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§1. Introduction and Summary. 

When a body moves through air at a uniform speed greater than that of 

sound, a shock wave is formed which remains fixed relative to the body. This 

wave is situated on a surface where a very abrupt change in density and velocity 

occurs. It can be seen as a sharp line in photographs of bullets in flight. In front 

of this surface the air is stationary, behind it there is a continuous field of fluid 

flow which may contain further shock waves. The nature of these shock waves 

is well known and the equations which govern their propagation were first 

obtained by Rankine.
1
 The work of Rankine, however, seems to have escaped 

the notice of subsequent writers and it was not till some years later that they 

were rediscovered by Hugoniot
2
 to whom they are usually attributed. Rankine's 

equations give the relationship between the conditions in front and behind a 

plane shock wave. They connect the ratio of the density in front and behind the 

wave with the components of velocity normal to the wave. They have been 

applied by Meyer
3
 to find the flow in the neighbourhood of an inclined plane or 

wedge moving at high speeds. 

Meyer begins with a plane shock wave reduced to rest by giving the whole 

field a suitable velocity perpendicular to its plane. He then gives the whole field 

a velocity parallel to the wave front. The system is then a steady one, the shock 

wave remaining at rest, but the direction of motion of the air, which is now 

oblique to the wave, suffers an abrupt change at the wave front. By combining 

two such shock waves intersecting at a point, but not continuing beyond the 

intersection, a system can be devised in which all the air on one side of the pair 

of waves is moving with a uniform velocity. The air which passes through one 

wave is deflected, say, upwards, while that which passes through the other is 

deflected downwards. This system can evidently be bounded by a solid wedge, 

the faces of which are parallel to the two parts of the deflected air stream. 

Meyer exhibited this solution of the flow near a wedge moving at high speed 

by means of a series of curves showing the relationships between the pressure, 

speeds and angle of the wedge. His equations were reproduced by Ackeret
4
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who added a photograph of the flow in the neighbourhood of a wedge showing 

that Meyer's regime does in fact occur. The solution has certain limitations 

which are obvious from an inspection of Meyer's curves. These limitations have 

been treated independently and in greater detail by Bourquard.
5
 

When the wedge is replaced by a cone no solution exactly similar to Meyer's 

can be obtained, because after passing obliquely through a conical shock wave 

the air cannot continue to flow in the direction into which it was first deflected. 

The pressure behind the shock wave, therefore, cannot be uniform, as it is in the 

case of the wedge. On the other hand, it turns out that an irrotational solution 

of the flow in the neighbourhood of a solid cone can be found such that the 

pressure, velocity and density of the stream is constant over coaxial cones 

passing through the same vertex. 

If a conical shock wave is capable of changing the air from a state of 

uniform motion parallel to the axis of the cone to a condition which satisfies the 

irrotational solution mentioned above, then the system so constructed is a 

possible solution of the problem of flow at high speeds past a cone. That such 

solutions can be found has been suggested by Busemann,
6
 who gave a graphical 

method for obtaining them. In his very short note on the subject no details or 

results are given so that we cannot make a comparison between his work and 

ours. It is clear, however, that his graphical method is capable of doing what he 

claims for it, though we have been unable to find any account of further 

developments on those lines. 

In the present paper it is shown that under certain conditions the conical 

regime is possible and the complete solution is worked out by numerical 

integration, for three cones of semi-vertical angles 10°, 20° and 30°. 

The calculated pressures at the surface of the cone are compared with 

observations of pressure made in a high speed wind channel and excellent 

agreement is found. In one case, that of the 60° cone (i.e., 30° semi-vertical 

angle), further comparisons are made with photographs of bullets in flight, and 

it is found that the limitation indicated by mathematical analysis that in this 

case the conical regime is possible only when the speed is greater than 1.46a, a 

being the speed of sound, corresponds with the condition observed in bullet 

photographs that at speeds less than 1.46a the shock wave leaves the conical 

nose of the bullet and remains detached a short distance ahead of it. At speeds 

higher than 1.46a the measured semi-vertical angle of the conical shock wave is 

in perfect agreement with that predicted by theory. 
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As might be expected, the shock wave remains in contact with the point of 

the cone at lower speeds than it does with the leading edge of a wedge of the 

same angle. 

After a greater part of this work was complete a note by Bourquard
7
 

appeared in the ‘Comptes Rendus’ from which it is clear that he is working on 

similar lines, but as no details are yet available we have not been able to 

compare our results with his. 

On the other hand, we have been able to compare our complete solution with 

an approximate one applicable to any thin spindle-shaped body (including the 

cone of small vertical angle) which has recently been given by v. Karman and 

Moore.
8
 Good agreement within a limited range is found in the case of the 20° 

cone, i.e., the cone with a semi-vertical angle of 10°. Considerable divergence is 

found in the case of the 40° cone and as might be expected there is still greater 

divergence in the case of the 60° cone. It was the knowledge that Professor v. 

Karman was working on these lines that led us, a year ago, to develop the 

complete solution for the cone, with a view to finding how far such 

approximations can be applied to cases where the disturbance is not very small. 

 

§2. Hydrodynamical Equations. 

List of Symbols.-The notation adopted is shown in fig. 1. r, θ  are polar 

co-ordinates, 0=θ  being the axis of a solid cone whose vertical angle is sθ2 . 

wθ  is the semi-vertical angle of a conical shock wave. 

(u, v) are the radial and tangential components of velocity, and q is the 

velocity of the stream, to that 222 vuq += . 

U is the velocity of the undisturbed stream, approaching the cone, or in the 

case of a conical headed projectile the velocity of the projectile. 

( su , 0) are the components of velocity at the surface of the solid cone. 

p, ρ  are the pressure and density of air at any point behind the shock 

wave. 

11 , ρp , a are the pressure, density and velocity of sound in the undisturbed 

stream. 

γ  is the ratio of the specific heats so that 
1

12

ρ
γp

a = . The value 405.1=γ  

is used throughout the calculations. 

sspp ρρ ,,, 22  are the pressure and density immediately behind the shock 

wave and at the surface of the cone. 
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00 , ρp  are the pressure and density of air at rest in a reservoir, which could 

attain the condition 11 , ρp , U by flowing in a steady stream under adiabatic 

conditions. Evidently 
γγ ρρ −− = 1100 pp . 

33 , ρp  are the pressure and density of air at rest corresponding with the 

conditions behind the shock wave, so that 
γγ ρρ −− = 2233 pp . 

cc ,1  are the velocities at which air at rest in the states ( 0p , 0ρ ) and ( 3p , 

3ρ ) would flow into a vacuum under adiabatic conditions. 

a* is the local speed of sound at any point behind the shock wave. The local 

speed of sound is the speed at which sound waves would be propagated through 

air in the condition (p, ρ ); it is not the speed at which sound would be 

propagated relative to the cone. 

α  is the angle between the normal to the shock wave and the streamlines in 

front of it. These are parallel to the axis of the cone so that απθ −= 2/w . 

β  is the angle between the normal to the shock wave and the streamlines 

immediately behind the shock wave. 

φ  is the angle between the streamline at any point and the radius vector 

from the point of the cone. 

The following symbols are used in conformity with Meyer and Ackeret's 

notation in order to reduce the formulae to non-dimensional forms:- 









=

=

=

03

01

02

/

/

/

ppz

ppy

ppx

. 

Irrotational Motion.-A solution of the equations of fluid flow near a solid 

cone will be sought in which all the variables, such as pressure, density and 

velocity, are functions of θ  only. In this case the flow must be irrotational 

and the condition for irrotational flow is 
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where c is the velocity which the gas would attain if allowed to flow in steady 

motion into a vacuum and 3p , 3ρ  are the pressure and density at points 

where the velocity is zero. 

Differentiating (4) with respect to θ  and substituting 
θd
du
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and substituting for 1−γρ  from (4), (6) becomes 
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This equation may be re-arranged into the more convenient form 
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This equation determines the motion when any initial values of u, v and θ  

are given. 

To determine the pressure at any point when the solution of (8) is known (4) 

may be used. This may be written in the form 
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The pressure, velocity and direction of motion of the flow behind the shock 

wave are given by (8) and (9). 

In front of the shock wave the velocity is uniform and equal to U while the 

pressure is 1p  so that the pressure equation equivalent to (9) applicable to that 

region is 
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where y is written for 
0

1

p

p
, and 0p  is the pressure in a reservoir from which 

air could flow with velocity U, pressure 1p  and density 1ρ . 1c  is the 

velocity at which gas at pressure 0p  and density 0ρ  discharges into a 

vacuum. 

It is more usual to express velocities in terms of a, the velocity of sound in 

the undisturbed air. To find 
a

c1 , equation (4) may be applied to the region in 

front of the shock wave, thus 
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Substituting this expression in (10A), 
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§3. Numerical Integration of Equation (8). 

It is hardly to be expected that solutions of (8) could be found in finite terms, 

but on the other hand (8) is in a form suitable for numerical calculation. At the 

solid surface sθθ =  and 0==
θd
du

v  so that the initial value of 
2

2

θd

ud
 can be 

found. It is equal to su2− .
9
 If δθ  is a small increment in θ , the value of 

θd
du

 at δθθθ += s  is δθ⋅− su2  and the value of 
c

u
 is 

22

2

1
δθ⋅








−+
c

u

c

u ss . 

These values of 
c

u
 and 

θd
du

c

1
 may now be inserted in (8) to find the value 

of 
2

21

θd

ud

c
 at δθθθ += s , and this value may again be used to find the values 

of 
c

u
 and 

θd
du

c

1
 at δθθθ 2+= s . This method of step-by-step calculation 

will give the solution of (8) when any given initial values of 
c

us  and sθ , are 

chosen. 

The accuracy of the method will depend on the magnitude of δθ . In some 

cases sufficient accuracy can be obtained by taking steps of three degrees, while 

in others smaller intervals must be taken. In some cases it was necessary to 

proceed by steps as small as 0.5°. The accuracy of the method in any given case 

may be judged by repeating the process using steps only half as great as those 

first taken. If there is no change in the results to the order of accuracy required, 

the steps may be considered as so small that no further diminution in δθ  

would produce any appreciable change in the result. 

To illustrate the method, the complete calculation is given in Table I, for one 

case, namely, that of a 60° cone ( °= 30sθ ) when 35.0=
c

us . 

In this case it was found that the interval °= 3δθ  was small enough to give 

the required accuracy. The calculation is carried from °= 30θ  to °= 69θ  and 

the variations in u/c, v/c with θ  are shown in the curves marked 35.0=
c

us  in 

fig. 2. It will be seen that as θ  increases u/c and v/c decrease. The values of 
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3/ pp  derived from (9) are given in Table I and are shown in fig. 2. 

The method described above was applied to three cones whose vertical 

angles are 60°, 40° and 20° (so that °°°= 10,20,30sθ ). In each case a range of 

values of cus /  was chosen so as to cover the whole range in which results of 

interest might be expected. The actual values taken for cus /  are shown in the 

top row of each section of Table II while the interval δθ  used in the 

step-by-step integration is given in the second row. 

It seems unnecessary to give in tabular form the details of the solutions 

obtained. They are set forth, however, in graphical form in figs. 2, 3 and 4 

where the variations of u/c, v/c and 3/ pp  with θ  are shown for each 
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cone, for some, but not all, of the values of cus /  for which the solutions were 

obtained. 

 

§4. Shock Wave Equations. 

Meyer's equations governing the conditions on either side of an oblique 

shock wave are (Ackeret, loc. cit., p. 330) 
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where βα , , x, y, γ  have the meanings explained in the list of symbols and 

illustrated in fig. 1. 

Our present purpose is to use these equations to find out whether a shock 

wave is capable of changing the uniform stream at pressure 1p  moving 

parallel to the axis with velocity U into a stream at pressure 2p  moving at 

angle φθ +  to the axis. For this purpose evidently we must take 

  02/ =−απ  and φθαβ +=− .  (13) 

These conditions, however, do not suffice to connect the motion at the two sides 

of the shock wave. The pressure 3/ pp  given by (9) must be equal to 32 / pp . 

But 
z

x

p

p

p

p

p

p
==

3

0

0

2

3

2  so that the pressure condition is 

   
z

x

p

p
=

3

.    (14) 

The method adopted for finding the conditions under which (13) and (14) 

can be satisfied simultaneously was to find for each value of θ  and φθ +  in 

the step-by-step calculation the values of x, y and z in the shock wave equations 

which correspond with values of α  and αβ −  given by (13). The values of 

3/ pp  obtained in the step-by-step calculation and of x/z were then plotted on a 

diagram for each value of θ  and the point where the two curves cross gives the 

angle wθ  at which the shock wave can exist so that the required conditions are 

satisfied. An example of this kind of diagram is shown in fig. 5. 
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In his presentation of the shock wave equations, Meyer calculated the values 

of α  and β  from (11) and (12) for a limited number of values of x and y. He 

then plotted on an x, y diagram three sets of interpolated curves showing the 

values of x and y for a limited number of values of α , β  and αβ − , 

respectively. To find x and y for given values of α  and αβ −  two of these 

diagrams would have to be superimposed and the co-ordinates of the 

intersections of the corresponding contours read. This method turns out to 

involve considerable difficulties in interpolation; accordingly, two new sets of 

curves were plotted with α  and αβ −  as rectangular co-ordinates. One of 

these, fig. 6, gives the value of x corresponding with any given values of α  

and αβ − , the other, fig. 7, gives the value of y.
10

 Most of the values of x and 

                                                           
10
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β tan
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y in Table II were found in this way, though in some cases when the points 

occurred near the limits of the diagram direct calculation was used, (11) and 

(12) being solved as simultaneous equations in x and y for appropriate values of 

α  and αβ − . 

Meyer's equations do not give z directly. This can be obtained by 

constructing the equation for β  which is analogous to the expression (11) 

giving α  in terms of y and x/y. For this purpose it is merely necessary to 

substitute in (11) β  for α , y/x for x/y, and z/x for l/ y.
11

 

The resulting equation can be re-arranged into the form 
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After the tables for α  and β , from which figs. 6 and 7 were prepared, 

had been made they were used in conjunction with (15) to construct a table 

giving z in terms of x and y. The diagram of fig. 8 shows how z varies with. x for 

constant values of y. 

 

It will be noticed that this diagram is contained within 

a certain bounding curve which corresponds with 

0== βα . The x and z co-ordinates of this curve were 

calculated separately for various values of y so as to 

check the calculations. The formulae used for this 
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The values of x and y derived from figs. 6 and 7 and 

entered in Table I were used in conjunction with fig. 8 to 

find the values of z given near the foot of the table. The 

values of x/z found in this way are plotted in fig. 5 as a 

function of θ . 
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The position of the shock wave is determined by the intersection of the 

curves for x/z and 3/ pp . In the particular case °= 30sθ , 35.0/ =cus  which 

is shown in fig. 5 the intersection occurs at °= 3.63θ , and this value is entered 

as wθ  in Table II. 

The same process was repeated for each of the other initial conditions, and 

the results set forth in Table II. 

 

Graphical Representation of Solutions.-To gain a clearer 

understanding of the manner in which the various physical 

quantities occurring in the solution depend on the speed and 

vertical angle of the cones, the values of x, y and z have been 

plotted as functions of cus /  for each of the cones. The 

resulting curves are shown in figs. 9, 10 and 11. 

In the limiting case of a cone of very small vertical angle, 

i.e., when 0→sθ  the disturbance is very small so that 

suU = , x = y, 1cc =  and z = 1. The relation (10A) thus 

becomes 
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The limiting curves for 0=sθ  are plotted in figs. 9 and 10 by 

means of equation (16). 
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§5. Reduction of Results to Familiar Forms. 

It remains to reduce the results summarised in Table II to a form convenient 

for comparison with observation. The velocity of the undisturbed stream 

(corresponding with the speed of a bullet when considered relative to still air) is 

found by inserting the value of y given in Table II in equation (10B). The values 

of U/a so found are also given in Table II. 

The pressure at any point is derivable from the values for 3/ pp  given by 

(9). In this form, however, it is not available for comparison with experimental 

results which are usually given in the form 
2

1

1

U

pp

ρ

−
. This is connected with 

3/ pp  by means of the formula 

  
2

2

3
2

1

1 1
U

a

yp

pz

U

pp

γρ
⋅








−=

−
.   (17) 

The physical quantity which can most easily be measured is sp  the 

pressure at the surface of the cone. The calculated values of 
2

1

1

U

pps

ρ

−
 are 

given in Table II and are shown as functions of U/a in fig. 12. 

Another physical quantity that can be measured is wθ . This is the angle 

which the shock wave makes with the axis of a pointed bullet at its point. It can 

be measured in a bullet photograph which shows the wave of compression. wθ  

has, therefore, been plotted in fig. 13 as a function of U/a for each of the three 

cones. 
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The limiting value of wθ  when 0→sθ  is evidently the Mach angle 

U

a1
sin

−
, so that the equation to the limiting curve for 0=sθ  is w

a

U
θcosec= . 

This is plotted as a broken line in fig. 13. 

A point which seems worth noticing in connection with these solutions is 

that in some of them the speed of flow behind the shock wave is everywhere 

lower than the local speed of sound. In some it is everywhere higher. In the 

remaining cases the speed of flow is greater than that of sound immediately 

behind the shock wave, but it decreases till at the surface of the cone it is less 

than that of sound. In these cases the speed of flow is equal to the local speed of 

sound at some value aθ  which is intermediate between wθ  and sθ . The 

various cases are distinguished in Table II and the values of aθ  are given when 

this symbol has a physical meaning. 

The ratio of the speed to the local speed of sound is a function of 3/ pp  

only. If q represents the speed while a* is the local speed of sound at a point 

where the velocity is q 

  

















−








−
=








−

1
1

2

*

1

3

2
γ

γ

γ p

p

a

q
,   (18) 

so that q =a* when 
2

1

1

3 +
=








−

γγ
γ

p

p
. Under these conditions 

  41.0
1

1
=

+
−

=
γ
γ

c

q
.    (19) 
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Since the minimum velocity occurs at the surface of the solid cone this implies 

that if 41.0/ >cus  the speed is everywhere greater than that of sound. In the 

case of the 60° cone (it can be seen in fig. 10) 41.0/ =cus  corresponds with 

U/a = 1.66. 

When the speed of flow exceeds the local speed of sound stationary wavelets 

can exist at angle 
q

a
M

*
sin

1−=  to the stream lines. This angle which might be 

called the "local Mach angle" has been calculated in some cases for which the 

streamlines have been drawn, and the actual forms which stationary wavelets 

would assume have been drawn as dotted lines in fig. 14. In the case of the 60° 

cone it is only when U/a > 1.66 that the region for which q > a* extends to the 

surface, so that it is only when U/a > 1.66 that stationary wavelets are likely to 

be produced by irregularities on the surface of the solid cone. 

 

Streamlines.-To trace the streamlines the angle 
u

v1
tan

−=φ  is found for each 

value of θ  and the direction of the element of streamline between θ  and 

δθθ +  is traced. Beginning at some point on the shock wave the streamline is 

traced till it becomes so nearly parallel to the cone that it runs out of the portion 

of the field under consideration. Streamlines traced in this way are shown in fig. 

14. 

 

§6. Limitations to the Application of the Solutions. 

The curves of fig. 12 which give the variations of 
2

1

1

U

pps

ρ

−
- with U/a reveal 

a remarkable limitation to the applicability of the conical solution. As U/a 

decreases from large values, 
2

1

1

U

pps

ρ

−
 gradually rises till at some critical value, 

namely, U/a = 1.46 for the 60° cone, 1.18 for the 40° cone and 1.035 for the 20° 

cone, a minimum possible value of U/a is reached. At speeds lower than this 

critical speed the conical regime cannot exist. If U/a is determined as it is in the 

case of a projectile with a conical head, moving at a given speed (greater than 

the critical speed), there are two mathematically possible regimes, one 

corresponding with the lower part of the curve of fig. 12 and one corresponding 

with the upper part. It seems unlikely that the second regime corresponding with 

the higher surface pressure would be realised under experimental conditions in 

front of a cylindrical body with a simple conical head. 

The nature of regimes which could exist near the conical nose of a projectile 
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moving at less than the critical speed into still air is discussed later in 

connection with photographs of bullets. 
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Reader’s exercise. 

A. Drawing Figure 7. 

Drawing Figure 7 is rather simple. This essentially a graph of α  vs. β  

with a parameter y (eliminating x). 

( )[ ] )1(
1/14

)/)(1()1(
cos

/)1(

2 −












−

++−
=

−
γ

γ

γγ
α

γγ
y

yx
,   (11) 

 α
γγ
γγ

β tan
)1()1(

)1()1(
tan

yx

xy

++−
++−

= ,   (12) 

From Eq. (12) we have 

  
αγβγ
βγαγ

tan)1(tan)1(

tan)1(tan)1(

+−−

+−−
=

y

x
.  (A1) 

Eq. (11) has an x/y term. So we use this relation. We solve Eq. (11) for x 

  
y

xy
)1()1(cos

1

]1)/1[(4 2
/)1(

++−=
−

−−

γγα
γ

γ γγ

 (A2) 

  
1

)1(cos
1

]1)/1[(4 2
/)1(

+











−−
−

−
=

−

γ
γα

γ
γ γγ yy

x . (A3) 

Substituting (A3) into Eq. (12) we have α  vs. β  relation with a 

parameter y. The graph is as follows. 
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For each y there is a maximum for x. This is shown in the following figure. 
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B. Drawing Figure 6. 

Figure 6 is a graph of α  vs. β  with a parameter x. We need to eliminate 

y in the process. In eliminating y we need some iteration to solve y. 

Eq. (A2) is 

y

xy
)1()1(cos

1

]1)/1[(4 2
/)1(

++−=
−

−−

γγα
γ

γ γγ

.  (A2) 

We put Y = 1/y and rearrange (A2) as follows. 

 )1(cos
1

4
)1(cos

1

4
)(

2/)1(2 −−
−

−+−
−

= − γα
γ

γ
γα

γ
γ γγ

xYYYF . 

To get Y for F(Y) = 0 we use Newton method. That is 

 
i

i
ii
F

F
YY

'
1 −=+ , 

where 

 xYYF )1(cos4)(' /12 +−= − γα γ . 

A few times of iteration gives a solution of Y with a good accuracy. 

In giving an initial value of Y we have to take care of the fact that in a certain 

range of x there are two solutions of F(Y)=0. This is shown as follows. 
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The final graph for α  vs. β  with a parameter x is as follows. 
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C. Overlapping plot of Figures 6 and 7. 

The overlapping plot of these figures is as follows. 
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D. Getting the values of x, y and z. 

The exact values of x and y are obtained by the iteration procedure of solving 

Eq. (11) and (12). An example of the iteration is as follows. 

(1) Assume a proper value of y. 

(2) Get x from Eq. (A3). 

 
1

)1(cos
1

]1)/1[(4 2
/)1(

+











−−
−

−
=

−

γ
γα

γ
γ γγ yy

x .  (A3) 

(3) Get y from Eq. (A1) or 

 xy
βγαγ
αγβγ

tan)1(tan)1(

tan)1(tan)1(

+−−

+−−
= . 

(4) Return to step (2) to get x and repeat the procedure. 

(5) Continue a few steps to get the solution of enough accuracy. 

The value of z is given by Eq. (15) or 

 

)1/(

2
)1()1(

cos

1

4

1
1

−


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
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
++−

−
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γγ

γγ
αγ

γ
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y
xz . 


