedge product )(Vlk+∈∧ Ληω by 

)(
!!

)!( ηωηω ⊗
+

=∧ Alt
lk

lk
. 

(The reason for the strange coefficient will appear later.) The following properties of ∧  are left as an exercise for 

the reader. 

ηωηωηωω ∧+∧=∧+ 2121 )( , 

2121 )( ηωηωηηω ∧+∧=+∧ , 

)( ηωηωηω ∧=∧=∧ aaa , 

ωηηω ∧−=∧ kl)1( , 

)()()( ηωηω ∗∗∗ ∧=∧ fff . 

The equation )()( θηωθηω ∧∧=∧∧ is true but requires more work. 

4-4 Theorem 

(1) If )(VTS k∈ and )(VTT k∈ and 0)( =SAlt , then 

0)()( =⊗=⊗ STAltTSAlt . 

(2) ))(()())(( θηωθηωθηω ⊗⊗=⊗⊗=⊗⊗ AltAltAltAltAlt . 
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(3) If )(),( VV lk ΛηΛω ∈∈ , and )(VmΛθ ∈ , then 

)(
!!!

)!(
)()( θηωθηωθηω ⊗⊗

++
=∧∧=∧∧ Alt

mlk

mlk
. 

Naturally )( θηω ∧∧ and θηω ∧∧ )( are both denoted simply θηω ∧∧ , and higher-order products 

rωω ∧∧L1 are defined similarly. If nvv ,,1 K is a basis forV and nϕϕ ,,1 K is the dual basis, a basis for 

)(VkΛ can now be constructed quite easily. 

4-5 Theorem. The set of all 

iki ϕϕ ∧∧L1    niii k ≤<<<≤ L211  

is a basis for )(VkΛ , which therefore has dimension 

)!(!

!

knk

n

k

n

−
=








. 

If V has dimension n , it follows from Theorem 4-5 that )(VnΛ has dimension 1. Thus all alternating 

n-tensors onV are multiples of any non-zero one. Since the determinant is an example of such a member of )( nn RΛ , 

it is not surprising to find it in the following theorem. 

4-6 Theorem. Let nvv ,,1 K be a basis forV , and let )(VkΛω∈ . If ∑ =
=

n

j jiji vaw
1

are n vectors inV , then 

),,()det(),,( 11 nijn vvaww KK ωω ⋅= . 

Theorem 4-6 shows that a non-zero )(VkΛω∈ splits the bases onV into two disjoint groups, those 

with 0),,( 1 <nvv Kω ; if nvv ,,1 K and nww ,,1 K are two bases and )( ijaA = is defined by ∑ =
=

n

j jiji vaw
1

, then 

nvv ,,1 K and nww ,,1 K are in the same group if and only if 0det >A . This criterion is independent ofω and can 

always be used to divide the bases ofV into two disjoint groups. Either of these two groups is called an orientation 

forV . The orientation to which a basis nvv ,,1 K belongs is denoted [ ]nvv ,,1 K  and the other orientation is 

denoted [ ]nvv ,,1 K− . In 
nR we define the usual orientation as [ ]nee ,,1 K . 

The fact that 1)(dim =nn RΛ is probably not new to you, since det is often defined as the unique element 

)( nn RΛω∈  such that 1),,( 1 =nee Kω . For a general vector spaceV there is no extra criterion of this sort to 

distinguish a particular )(VnΛω∈ . Suppose, however, that an inner productT for V is given. If nvv ,,1 K  and 

nww ,,1 K are two bases which are orthonormal with respect to T , and the matrix )( ijaA = is defined by 

∑ =
=

n

j jiji vaw
1

, then 

∑

∑

=

=

=

==

n

k

jkik

n

lk

lkjlikjiij

aa

vvTaawwT

1

1,

),(),(δ

 

In other words, if
TA denotes the transpose of the matrixV , then we have IAA T =⋅ , so 1det ±=A . It follows 

from Theorem 4-6 that if )(VnΛω∈ satisfies 1),,( 1 ±=nvv Kω , then 1),,( 1 ±=nww Kω . If an orientation 

µ forV has also been given, it follows that there is a unique )(VnΛω∈ such that whenever nvv ,,1 K is an 

orthonormal basis such that [ ] µ=nvv ,,1 K . This unique ω is called the volume element ofV , determined by the 
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inner productT and orientation µ . Note that det is the volume element of
nR determined by the usual inner product 

and usual orientation, and that ),,det( 1 nvv K is the volume of the parallelepiped spanned by the line segments from 

0 to each of nvv ,,1 K . 

We conclude this section with a construction which we will restrict to
nR  and ϕ  is defined by 



















=
−

n

n

v

v

v

w
1

1

)(
M

ϕ , 

then )(1 nRΛϕ∈ ; therefore there is a unique 
nRz∈ such that 



















==
−

w

v

v

wzw
n 1

1

det)(,
M

ϕ  

This z is denoted 11 −×× nvv L and called the cross product of 11 ,, −nvv K . The following properties are immediate 

from the definition: 

11)1()1( sgn −− ××⋅=×× nn vvvv LL σσσ , 

)( 1111 −− ××⋅=×××× nni vvavavv LLL , 

111111 ')'( −−− ××××+××××=××+×× nininii vvvvvvvvvv LLLLLL . 

It is uncommon in mathematics to have a “product” that depends on more than two factors. In the case of two 

vectors
3

, Rwv ∈ , we obtain a more conventional looking product,
3Rwv ∈× . For this reason it is sometimes 

maintained that the cross product ca be defined only in
3R . 

 

4.2 Fields and Forms 

If
nRp∈ , the set of all pairs ),( vp , for

nRv∈ , is denoted p
nR , and called the tangent space of

nR  at p . This set 

is made into a vector space in the most obvious way, by defining 

).(),(),( wvpwpvp +=+ , 

),(),( avavpa =⋅ . 

A vector
nRv∈ is often pictured as an arrow from 0 to v ; the 

vector p
nRvp ),(  may be pictured (Figure) as an arrow with the 

same direction and length, but with initial point p . This arrow goes 

from p to the point vp + , and we therefore define vp + to be the 

end point of ),( vp . We will usually write ),( vp  as pv  (read: the 

vector v  at p ). 

The vector space p
nR is so closely allied to

nR  that 

many of the structures on
nR  have analogous on p

nR . In particular the usual inner product
p

,  for p
nR  is 

defined by wvwv
p

pp ,, = , and the usual orientation for p
nR  is [ ]pnp ee )(,,)( 1 K . 
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Any operation which is possible in a vector space may be performed in each p
nR , and most of this 

section is merely an elaboration of this theme. About the simplest operation in a vector space is the selection of a 

vector from it. If such a selection is made in each p
nR , we obtain a vector field (Figure). To be precise, a vector 

field is a function F  such that p
nRpF ∈)(  for each

nRp∈ . For each p  there are numbers )(,),(1 pFpF n
K  

such that 

pn
n

p epFepFpF )()()()()( 1
1 ⋅++⋅= L . 

We thus obtain n component function RRF ni →: . The vector field F  is called continuous, differentiable, etc., if 

the functions
iF  are. Similar definitions ca be made for a vector field defined only on an open subset of 

nR . 

Operations on vectors yield operations on vector fields when applied at each point separately. For example, if F  

andG  are vector fields and f  is a function, we define 

)()())(( pGpFpGF +=+ , 

)(),()(, pGpFpGF = , 

)()())(( pFpfpFf =⋅ . 

If 11 ,, −nFF K  are vector fields on 
nR , then we can similarly define 

)()())(( 1111 pFpFpFF nn −− ××=× LL . 

Certain other definitions are standard and useful. We define the divergence, divF  of F , as∑ =

n

i

i
iFD

1
. If we 

introduce the formal symbolism 

∑
=

⋅=∇
n

i

ii eD
1

 

we can write, symbolically, FdivF ,∇= . If 3=n  we write, in conformity with this symbolism, 

ppp eFDFDeFDFDeFDFDpF ))(())(())(())(( 3
1

2
2

12
3

1
1

31
2

3
3

2 −+−+−=×∇ . 

The vector field F×∇  is called curlF . The names “divergence” and “curl” are derived from physical 

considerations which are explained at the end of this book. 

Many similar considerations may be applied to a functionω with )()( p
nk Rp Λω ∈ ; such a function is 

called a k-form on 
nR , or simply a differential form. If )(,),(1 pp nϕϕ K  is the dual basis to pnp ee )(,,)( 1 K  



 - 27 - 

then 

 

[ ]∑
<<

∧∧⋅=
iki

ikiiki pppp
L

K L

1

1,,1 )()()()( ϕϕωω  

for certain functions iki ,,1Kω ; the formω  is called continuous, differentiable, etc., if these functions are. We shall 

usually assume tacitly that forms and vectors fields are differentiable, and “differentiable” will henceforth mean 

“
∞C ”; this is a simplifying assumption that eliminates the need for counting how many times a function is 

differentiated in a proof. The sum ηω + , product ω⋅f , and wedge product ηω ∧  are defined in the obvious way. 

A function f  is considered to be a 0-form and ω⋅f  is also written ω∧f . 

If RRf n →:  is differentiable, then )()( 1 nRpDf Λ∈ . By a minor modification we therefore obtain a 

1-form df , defined by 

))(())(( vpDfvpdf p = . 

Let us consider in particular the 1-forms
idπ . It is customary to let

ix  denote the function
iπ . (On

3R  we often 

denote ,,
21

xx and
3x by ,, yx and z .) This standard notation has obvious disadvantages but it allows many classical 

results to be expressed by formulas of equally classical appearance. Since 

vvpDvpdvpdx
i

p
i

p
i === ))(())(())(( ππ , 

we see that )(,),(1 pdxpdx n
K  is just the dual basis to pnp ee )(,,)( 1 K . Thus every k-formω  ca be written 

∑ ∧∧= iki
iki dxdx LK

1
,,1ωω . 

The expression for df  is of particular interest. 

4-7 Theorem. If RRf n →: is differentiable, then 

n
n dxfDdxfDdf ⋅++⋅= L

1
1 . 

In classical notation, 

n

n
dx

x

f
dx

x

f
df

∂
∂

++
∂
∂

= L
1

1
. 

If we consider now a differentiable function
mn RRf →:  we have a linear 

transformation
mn RRpDf →:)( . Another minor modification therefore produces a linear transformation defined 

by 

)()))((()( pfp vpDfvf =∗ . 

This linear transformation induces a linear transformation )()(: )( p
nk

pf
mk RRf ΛΛ →∗

. Ifω  is a k-form on
mR  

we can therefore define a k-form ω∗f  on by )))((())(( pffpf ωω ∗∗ = . Recall this means that if p
n

k Rvv ∈,,1 K , 

then we have ))(,),())(((),,)(( 11 kk vfvfpfvvpf ∗∗
∗ = KK ωω . As an antidote to the abstractness of these 

definitions we present a theorem, summarizing the important properties of
∗f , which allows explicit calculations 

of ω∗f . 

4-8 Theorem. If
mn RRf →:  is differentiable, then 
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(1) ∑∑ ==
∗

∂
∂

=⋅=
n

j

j

j

i
n

j

ji
j

i dx
x

f
dxfDdxf

11
)( . 

(2) )()()( 2121 ωωωω ∗∗∗ +=+ fff . 

(3) ωω ∗∗ ⋅=⋅ ffggf )()( o . 

(4) ηωηω ∗∗∗ ∧=∧ fff )( . 

By repeatedly applying Theorem 4-8 we have, for example, 

[ ] [ ])()()()()()()( 32213221 dxfdxffQdxfdxffPdxPdxdxPdxf ∗∗∗∗∗ ∧+∧=∧+∧ oo . 

The expression obtained by expanding out each )( idxf ∗  is quite complicated. (It is helpful to reminder, however, 

that we have 0)1( =∧−=∧ iiii dxdxdxdx .) In one special case it will be worth our while to make an explicit 

evaluation. 

4-9 Theorem. If
nn RRf →:  is differentiable, then 

nn dxdxffhdxhdxf ∧∧′=∧∧∗
LoL

11 ))(det()( . 

An important construction associated with forms is a generalization of the operator d  which changes 

0-forms into 1-forms. If 

∑
<<

∧∧=
iki

iki
iki dxdx

L

K L

1

1
,,1ωω , 

we define a (k+1)-form ωd , the differential of ω , by 

∑ ∑

∑

<< =

<<

∧∧∧⋅=

∧∧∧=

iki

n
iki

iki

iki

iki
iki

dxdxdxD

dxdxdd

L

K

L

K

L

L

1 1

1
,,1

1

1
,,1

)(
α

α
α ω

ωω

. 

4-10 Theorem 

(1) ηωηω ddd +=+ )( . 

(2)  Ifω  is a k-form andη  is an l-form, then ηωωηω ∧−+=∧ kdd )1()( . 

(3) 0)( =ωdd . Briefly, 02 =d . 

(4)  If ω  is a k-form on
mR  and

mn RRf →:  is differentiable, then )()( ωω ∗∗ = fddf . 

A formω  is called closed if 0=ωd  and exact if ηω d= , for some η . Theorem 4-10 shows that 

every exact form is closed, ant it is natural to ask whether, conversely, every closed form is exact. Ifω is the 

1-form QdyPdx +  on
2R , then 

dydxPDQD

dyQdyDQdxDdxPdyDPdxDd

∧−=

∧++∧+=

)(

)()(

21

2121ω
. 

Thus, if 0=ωd , then PDQD 21 = . Problems 2-21 and 3-34 show that there is a 0-form f  such that 

fdyDfdxDdf 21 +==ω . Ifω  is defined only on a subset of 
2R , however, such a function may not exist. The 

classical example is the form 

dy
yx

x
dx

yx

y
2222 +

+
+
−

=ω  

defined on 02 −R . This form is usually denoted θd  (where θ  is defined in Problem 3-41), since (Problem 4-21) 

it equals θd  on the set { }0__0_,0:),( ≠≥< yandxorxyx , where θ  is defined. Note, however, thatθ  



 - 29 - 

cannot be defined continuously on all of 02 −R . If df=ω  for some function RRf →− 0: 2
, then θ11 DfD =  

and θ22 DfD = , so tconsf tan+=θ , showing that such an f  cannot exist. 

Suppose that ∑ =
=

n

i

i
idx1

ωω  is a 1-form on
nR  andω  happens to equal ∑ =

⋅=
n

i i dxfDdf
1

1
. We 

can clearly assume that 0)0( =f . As in Problem 2-35, we have 


⌡

⌠
⋅=


⌡

⌠
⋅=


⌡
⌠=

∑

∑

=

=

1

0
1

1

0
1

1

0

)(

)(

)()(

dtxtx

dtxtxfD

dttxf
dt

d
xf

n

i

i
i

n

i

i
i

ω

. 

This suggests that in order to find f , givenω , we consider the function ωI , defined by 


⌡

⌠
⋅= ∑

=

1

0
1

)()( dtxtxxI
n

i

i
iωω . 

Note that the definition of ωI  makes sense ifω  is defined only on an open 

set
nRA⊂  with the property that whenever Ax∈ , the linesegment from 0 to x  is 

contained in A ; such an open set is called star-shaped with respect to 0 (Figure). A 

somewhat involved calculation shows that (on a star-shaped open set) we have 

)( ωω Id=  provided that ω  satisfies the necessary condition 0=ωd . The 

calculation, as well as the definition of ωI , may be generalized considerably: 

4-11 Theorem (Poincaré Lemma). If
nRA⊂  is an open set star-shaped with respect 

to 0, then every closed form on A  is exact. 

 

4.3 Geometric Preliminaries 

A singular n-cube in RA⊂  is a continuous function [ ] Ac
n →1,0:  (here [ ]n1,0  denotes the n-fold product 

[ ] [ ]1,01,0 ××L ). we let
0R  and [ ]01,0  both denote { }0 . A singular 0-cube in A  is then a function { } Af →0:  

or, what amounts to the same thing, a point in A . A singular 1-cube is often called a curve. A particularly simple, 

but particularly important example of a singular n-cube in
nR  is the standard n-cube [ ] nnn RI →1,0:  denoted by 

xI n =  for [ ]nx 1,0∈ . 

We shall need to consider formal sums of singular n-cubes in A  

multiplied by integers, that is, expressions like 

321 432 ccc −+ , 

where 321 ,, ccc  are singular n-cubes in A . Such a finite sum of singular n-cubes 

with integer coefficients is called an n-chain in A . In particular a singular 

n-cube c  is also considered as an n-chain c⋅1 . It is clear how n-chains can be 
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added, and multiplied by integers. For example 

43223141 622))(2()3(2 cccccccc +−−=++−++ . 

(A rigorous exposition of this formalism is presented in Problem 4-22.) 

For each singular n-chain c  in A  we shall define an (n-1)-chain in A  called the boundary of c  and 

denoted c∂ . The boundary of
2I , for example, might be defined as the sum 

of four singular 1-cubes arranged counterclockwise around the boundary of 

[ ]21,0 , as indicated in Figure(a). It is actually much more convenient to 

define
2I∂  as the sum, with the indicated coefficients, of the four singular 

1-cubes shown in Figure (b). The precise definition of 
nI∂  requires some 

preliminary notions. For each i  with ni ≤≤1  we define two singular 

(n-1)-cubes )0,(i
nI  and )1,(i

nI  as follows. If [ ] 1
1,0

−∈ n
x , then 

),,,,0,,,(

),,,0,,,()(

111

111
)0,(

−−

−−

=

=
nii

niin
i

n

xxxx

xxxxIxI

KK

KK
 

),,,1,,,(

),,,1,,,()(

111

111
)1,(

−−

−−

=

=
nii

niin
i

n

xxxx

xxxxIxI

KK

KK
 

We call )0,(i
nI  the )0,(i -face of 

nI  and )1,(i
nI  the )1,(i -face (Figure).  

We then define [boundary chain
nI∂  as] 

∑ ∑
= =

+−=∂
n

i

i
nin II

1 1,0

),()1(
α

α
α

. 

For a general singular n-cube [ ] Ac
n →1,0:  we first define the ),( αi -face, 

)( ),(),( αα i
n

i Icc o=  

and then define 

∑ ∑
= =

+−=∂
n

i

i
i cc

1 1,0

),()1(
α

α
α

. 

Finally we define the boundary of an n-chain∑ iica  by 

( ) ∑∑ ∂=∂ )( iiii caca . 

Although these few definitions suffice for all applications in this book, we include here the one standard property 

of ∂ . 
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4-12 Theorem. If c  is an n-chain in A , then 0)( =∂∂ c . Briefly, 02 =∂ . 

It is natural to ask whether Theorem 4-12 has a converse: If 0=∂c , is there a chain d  in A  such that 

dc ∂= ? The answer depends on A  and is generally "no." For example, define [ ] 01,0: 2 −→ Rc  by 

)2cos,2(sin)( ntnttc ππ= , where n  is a non-zero integer, Then )0()1( cc = , so 0=∂c . But (Problem 4-26) there 

is no 2-chain c′  in 02 −R , with cc =′∂ . 

 

*****

Examples 1. Standard p-cube2 

VR p ⊂ , [ ] [ ]pppp tttIRI 1,0,:)(,1,0: ∈=→  

Example 2. Closed disk 

[ ]2212121212 1,0),(),2sin(,2cos((:),( ∈= tttRttRtttcR ππ  

Example 3. Singular 2-cube 

[ ]( ) [ ]2212111121
, 1,0),(,))(())(())((),(:),( ∈−+= ttttlgtlftlgtlttc gf  

Example 4 .Modified ring area 

[ ]2121 1,0),(,))()(()(:),( ∈−+= trrtrtrtrtrρ  

))2sin(),(),2cos(),((:),( ttrttrtrc πρπρ=  

Example 5. Singular 3-cube 

[ ]3321313213213 1,0),,()),cos(),sin()2sin(),2sin()2cos((: =∈== tttttRtttRtttRtcR ππππ  

Example 6. Faces for p=1 

),,0(
2

)0,1( tI =  ),,1(
2

)1,1( tI =  ),0,(
2

)0,2( tI =  )1,(
2

)1,2( tI = , Rt∈  

Example 7. Boundary chain 

)0,0()()( )0,1(
2 =tcR , ))2sin(),2cos(()()( )1,1(

2
tRtRtcR ππ= , )0,()()( )0,2(

2
tRtcR = , )0,()()( )1,2(

2
tRtcR = , [ ]1,0∈t  

0
2 CCc RR −=∂ , )2sin,2cos(:)( tRtRtCR ππ= , )0,0(:)(0 =tC , [ ]1,0∈t  

***** 

 

4.4 The Fundamental Theorem of Calculus 

The fact that 02 =d  and 02 =∂ , not to mention the typographical similarity of d  and ∂ , suggests some 

connection between chains and forms. This connection is established by integrating forms over chains. Henceforth 

only differentiable singular n-cubes will be considered. 

If ω  is a k-form on [ ]k1,0 , then 
kdxfdx ∧∧= L

1ω  for a unique function f . We define 

[ ] [ ]
∫∫ =

kk

f

1,01,0

ω . 

We could also write this as 

                                                           
2
  2006, pp-275-281. 
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[ ] [ ]
∫∫ =∧∧

kk

kkk dxdxxxfdxfdx

1,0

11

1,0

1 ),,( LKL , 

one of the reasons for introducing the functions
ix . 

If ω  is a k-form on A  and c  is a singular k-cube in A , we define 

[ ]
∫∫ ∗=

k

c

c 1,0

ωω . 

Note, in particular, that 

[ ]

[ ]
.),,(

)()(

1,0

11

1,0

11

∫

∫∫

=

∧∧=∧∧ ∗

k

kk

kk

kk

I

k

dxdxxxf

dxfdxIdxfdx

LK

LL

 

A special definition must be made for 0=k . A 0-formω  is a function; if { } Ac →0:  is a singular 0-cube in A  we 

define 

))0((c

c

ωω =∫ . 

The integral of ω  over a k-chain ∑= iicac  is defined by 

∫∑∫ =
ic

i

c

a ωω . 

The integral of a 1-form over a 1-chain is often called a line integral. if QdyOdx +  is a 1-form on
2R  

and [ ] 21,0: Rc →  is a singular 1-cube (a curve), then one can (but we will not) prove that 

[ ] [ ] ))(()()())(()()(lim 1
22

1

1
11 i

ii

n

i

i
ii

c

tcQtctctcPtctcQdyPdx ⋅−+⋅−=+ −
=

−∑∫  

where ntt ,,0 K  is a partition of [ ]1,0 , the choice of
it  in [ ]ii tt ,1−  is arbitrary, and the limit is taken over all 

partitions as the maximum of 1−− ii tt  goes to 0. The right side is often taken as a definition of ∫ +
c

QdyPdx .  

This is a natural definition to make, since these sums are very much like sums appearing in the definition of ordinary 

integrals. However such an expression is almost impossible to work with and is quickly equated with an integral 

equivalent to [ ]∫ +∗
1,0

)( QdyPdxc . Analogous definitions for surface integrals, that is, integrals of 2-forms over 

singular 2-cubes, are even more complicated and difficult to use. This is one reason why we have avoided such an 

approach. The other reason is that the definition given here is the one that makes sense in the more general situations 

considered in Chapter 5. 

The relationship between forms, chains, d , and ∂  is summed up in the neatest possible way by Stokes' 

theorem, sometimes called the fundamental theorem of calculus in higher dimensions (if 1=k  and 
1Ic = , it 

really is the fundamental theorem of calculus). 

4-13 Theorem (Stokes’ Theorem). Ifω  is a (k-1)-form on an open set
nRA⊂  and c  is a k-chain in A , then 

 ∫∫
∂

=
ω

ωω
c

d . 
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 Stokes’ theorem shares three important attributes with many fully evolved major theorems: 

 1. It is trivial. 

 2. It is trivial because the terms appearing in it have been properly defined. 

 3. It has significant consequences. 

Since this entire chapter was little more than a series of definitions which made the statement and proof of 

Stokes' theorem possible, the reader should be willing to grant the first two of these attributes to Stokes' theorem. 

The rest of the book is devoted to justifying the third. 
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5. Integration on Manifolds 

5.1 Manifolds 

I fU  andV  are open sets in
nR , a differentiable function VUh →:  with a differentiable inverse UVh →− :1  

will be called a diffeomorphism. ("Differentiable" henceforth means “
∞C ”.) 

A subset M  of 
nR  is called a k-dimensional manifold (in 

nR ) if for every point Mx∈ the 

following condition is satisfied : 

(M) There is an open setU containing x , an open set nRV ⊂ , 

and a diffeomorphism VUh →:  such that 

{ }( ) { }0:0)( 1 ===∈=×∩=∩ + nkk yyVyRVMUh L . 

In other words, MU ∩  is, “up to diffeomorphism,” simply 

{ }0×kR  (see Figure). The two extreme cases of our definition 

should be noted: a point in
nR  is a 0-dimensional manifold, and 

an open subset of
nR  is an n-dimensional manifold. 

One common example of an n-dimensional manifold is 

the n-sphere
nS , as defined as{ }1:1 =∈ + xRx n

. We leave it as 

an exercise for the reader to prove that condition (M) is satisfied. 

If you are unwilling to trouble yourself with the details, you may 

instead use the following theorem, which provides many 

examples of manifolds (note that )0(1−= gSm
, where 

RRg n →+1:  is defined by 1)(
2
−= xxg ). 

5-1 Theorem. Let 
nRA⊂  be open and let 

pRAg →:  be a 

differentiable function such that )(xg′  has prank  whenever 

0)( =xg . Then )0(1−g  is an (n-p)-dimensional manifold in
nR . 

 There is an alternative characterization of manifolds which is very important. 

5-2 Theorem. A subsetM  of 
nR  is a k-dimensional manifold if and only if for each point Mx∈  the following 

“coordinate condition” is satisfied: 

(C) There is an open setU  containing x , an open set kRW ⊂ , and a 

1-1 differentiable function
nRWf →:  such that 

(1) UMWf ∩=)( , 

(2) )(yf ′  has krank for each Wy∈ , 

(3) WWff →− )(:1
 is continuous. 

(Such a function f  is called a coordinate system around .x  See 

Figure.) 

One consequence of the proof of Theorem 5-2 should be 

noted. If
nRWf →11 :  and

nRWf →22 :  are two coordinate systems, 

then 



 - 35 - 

kRWffff →−− ))((: 22
1

11
1

2 o  

is differentiable with non-singular Jacobian. In fact, 

)(12 yf −  consists of the first k  components of )(yh . 

The half-space
kk RH ⊂  is defined 

as { }0: ≥∈ kk xRx . A subset M  of
nR  is a 

k-dimensional manifold-with-boundary (Figure) if 

for every point Mx∈  either condition (M) or the 

following condition is satisfied:  

(M’) There is an open setU  containing x , an open 

set
nRV ⊂ , and a diffeomorphism VUh →:  such that 

{ } { }0__0:)0()( 1 ===≥∈=×∩=∩ + nkkk yyandyVyHVMUh L  

and )(xh  has kth component=0. 

It is important to note that condition (M) and (M’) cannot both hold for the same x . In fact, if 

111 : VUh →  and 222 : VUh →  satisfied (M) and (M’), respectively, then 
1

12
−

hh o  would be a differentiable 

map that takes an open set in
kR , containing )(xh , into a subset of

kH  which is not open in
kR . 

Since 0)det(
1

12 ≠′−
hh o , this contradicts Problem 2-36. The set of all points Mx∈  for which conditionM ′  is 

satisfied is called the boundary ofM  and denoted M∂ . This must not be confused with the boundary of a set, as 

defined in Chapter1 (see Problems 5-3 and5-8). 

 

5.2 Fields and Forms on Manifolds 

Let M  be a k-dimensional manifold in
nR  and let

nRWf →:  be a coordinate system around )(afx = . 

since )(af ′  has krank , the linear transformation x
n

a
k RRf →∗ :  is one-to-one, and )( a

kRf∗  is a 

k-dimensional subspace of x
nR . If 

nRVg →:  is another coordinate system, with )(bgx = , then 

)()()()( 1
a

k
b

k
b

k RfRgffRg ∗∗
−

∗∗ == o . 

Thus the k-dimensional subspace )( a
kRf∗  does not depend on the 

coordinate system f . This subspace is denoted xM , and is called the 

tangent space ofM  at x  (see Figure). In later sections we will use 

the fact that there is a natural inner product xT  on xM , introduced 

by that on x
nR : if xMwv ∈,  define 

xx wvwvT ,),( =  

Suppose that A  is an open set containingM , and F  

is a differentiable vector field on A  such that xMxF ∈)(  for 

each Mx∈ . If
nRQf →:  is a coordinate system, there is a unique 

(differentiable) vector fieldG  onW  such that ))(())(( afFaGf =∗  for each Wa∈ . We can also consider a 

function F  which merely assigns a vector xMxF ∈)(  for each Mx∈ ; such a function is called a vector field 

onM . There is still a unique vector fieldG  onW  such that ))(())(( afFaGf =∗  for Wa∈ ; we define F  to be 

differentiable ifG  is differentiable. Note that our definition does not depend on the coordinate system chosen: 

if
nRVg →:  and ))(())(( bgFbHg =∗  for all Vb∈ , then the component function of )(bH  must be equal the 
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component function of )))((( 1 bgfG −
, soH  is differentiable ifG  is. 

Precisely the same considerations hold for forms. A functionω  which assigns )()( x
p Mx Λω ∈  for 

each Mx∈  is called a p-form onM . If
nRWf →:  is a coordinate system, then ω∗f  is a p-form onW ; we 

defineω  to be differentiable if ω∗f  is. A p-formω  onM  ca be written as 

∑
<<

∧=
ipi

ipi
ipi dxdx

L

K L

1

1
,,1ωω . 

Here the functions ipi ,,1Kω  are defined only onM . The definitions of ωd  given previously would make no sense 

here, since )( ,,1 ipijD Kω  has no meaning. Nevertheless, there is a reasonable way of defining ωd . 

5-3 Theorem. There is a unique (p+1)-form ωd  onM  such that for every coordinate system
nRWf →:  we 

have 

)()( ωω ∗∗ = fddf . 

It is often necessary to choose an orientation xµ  for each tangent space xM  of a manifoldM . Such 

choices are called consistent (Figure) provided that for every coordinate 

system
nRWf →:  and Wba ∈,  the relation 

[ ] )(1 ))((,),)(( afaka efef µ=∗∗ K  

holds if and only if 

[ ] )(1 ))((,),)(( bfbkb efef µ=∗∗ K . 

Suppose orientation xµ  have been chosen consistently. 

If
nRWf →:  is a coordinate system such that 

[ ] )(1 ))((,),)(( afaka efef µ=∗∗ K  

for one, and hence for every Wa∈ , then f  is called orientation-preserving. If f  is not orientation-preserving 

and
kk RRT →:  is a linear transformation with 1det −=T , then Tf o  is orientation-preserving. Therefore there is 

an orientation-preserving coordinate system around each point. If f  and g  are orientation-preserving 

and )()( bgafx == , then the relation 

[ ] [ ]))((,),)(())((,),)(( 11 bkbxaka egegefef ∗∗∗∗ == KK µ  

implies that 

[ ] [ ]bkbaka eeefgefg )(,,)())(()(,),)(()( 1
1

1
1

KoKo =∗
−

∗
−

, 

so that 0)det( 1 >′− fg o , an important fact to remember. 

A manifold for which orientations xµ  can be chosen consistently is called orientable, and a particular 

choice of the xµ  is called an orientation µ  of M . 

A manifold together with an orientation µ  is called 

an oriented manifold. The classical example of a 

non-orientable manifold is the Möbius strip. A model 

can be made by gluing together the ends of a strip of 

paper which has been given a half twist (Figure).  

Our definitions of vector fields, forms, and 

orientations can be made for manifold-with-boundary 

and Mx ∂∈ , then xM )(∂  is a (k-1)-dimensional 
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subspace of the k-dimensional vector space xM . Thus there are exactly two unit vectors in xM  which are 

perpendicular to xM )(∂  ; they can be distinguished 

as follows (Figure). If 
nRWf →:  is a coordinate system 

with
kHW ⊂  and xf =)0( , then only one of these unit vectors 

is )( 0vf∗  for some 0v  with 0<kv . This unit vector is called the 

outward unit normal )(xn ; it is not hard to check that this 

definition does not depend on the coordinate system f . 

Suppose that µ  is an orientation of a k-dimensional 

manifold-with-boundary M . If Mx ∂∈ , choose 

xk Mvv )(,, 11 ∂∈−K  so that [ ] xkvvxn µ=−11 ,,),( K . If it is also 

true that [ ] xkwwxn µ=−11 ,,),( K , then both [ ]11 ,, −kvv K  

and [ ]11 ,, −kww K  are the same orientation for xM )(∂ . This 

orientation is denoted x)( µ∂ . It is easy to see that the 

orientation x)( µ∂ , for Mx ∂∈ , are consistent on M∂ . Thus ifM is 

orientable, M∂  is also orientable, and an orientation µ  forM  determines an orientation µ∂  for M∂ , called 

the induced orientation. If we apply these definitions to
kH  with the usual orientation, we find that the induced 

orientation on { }0:1 =∈=− kkk xHxR  is 
k)1(− times the usual orientation. The reason for such a choice will 

become clear in the next section. 

IfM  is an oriented (n-1)-dimensional manifold in
nR , a substitute for outward unit normal vectors ca be 

defined, even though M  is not necessarily the boundary of an n-dimensional manifold. If [ ] xnvv µ=−11 ,,K , we 

choose )(xn  in x
nR  so that )(xn  is a unit vector perpendicular to xM  and [ ]11 ,,),( −nvvxn K  is the usual 

orientation of x
nR . We still call )(xn  the outward unit normal toM  8denoted by µ ). The vectors )(xn  vary 

continuously onM , in an obvious sense. Conversely, if a continuous family of unit normal vectors )(xn is defined 

on all ofM , then we can determine an orientation ofM . This shows that such a continuous choice of normal 

vectors is impossible on the Möbius strip. In the paper model of the Möbius strip the two sides of the paper (which 

has thickness) may be thought of as the end points of the unit normal vectors in both directions. The impossibility of 

choosing normal vectors continuously is reflected by the famous property of the paper model. The paper model is 

one-sided (if you start to paint it on one side you end up painting it all over); in other words, choosing )(zn  

arbitrarily at one point, and then by the continuity requirement at other points, eventually forces the opposite choice 

for )(xn  at the initial point. 

 

5.3 Stokes’ Theorem on Manifold 

If ω  is a p-form on a k-dimensional manifold-with-boundaryM  and c  is a singular p-cube inM , we define 

[ ]
∫∫ ∗=

p

c

c 1,0

ωω  

precisely as before; integrals over p-chains are also defined as before. In the case kp =  it may happen that there is 

an open set [ ]kW 1,0⊃  and a coordinate system
nRWf →*  such that )()( xfxc =  for [ ]kx 1,0∈ ; a k-cube inM  

will always be understood to be of this type. IfM is oriented, the singular k-cube c is called orientation-preserving 
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if f is. 

5-4 Theorem. If [ ] Mcc
k →1,0:, 21  are two orientation preserving singular k-cubes in the oriented k-dimensional 

manifoldM  andω  is a k-form onM  such that 0=ω  outside of [ ]( ) [ ]( )kk
cc 1,01,0 21 ∩ , then 

∫∫ =
21 cc

ωω . 

The last equation in this proof should help explain why we have had to be so careful about orientations. 

Letω  be a k-form on an oriented k-dimensional manifoldM . If there is an orientation-preserving 

singular k-cube c  inM  such that 0=ω  outside of [ ]( )kc 1,0 , we define 

∫∫ =
cM

ωω . 

Theorem 5-4 shows ∫Mω  doe not depend on the choice of c . Suppose now thatω  is an arbitrary k-form onM . 

There is an open cover O  of M  such that for each OU ∈  there is an orientation-preserving singular 

k-cube c with [ ]( )kcU 1,0⊂ . LetΦ  be a partition of unity forM  subordinate to this cover. We define 

∑ ∫∫
∈

⋅=
Φϕ

ωϕω
MM

 

provided the sum converges as described in the discussion preceding Theorem 3-12 (this is certainly true ifM  is 

compact). An argument similar to that in Theorem 3-12 shows that ∫Mω  does not depend on the coverO  or onΦ . 

All our definitions could have been given for a k-dimensional manifold-with-boundary M with 

orientation µ . Let M∂  have the induced orientation µ∂ . Let c be an orientation-preserving k-cube inM such 

that )0,(kc lies in M∂  and is the only face which has any interior points in M∂ . As the remarks after the definition 

of µ∂ show, )0,(kc  is orientation-preserving if k is even, but not if k is odd. Thus, ifω is a (k - l)-form onM which 

is 0 outside of [ ]( )kc 1,0 , we have 

∫∫
∂

−=
M

k

c k

ωω )1(

)0,(

. 

On the other hand, )0,(kc  appears with coefficient 
k)1(−  in c∂ . 

Therefore 

∫∫∫∫
∂−∂

=−==
Mc

k

cc kk
k

ωωωω
)0,()0,(

)1(

)1(

. 

Our choice of µ∂  was made to eliminate any minus signs in this equation, and in the following theorem. 

5-5 Theorem (Stokes’ Theorem). IfM  is a compact oriented k-dimensional manifold-with-boundary andω  is a 

(k-1)-form onM , then 

∫∫
∂

=
MM

ωω . 

(Here M∂  is given the induced orientation.) 
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5.3 The Volume Element 

LetM  be a k-dimensional manifold (or manifold-with-boundary) in
nR , with an orientation µ . If Mx∈ , then xµ  

and the inner product xT  we defined previously determine a volume element )()( x
k Mx Λω ∈ . We therefore obtain 

a nowhere-zero k-formω  onM , which is called the volume element onM (determined by µ ) and denoted dV , 

even though it is not generally the differential of a (k -1)-form. The volume ofM  is defined as ∫MdV , provided 

this integral exists, which is certainly the case ifM  is compact. "Volume" is usually called length or surface area 

for one- and two-dimensional manifolds, and dV  is denoted ds (the "element of length") or dA  [or dS ] (the 

"element of [surface] area"). 

A concrete case of interest to us is the volume element of an oriented surface (two-dimensional 

manifold)M  in
3R . Let )(xn  be the unit outward normal at Mx∈ . If )(2 xMΛω∈  is defined by 
















=

)(

det),(

xn

w

v

wvω , 

then 1),( =wvω  if v  and w  are an orthonormal basis of xM  with [ ] xwv µ=, . Thus ω=dA . On the other 

hand, )(,),' xnwvwv ×=ω  by definition of wv× . Thus we have 

)(,),( xnwvwvdA ×= . 

Since wv×  is a multiple of )(xn  for xMwv ∈, , we conclude that 

wvwvdA ×=),(  

if [ ] xwv µ=, . If we wish to compute the area ofM , we must evaluate [ ]∫ ∗
2

1,0
)(dAc  for orientation-preserving 

singular 2-cubes c . Define 

[ ] [ ] [ ]23
1

22
1

21
1 )()()()( acDacDacDaE ++= , 

)()()()()()()( 3
2

3
1

2
2

2
1

1
2

1
1 acDacDacDacDacDacDaF ⋅+⋅+⋅= , 
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by Problem 4-9. Thus 

[ ] [ ]
∫∫ −=∗

22
1,0

2

1,0

)( FEGdAc . 

Calculating surface area is clearly a foolhardy enterprise; fortunately one seldom needs to know the area 

of a surface. Moreover, there is a simple expression for dA  which suffices for theoretical considerations. 

5-6 Theorem. Let M  be an oriented two-dimensional manifold (or manifold-with-boundary) in
3R  and let n  be 
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the unit outward normal. Then 

(1)  dydxndxdzndzdyndA ∧+∧+∧= 321
. 

Moreover, onM  we have 

(2)  dzdydAn ∧=1
. 

(3)  dxdzdAn ∧=2
. 

(4)  dydxdAn ∧=3
. 

A word of caution: if )( 32
aRΛω∈  is defined by 

)()()()()()()()()( 321 adyadxanadxadzanadzadyan ∧⋅+∧⋅+∧⋅=ω , 

it is not true, for example, that 

)()()(1 adzadyan ∧=⋅ω . 

The two sides give the same result only when applied to 

aMwv ∈, . 

A few remarks should be made to justify the definition of 

length and surface area we have given. If [ ] nRc →1,0:  is 

differentiable and [ ])1,0(c  is a one-dimensional 

manifold-with-boundary, it can be shown, but the proof is messy, 

that the length of [ ])1,0(c  is indeed the least upper bound of the 

lengths of inscribed broken lines. If [ ] nRc →2
1,0: , one naturally 

hopes that the area of [ ] )1,0(
2

c  will be the least upper bound of 

the areas of surfaces made up of triangles whose vertices lie in 

[ ] )1,0(
2

c . Amazingly enough, such a least upper bound is usually 

nonexistent - one can find inscribed polygonal surfaces arbitrarily 

close to [ ] )1,0(
2

c  with arbitrarily large area! This is indicated for 

a cylinder in Figure. Many definitions of surface area have been 

proposed, disagreeing with each other, but all agreeing with our 

definition for differentiable surfaces. For a discussion of these 

difficult questions the reader is referred to References [3] or [15]. 

 

5.4 Classical Theorems 

We have now prepared all the rnachinery necessary to state and prove the classical "Stokes' type" of theorems. We 

will indulge in a little bit of self-explanatory classical notation. 

5-7 Theorem (Green’s Theorem). Let
2RM ⊂  be a compact two-dimensional manifold-with-boundary. Suppose 

that RM →:,βα  are differentiable. Then 

dxdy
yx

dydxDDdydx

M

MM

∫∫

∫∫









∂
∂

−
∂
∂

=

∧−=+
∂

αβ

αββα )( 21

. 

(HereM  is given the usual orientation, and M∂  the induced orientation, also known as the counterclockwise 
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orientation.) 

5-8 Theorem (Divergence Theorem). Let
3RM ⊂ be a compact three-dimensional manifold-with-boundary and n  

the unit outward normal on M∂ . Let F  be a differentiable vector field onM . Then 

∫∫
∂

=
MM

dAnFdivFdV , . 

This equation is also written in terms of three differentiable functions RM →:,, γβα : 

∫∫∫∫∫
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++=

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



∂
∂

+
∂
∂

+
∂
∂

MM

dSnnndV
xxx

)( 321 γβαααα
. 

5-9 Theorem (Stokes' Theorem). Let 
3RM ⊂  be a compact oriented two-dimensional manifold-with-boundary 

and n  the unit outward normal onM  determined by the orientation ofM . Let M∂ have the induced orientation. 

Let T  be the vector field on M∂ with 1)( =Tds  and let F be a differentiable vector field in an open set 

containingM . Then 

∫∫
∂

=×∇
MM

dsTFdAnF ,),( . 

This equation is sometimes written 
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. 

Theorems 5-8 and 5-9 are the basis for the names divF  and curlF . If )(xF  is the velocity vector of a 

fluid at x   (at some time) then ∫∂M dAnF ,  is the amount of fluid “diverging” fromM . Consequently the 

condition 0=divF  expresses the fact that the fluid is incompressible. IfM  is a disc, then ∫∂M dsnF ,  measures 

the amount that the fluid curls around the center of the disc. If this is zero for all discs, then 0=×∇ F , and the 

fluid is called irrotational. 

These interpretations of divF and curlF  are due to Maxwell [13]. Maxwell actually worked with the 

negative of divF , which he accordingly called the convergence. For F×∇  Maxwell proposed "with great 

diffidence" the terminology rotation of F ; this unfortunate term suggested the abbreviation rotF  which one 

occasionally still sees. 

The classical theorems of this section are usually stated in somewhat greater generality than they are here. 

For example, Green's Theorem is true for a square, and the Divergence Theorem is true for a cube. These two 

particular facts can be proved by approximating the square or cube by manifolds-with-boundary. A thorough 

generalization of the theorems of this section requires the concept of manifolds-with-corners; these are subsets 

of
nR  which are, up to diffeomorphism, locally a portion of 

kR  which is bounded by pieces of (k -1)-planes. The 

ambitious reader will find it a challenging exercise to define manifolds-with-corners rigorously and to investigate 

how the results of this entire chapter may be generalized. 



 - 42 - 

Bibliography 

l. Ahlfors, Complex Analysis, McGraw-Hill, New York, 1953. 

2. Auslander and MacKenzie, Introduction to Differentiable Manifolds, McGraw-Hill, New York, 1963. 

3. Cesari, Surface Area, Princeton University Press, Princeton, New Jersey, 1956. 

4. Courant, Differential and Integral Calculus, Volume II, Interscience, New York, 1937. 

5. Dieudonné, Foundations of Modem Analysis, Academic Press, New York, 1960. 

6. Fort, Topology of 3-Manifolds, Prentice-Hall, Englewood Cliffs, New Jersey, 1962. 

7. Gauss, Zur mathematischen Theorie der electrodynamischen Wirkungen, (4) (Nachlass) Werke V, 605. 

8. Helgason, Differential Geometry and Symmetric Spaces, Academic Press, New York, 1962. 

9. Hilton and Wylie, Homology Theory, Cambridge University Press, New York, 1960. 

10. Hu, Homotopy Theory, Academic Press, New York, 1959. 

11. Kelley, General Topology, Van Nostrand, Princeton, New Jersey, 1955. 

12. Kobayashi and Nomizu, Foundations of Differential Geometry, Interscience, New York, 1963. 

13. Maxwell, Electricity and Magnetism, Dover, New York, 1954. 

14. Natanson, Theory of Functions of a Real Variable, Frederick Ungar, New York, 1955. 

15. Radó, Length and Area, Volume XXX, American Mathematical Society, Colloquium Publications, New York, 

1948. 

16. de Rham, Variétés Differentiables, Hermann, Paris, 1955. 

17. Sternberg, Lectures on Differential Geometry, Prentice-Hall, Englewood Cliffs, New Jersey, 1964. 

 


