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CHAPTER I 

RIEMANNIAN MANIFOLDS 

In this chapter, we have given a brief survey of Riemannian geometry. 

In §1, we give the basic definitions and formulas on differentiable 

manifolds. §2 is devoted to the study of connections and covariant 

differentiation on manifolds. We introduce the torsion tensor field and 

the curvature tensor field and derive the structure equation of Cartan. 

Moreover, we define the Riemannian connection on a manifold. In §3, 

we define the sectional curvature of a Riemannian manifold and give 

examples of space forms, that is, Riemannian manifolds of constant 

curvature. In §4, we discuss transformations on a Riemannian manifold 

and give some integral formulas (cf. Yano [6]). In the last §5, we prepare 

some results of fibre bundles for later use. 

In §§1, 2 and 3 we followed Chapter I of Helgason [1] and 

Kobayashi-Nomizu [1]. In §5, we followed fairly closely Kobayashi- 

Nomizu [1]. We also refer to Matsushima [1]. 

 

1. MANIFOLDS AND TENSOR FIELDS 

Let M be a topological space. We assume that M satisfies the 

Hausdorff separation axiom which states that any two different points in 

M can be separated by disjoint open sets. An open chart on M is a pair 

),( φU  where U is an open subset of M and φ  is a homeomorphism of 

U onto an open subset of nR , where nR  is an n-dimensional Euclidean 

space. 

Definition. Let M be a Hausdorff space. A differentiable structure on M 

of dimension n is a collection of open charts Λφ ∈iiiU ),(  on M where 

)( ii Uφ  is an open subset of nR  such that the following conditions are 

satisfied: 

(a) i
i

UM
Λ∈
∪= ; 

(b) For each pair Λ∈ji,  the mapping 
1−⋅ ij φφ  is a differentiable 

mapping of )( jii UU ∩φ  onto )( jij UU ∩φ ; 

(c) The collection Λφ ∈iiiU ),(  is a maximal family of open charts for 

which (a) and (b) hold. 

 

A differentiable manifold (or ∞C -manifold or simply manifold) of 

dimension n is a Hausdorff space with differentiable structure of 
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dimension n. If M is a manifold, a local coordinate system on M (or a 

local chart on M) is by definition a pair ),( iiU φ . If p is a point in iU  

and ))(,),(()( 1 pxpxp n
i K=φ , the set iU  is called a coordinate 

neighborhood of p and the numbers )(px j  are called local coordinates 

of p. The mapping ))(,),((: 1 qxqxq n
i K→φ , iUq∈ , is often denoted 

by },,{ 1 nxx K . 

We notice that the condition (c) is not essential in the definition of a 

manifold. In fact, if only (a) and (b) are satisfied, the family Λφ ∈iiiU ),(  

can be extended in a unique way to a larger family of open charts such 

that (a), (b) and (c) are all fulfilled. This is easily seen by defining the 

larger family as the set of all open charts ),( φV  on M satisfying: (i) 

)(Vφ  is an open set in nR , (ii) for each Λ∈i , 1−⋅φφi  is a 

diffeomorphism of )( iUV ∩φ  onto )( ii UV ∩φ . 

An analytic structure of dimension n is defined in a similar fashion. 

In (b) we just replace "differentiable" by "analytic". In this case M is 

called an analytic manifold. 

In order to define a complex manifold of (complex) dimension n we 

replace nR  in the definition of differentiable manifold by n-dimensional 

complex number space nC . The condition (b) is replaced by the 

condition that the n coordinates of )(
1

pij
−⋅φφ  should be holomorphic 

functions of the coordinates of p. 

Given two manifolds M and M', a mapping ': MMf →  is said to be 

differentiable (or ∞C  differentiable), if for every chart ),( iiU φ  of M 

and every chart ),( iiV ψ  of M' such that ji VUf ⊂)( , the mapping 

1−⋅⋅ ij f φψ  of )( ii Uφ  into )( jj Vψ  is differentiable. A differentiable 

function on M is a differentiable mapping of M into R. If M is analytic, 

the function f on M is said to be analytic if for every chart ),( iiU φ , the 

function 
1−⋅ if φ  is an analytic function on )( ii Uφ . The definition of a 

holomorphic (or complex analytic) mapping or function is similar. 

Let M and N be two manifolds of dimension n and m, respectively. Let 

Λφ ∈iiiU ),(  and Λψ ∈aaaU ),( , be collections of open charts on M and N, 

respectively. For Λ∈i , 'Λ∈a , let ai ψφ ×  denote the mapping 

))(),((),( qpqp ai ψφ→  of the product set ai VU ×  into mnR + . Then 

the collection ',),( ΛΛψφ ∈∈×× aiaiai VU  of open charts on the product 

space NM ×  satisfies (a) and (b), and hence NM ×  can be turned 

into a manifold the product of M and N. 
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By a differentiable curve in a manifold M, we shall mean a 

differentiable mapping of a closed interval [a,b] of R into M. We shall 

now define a tangent vector (or singly a vector) at a point p of M. Let 

)(
~

pF  be the algebra of differentiable functions defined in a 

neighborhood of p. Let )(tτ  ( bta ≤≤ ) be a curve such that pt =)( 0τ . 

The vector tangent to the curve )(tτ  at p is a mapping RpFX →)(
~

:  

defined by 

0

))((

tdt

tdf
Xf 








=

τ
. 

In other words, Xf is the derivative of f in the direction of the curve )(tτ  

at 0tt = . The vector X satisfies the following conditions: 

(1) X is a linear mapping of )(
~

pF  into R; 

(2) X(fg) = (Xf)g(p) + f(p)(Xg)  for )(
~

, pFgf ∈ . 

The set of mappings X of )(
~

pF  into R satisfying the preceding two 

conditions forms a real vector space. Let 
n

xx ,,
1
K  be local coordinates 

in a coordinate neighborhood U of p. For each i, 
p

ix









∂

∂
 is a mapping 

of )(
~

pF  into R which satisfies (1) and (2). Given any curve )(tτ  with 

)( 0tp τ= , let )(tx ii τ= , i = 1,...,n, be its equations in terms of the local 

coordinates 
n

xx ,,
1
K . Then 

∑ 


















∂

∂
=









i t

i

p
i

t dt

td

x

f

dt

tdf

0
0

)())(( ττ
, 

which proves that every vector at p is a linear combination of 

p
n

p xx









∂

∂









∂

∂
,,

1
K . Conversely, given a linear combination 

∑ 








∂

∂

i p
i

i

x
ξ , consider the curve defined by 

tpxx iii ξ+= )( , i = 1,...,n. 

Then the vector tangent to this curve at t = 0 is ∑ 








∂

∂

i p
i

i

x
ξ . If we 

assume 0=








∂

∂∑
i p

i

i

x
ξ , then j

i p

i

j
i

x

x
ξξ =











∂

∂
=∑0  for j = 1,...,n. 

Therefore, 
p

n
p xx










∂

∂









∂

∂
,,

1
K  are linearly independent and hence 

these form a basis of the set of vectors at p. The set of tangent vectors at p, 

denoted by )(MTp , is called the tangent space of M at p. The n-tuple of 
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numbers nξξ ,,1 K  are components of the vectors ∑ 








∂

∂

i p
i

i

x
ξ  with 

respect to the local coordinates 
n

xx ,,
1
K . 

We notice that on a ∞C  differentiable manifold M the tangent space 

)(MTp  coincides with the space of RpFX →)(
~

:  satisfying the 

conditions (1) and (2) above. 

A vector field X on a manifold M is an assignment of a vector pX  to 

each point p of M. If f is a differentiable function on M, then Xf is a 

function on M defined by fXpXf p=))(( . A vector field X is said to be 

differentiable if Xf is differentiable for every differentiable function f. In 

terms of local coordinates 
n

xx ,,
1
K , X may be expressed by 

∑ 








∂

∂
=

i

i

x
X ξ , where iξ  are functions defined in the coordinate 

neighborhood, called the components of X with respect to 
n

xx ,,
1
K . X is 

differentiable if and only if its components iξ  are differentiable. 

We denote by )(
~

MX  the set of all differentiable vector fields on M. 

From now on we shall consider mainly manifolds of class ∞C , mappings 

of class ∞C  and vector fields of class ∞C . 

 

If X and Y are vector fields, define the bracket [X,Y] as a mapping 

from the ring of functions on M into itself by 

)()(],[ XfYYfXfYX −= . 

Let ∑ 








∂

∂
=

i

i

x
X ξ  and ∑ 









∂

∂
=

j

j

x
Y η . Then 

∑





















∂

∂











∂

∂
−











∂

∂
=

ji
ij

i
j

j

i
j

x

f

xx
fYX

,

],[
ξ

η
η

ξ . 

This means that [X,Y] is a vector field with components 

∑























∂

∂
−











∂

∂

j
j

i
j

j

i
j

xx

ξ
η

η
ξ , i = 1,...,n. With respect to this bracket 

operation, )(
~

MX  is a Lie algebra over R. 

For any vector fields X, Y and Z, we have the Jacobi identity: 

0]],,[[]],,[[]},,[[ =++ YXZXZYZYX . 

We may also regard )(
~

MX  as a module over the algebra )(
~

MF  of 

differentiable functions on M as follows. If f is a function and X is a 

vector field on M, then fX is a vector field on M defined by 
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pp XpffX )()( =  for Mp∈ . We also have 

XYfgYXgfYXfggYfX )()(],[],[ −+= . 

 

Let )(MTp
∗

 be the dual space of the tangent space )(MTp  of M at 

p. An element of )(MTp
∗

 is called a covector at p. An assignment of a 

covector at each point p is called a 1-form (differential form of degree 1). 

For each function for M, the total differential pdf )(  of f at p is defined 

by 

XfXdf p >=< ,)(  for )(MTX p∈ , 

where < , > denotes the value of the first entry on-the second entry as a 

linear functional on )(MTp . Let ),( ixU  be a local coordinate system 

at p. Then p
n

p dxdx )(,,)(
1

K  form a basis for )(MTp
∗

. They form the 

dual basis of the basis 
p

n
p xx










∂

∂









∂

∂
,,

1
K  for )(MTp . In a 

neighborhood of p, every 1-form ω  can be uniquely written as 

∑=
j

j
jdxfω , 

where jf  are functions in U and are called the components of ω  with 

respect to 
n

xx ,,
1
K . The 1-form ω  is called differentiable if jf  are 

differentiable. This condition is independent of the choice of a local 

coordinate system. We shall only consider differentiable 1-forms. 

A 1-form ω  can be defined also as an )(
~

MF -linear mapping of the 

)(
~

MF -module )(
~

MX  into )(
~

MF . The two definitions are related by 

>=< ppp XX ,))(( ωω , )(
~

MXX ∈ . 

 

Let A be a commutative ring with identity element and sEE ,,1 K  be 

A-modules. Then aEE ××L1  is also an A-module. A mapping 

FEEf s →××L1: , where F is an A-module, is said to be 

A-multilinear if it is A-linear in each argument. The set of all 

A-multilinear mappings of sEE ××L1  into F is again A-module. 

Suppose that all the factors iE  coincide. The A-multilinear mapping is 

called alternate if 0),,( 1 =sXXf K  whenever at least two iX  
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coincide. 

Let r
sT  denote the )(

~
MF -module of all )(

~
MF -multilinear 

mapping of 

)(
~

)(
~

)(
~

)(
~

MXMXMXMX ××××× ∗∗
LL  

( ∗)(
~

MX  r times, )(
~

MX  s times) 

into )(
~

MF , where ∗)(
~

MX  is the dual )(
~

MF -module of )(
~

MX . We 

put rr TT =0 , ss TT =0  and )(
~0

0 MFT = . A tensor field K on M of type 

(r,s) is an element of r
sT . This tensor field K is said to be contravariant 

of degree r, covariant of degree s. In particular, the tensor fields of type 

(0,0), (1,0) and (0,1) on M are just the differentiable functions on M, the 

vector fields and the 1-fours on M, respectively. If p is a point in M, we 

define )(pT r
s  as the set of all R-multilinear mappings of 

)()()()( MTMTMTMT pppp ××××× ∗∗
LL  

( )(MTp
∗

 r times, )(MTp  s times) 

into R. The set )(pT r
s  is a vector space over R and is nothing but the 

tensor product 

)()()()( MTMTMTMT pppp
∗∗ ⊗⊗⊗⊗⊗ LL  

( )(MTp  r times, )(MTp
∗

 s times) 

or otherwise written 

)()()( MTMTpT p
s

p
rr

s
∗⊗⊗⊗= . 

We also put RpT =)(00 . 

Let },,{ 1 nxx K  be a system of coordinates valid on an open 

neighborhood U of p. Then there exist vector fields nXX ,,1 K  and 

1-forms nωω ,,1 K  on M and an open neighborhood V of p, UVp ∈∈  

such that on V 










∂

∂
=

ii
x

X , iji
j

X δω =)(  ( nji ≤≤ ,1 ). 

On V we put 

∑=
k

kiki XfZ , ∑=
l

l
jlj g ωθ , 

where )(
~

, VFgf jlik ∈ . Then we have, for Vq ∈ , 
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∑
==

=
n

kl

kk
ll

skkrlls
r

ij

s

r

sr
qXXKffggqZZK

1,1

111
1

))(,,,,,())(,,,,,(
1

1

11
KKLLKK ωωθθ

This shows that 0))(,,,,,( 1
1 =pZZK s

r
KK θθ  if some jθ  or some 

iZ  vanishes at p. We can therefore define an element )( pTK
r

sp ∈  by 

))(,,,,,())(,,)(,)(,,)(( 1
1

1
1

pZZKZZK s
r

pspp
r

pp KKKK θθθθ = . 

Thus the tensor field K gives rise to a family pK , Mp∈ , where 

)(pTK
r

sp ∈ . If 0=pK  for all p, then K = 0. The element pK  

depends differentiably on p in the sense that if V is a coordinate 

neighborhood of p and qK  ( Vq∈ ) is expressed as above in terms of 

basis for ∗)(
~

VX  and )(
~

VX , then the coefficients are differentiable 

functions on V. On the other hand, if there is a rule pKp →  which to 

each Mp∈  assigns a member K(p) of )(pT r
s  in a differentiable 

manner, then there exists a tensor field K of type (r,s) such that 

)(pKK p =  for all Mp∈ . In the case when M is analytic it is clear 

how to define analyticity of a tensor field K. 

Let T denote the direct sum of the )(
~

MF -modules r
sT , 

∑
∞

=

=
0,sr

r
sTT . 

Similarly, if Mp∈  we consider 

∑
∞

=

=
0,

)()(

sr

r
s pTpT . 

An element of T is of the form ∑
sr

r
sK

,

, where r
s

r
s TK ∈  are zero except 

for a finite number of them at each Mp∈ . The vector space T(p) can be 

turned into an associative algebra over R as follows: Let 

s
r ffeea ⊗⊗⊗⊗⊗= LL

1
1 , 

d
c ffeeb '''' 1

1 ⊗⊗⊗⊗⊗= LL  

where ie' , je'  are members of a basis for )(MTp , kf , lf '  are 

members of a dual basis for )(MTp
∗

. Then ba ⊗  is defined by 

ds
cr ffffeeeeba '''' 11

11 ⊗⊗⊗⊗⊗⊗⊗⊗⊗⊗⊗=⊗ LLLL . 

We put aa =⊗1 , bb =⊗1  and extend the operation baba ⊗→),(  

to a bilinear mapping of )()( pTpT ×  into )(pT . Then )(pT  is an 
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associative algebra over R. The multiplication in )(pT  is independent 

of the choice of basis. 

The tensor product ⊗  in T is defined as the )(
~

MF -bilinear 

mapping LKLK ⊗→),(  of TT ×  into T such that 

ppp LKLK ⊗=⊗ )( , r
sTK ∈ , c

dTL∈ . 

This turns the )(
~

MF -module T into a ring satisfying 

fLKLfKLKf ⊗=⊗=⊗ )(  

for )(
~

MFf ∈ , TLK ∈, . In other words, T is an associative algebra 

over )(
~

MFf ∈ . The algebras T and T(p) are called the mixed tensor 

algebras over M and )(MTp , respectively. The submodules 

∑
∞

=

∗ =
0r

r
TT , ∑

∞

=
∗ =

0s

sTT  

are subalgebras of T and the subspaces 

∑
∞

=

∗ =
0

)()(

r

r
pTpT , ∑

∞

=
∗ =

0

)()(

s

s pTpT  

are subalgebras of T(p). 

 

We now define the notion of contraction. Now let r, s be two integers 

1≥ , and let i, j be integers such that ri ≤≤1 , sj ≤≤1 . Consider the 

R-linear mapping )()(: 1
1 pTpTC

r
s

r
s

i
j

−
−→  defined by 

)ˆˆ(,)( 1
1

1
1

sj
riji

s
r

i
j fffeeefeffeeC ⊗⊗⊗⊗⊗>=<⊗⊗⊗⊗⊗ LLLLLL

where }{ ke  is a basis of )(MTp , }{ lf  is the dual basis of )(MTp
∗

. 

(The symbol iê  over a letter means that the letter is missing.) We note 

that 
i
jC  is independent of the choice of basis. There exists now a unique 

)(
~

MF -linear mapping 1
1: −
−→ r

s
r

s
i
j TTC  such that 

)())(( p
i
jp

i
j KCKC =  

for all r
sTK ∈  and all Mp∈ . This mapping satisfies the relation 

)ˆˆ(,)( 1
1

1
1

sj
riji

s
r

i
j XXXXXXC ωωωωωω ⊗⊗⊗⊗⊗>=<⊗⊗⊗⊗⊗ LLLLLL

for all 1
1 ,, TXX r ∈K , 1

1 ,, Ts ∈ωω K . The mapping 
i
jC  is called the 

contraction of the i-th contravariant index and the j-th covariant index. 
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For the basis }{ ie  for )(MTp  and the dual basis }{ sf  for 

)(MTp
∗

, every tensor K of type (r,s) can be expressed uniquely as 

∑ ⊗⊗⊗⊗⊗=
sr

s

r

r

s

jjii

jj
ii

ii

jj
ffeeKK

,,,,, 11

1

1

1

1

KK

L

L
LL , 

where r

s

ii

jj
K

L

L

1

1
 are called the components of K with respect to the above 

basis. In terms of components, the contraction 
i
jC  is represented by 

∑ −

−

−

−
=

k

iki

jkj

ii

jj
i
j

r

s

r

s
KKC 11

11

11

11
)(

LL

LL

L

L
, 

where the superscript k appears at the i-th position and the subscript k 

appears at the j-th position. 

 

Let )(MTp
∗Λ  be the exterior algebra over )(MTp

∗
. An r-form ω  

is an assignment of an element of degree r in )(MTp
∗Λ  to each point p 

of M. In terms of a local coordinate system 
n

xx ,,
1
K , r-form ω  can be 

expressed uniquely as 

∑
<<

=
r

r

r

ii

ii
ii dxdxf

L

L
L

1

1

1
ω . 

The r-form ω  is said to be differentiable if the components 
riif L1
 are 

all differentiable. By an r-form we shall mean a differentiable r-form. An 

r-form ω  can be defined also as a skew-symmetric r-linear mapping 

over )(
~

MF  of )(
~

)(
~

MXMX ××L  (r times) into )(
~

MF . The two 

definitions are related as follows. If rωω ,,1 K  are 1-forms and 

rXX ,,1 K  are vector fields, then ),,)(( 11 rr XX KL ωω ∧∧  is 
!

1

r
 

times the determinant of the matrix rkjkj X ,,1,))((
K=ω  of degree r. 

 

Let )(MDD rr =  be the totality of r-forms on M for each r = 

0,1,…,n. Then )(
~0 MFD = . Each rD  is a real vector space and can be 

also considered as an )(
~

MF -module: for )(
~

MFf ∈  and rD∈ω , 

ωf  is an r-form defined by pp pff ωω )()( = , Mp∈ . We set 

∑
=

==
n

r

r
MDMDD

0

)()( . 

With respect to the exterior product, D(M) forms an algebra over R. 
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Exterior differentiation d can be characterized as follows: 

(1) d is an R-linear mapping of D(M) into itself such that 1)( +⊂ rr DDd ; 

(2) For 0Df ∈ , df is the total differential; 

(3) If rD∈1ω  and sD∈2ω , then 

212121 )1()( ωωωωωω ddd r ∧−+∧=∧ ; 

(4) 02 =d . 

Let V be an m-dimensional real vector space. We define a V-valued 

r-form ω  on M as an assignment to each point p of M a 

skew-symmetric r-linear mapping of )()( MTMT pp ××L  (r times) into 

V. If we take a basis mee ,,1 K  for V, we can write ω  uniquely as 

∑=
j

j
j
eωω , where jω  are usual r-forms on M. If jω  are all 

differentiable, ω  is said to be differentiable. The exterior derivative 

ωd  is defined to be ∑
j

j
j
edω , which is a V-valued (r+l)-form. 

Let f be a mapping of a manifold M into another manifold M'. We 

define the differential )'()(: )( MTMTf pfp →∗  at p of f as follows: For 

each )(MTX p∈ , choose a curve )(tτ  in M such that X is the vector 

tangent to )(tτ  at )( 0tp τ= . Then )(Xf∗  is the vector tangent to the 

curve ))(( tf τ  at ))(()( 0tfpf τ= . If g is a function in a neighborhood 

of f(p), then )())(( fgXgXf ⋅=∗ . When it is necessary to specify the 

point p, we write pf )( ∗ . Then there is no danger of confusion, we may 

singly write f instead of ∗f . The transpose of pf )( ∗  is a linear mapping 

of )'()( MT pf
∗

 into )(MTp
∗

. For any r-form 'ω  on M', we define an 

r-form 'ω∗f  on M by 

),,('),,)('( 11 rr XfXfXXf ∗∗
∗ = KK ωω , )(,,1 MTXX pr ∈K . 

We also have )'()'( ωω dffd ∗∗ = , that is, d commutes with ∗f . 

 

A mapping f of M into M' is said to be of rank r at Mp∈  if the 

dimension of ))(( MTf p∗  is r. If the rank of f at p is equal to n = dim M, 

pf )( ∗  is injective and dim M ≤ dim M'. If the rank of f at p is equal to n' 

= dim M', pf )( ∗  is surjective and dim M ≥ dim M'. We notice that the 

following proposition is hold (see Chevalley; pp.79-80)). 

 

PROPOSITION 1.1. Let f be a mapping of M into M' and p be a point of 

M. 
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(1) If pf )( ∗  is injective, there exist a local coordinate system };{ ixU  

of p and a local coordinate system };'{ ayU  of f(p) such that 

)())(( qxqfy ii =  for Uq∈ , i=1,…,n. 

In particular, f is a homeomorphism of U onto f(U); 

(2) If pf )( ∗  is surjective, there exist a local coordinate system };{ ixU  

of p and a local coordinate system };'{ ayU  of f(p) such that 

)())(( qxqfy aa =  for Uq∈ , a=1,…,n’. 

In particular, ': MUf →  is open; 

(3) If pf )( ∗  is a linear isomorphism of )(MTp  onto )'()( MT pf , then 

f defines a homeomorphism of a neighborhood U of p onto a 

neighborhood U' of f(p) and its inverse UUf →− ':1  is also 

differentiable. 

 

A mapping f of M into M' is called an immersion if pf )( ∗  is 

injective for every point p of M. Then M is called an immersed 

submanifold of M'. If the immersion f is injective, it is called an 

imbedding of M into M'. We say then that M (or the image f(M)) is an 

imbedded submanifold of M'. When there is no danger of confusion, we 

say simply that M is a submanifold of M' instead of that M is an immersed 

submanifold of M' or an imbedded submanifold of M'. 

 

A homeomorphism f of M onto M' is called a diffeomorphism if both f 

and 1−f  are differentiable. A diffeomorphism of M onto itself is called a 

differentiable transformation (or simply a transformation) of M. A 

transformation φ  of M induces an automorphism ∗φ  of the algebra 

D(M) of differential forms on M and, in particular, an automorphism of 

the algebra ))(())((:)(
~

pfpfMF φφ =∗  for )(
~

MFf ∈ , Mp∈ . From 

this we have an automorphism ∗φ  of the Lie algebra )(
~

MX  by 

)()()( qqp XX ∗∗ = φφ , where )(
~

MXX ∈ , )(qp φ= . They are related 

by )())(( fXfX ∗
∗

∗ = φφφ . Although any mapping φ  of M into M' 

carries a differential form 'ω  on M' into a differential form )'(ωφ ∗  on 

M, φ  does not send a vector field on M into a vector field on M' in 

general. We say that a vector field X on M is φ -related to X' on M' if 

)(')( ppp XX φφ =∗  for all p. If X and Y are φ -related to X' and Y', 

respectively, then [X,Y] is φ -related to [X',Y']. 
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A 1-parameter group of (differentiable) transformations of M is a 

mapping of MR×  into M, MpMRpt t ∈→×∈ )(),( φ , which 

satisfies the following conditions: 

(1) For each Rt ∈ , )(: pp tt φφ →  is a transformation of M; 

(2) For all Rst ∈,  and Mp∈ , ))(()( sp tst φφφ =+ . 

A curve )(tτ  in M is called an integral curve of a vector field X if 

the vector )(tXτ  is tangent to )(tτ  for every t. For any point p of M, 

there is a unique integral curve )(tτ  of a vector field X, defined for 

ε<t  for some 0>ε , such that )0(τ=p . 

Each 1-parameter group of transformations tφ  induces a vector field 

X as follows. For any point Mp∈ , pX  is the vector tangent to the 

curve )()( pt tφτ = , called the orbit of p, at )(0 pp φ= . The orbit )(ptφ  

is an integral curve of X starting at p. A local 1-parameter group of local 

transformations can be defined in the same way, except that )(ptφ  is 

defined only for t in a neighborhood of 0 and p in an open set of M. A 

local 1-parameter group of local transformations defined on UI ×ε  is a 

mapping of UI ×ε  into M which satisfies the following conditions: 

(1') For each εIt ∈ , )(: pp tt φφ →  is a diffeomorphism of U onto the 

open set )(Utφ  of M; 

(2') If εIstst ∈,,  and if Upp s ∈)(,φ , then ))(()( pp stst φφφ =+ . 

As in the case of a 1-parameter group of transformations, tφ  induces 

a vector field X defined on U. We also have the converse, that is, we can 

prove the following: Let X be a vector field on M. For each point 0p  of 

M, there exist a neighborhood U of 0p , a positive number ε  and a 

local 1-parameter group of transformations MUt →:φ , εIt ∈ , which 

induces the given X (see Kobayashi-Nomizu [1;p.13]). We say that X 

generates a local 1-parameter group of local transformations tφ  in a 

neighborhood of 0p . If there exists a (global) 1-parameter group of 

transformations of M which induces X, then we say that X is complete. If 

)(ptφ  is defined on MI ×ε  for some ε , then X is complete. Thus, if 

M is compact, every vector field X is complete. 

We notice here that the differential ∗φ  of a transformation φ  of M 

gives a linear isomorphism of )(
)(1

MT
X−φ  onto )(MTX . This linear 

isomorphism can be extended to an isomorphism of the tensor algebra 

))(( 1 XT −φ  onto the tensor algebra )(XT , which we denote by the same 

φ . Given a tensor field K, we define a tensor field K by 

)()(
)(1 XX KK −= φφφ . 
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In this way, every transformation φ  of M induces an algebra 

automorphism of T which preserves type and commutes with 

contractions. 

 

Let X be a vector field on M and tφ  a global 1-parameter group of 

transformations of M. For each t, tφ  is an automorphism of the algebra T. 

For any tensor field K on M, we set 

])([
1

lim)(
0

XtX
t

XX KK
t

KL φ−=
→

. 

The mapping XL  of T into itself which sends K into KLX  is called 

the Lie differentiation with respect to X. It will be no difficulty in 

modifying the definition of Lie differentiation when X is not complete, 

that is, when tφ  is a local 1-parameter group of transformations 

generated by X. For the tie differentiation we have 

PROPOSITION 1.2. Lie differentiation XL  with respect to a vector 

field X satisfies the following conditions: 

(a) XL  is a derivative of T, that is, it is linear and satisfies 

)'(')()'( KLKKKLKKL XXX ⊗+⊗=⊗ , TKK ∈', ; 

(b) XL  is type-preserving: r
s

r
sX TTL ⊂)( ; 

(c) XL  commutes with every contraction of a tensor field; 

(d) XffLX = , )(
~

MFf ∈ ; 

(e) ],[ YXYLX = , )(
~

MXY ∈ . 

Proof. It is clear XL  is linear. Moreover, we have 

)'(')(

)]'('[
1

)(lim']')([
1

lim

)]'()(')[(
1

lim]')('[
1

lim

)]'('[
1

lim)'(

00

00

0

KLKKKL

KK
t

KKKKK
t

KKKK
t

KKKK
t

KKKK
t

KKL

XX

tt
t

t
t

ttt
t

t
t

t
t

X

⊗+⊗=









−⊗+⊗








⊗−=

⊗−⊗+⊗−⊗=

⊗−⊗=⊗

→→

→→

→

φφφ

φφφφ

φ

Since tφ  preserves type and commutes with contractions, so does XL . 

If f is a function on M, then 

[ ] [ ])()((
1

lim)(()(
1

lim))((
1

0

1

0
xfxf

t
xfxf

t
xfL t

t
t

t
X −−=−= −

→

−

→
φφ . 

We see that tt −
− = φφ 1

 is a local 1-parameter group of local 

transformations generated by -X, and hence we have 

XffXfLX =−−= )( . 

Let f be a function on M. We can take a function tg  such that 

tt gtff ⋅+=⋅φ  and Xfg =0  (see Kobayashi-Nomizu [1;p.15]). We 
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put )()(
1

ptp t
−= φ . Then 

)()()( )()())(())(( tpttptptpt YgtYffYfY +=⋅=∗ φφ  

and 

fYX

gYYfX

YgYfYf
t

fYY
t

p

pp

tpt
t

tpp
t

pt
t

],[

)(

)(lim])()[(
1

lim])([
1

lim

0

)(
0

)(
00

=

−=

−−=−
→→

∗
→

φ

. 

Therefore we have (e).    (QED) 

 

By a derivative of T, we shall mean a mapping of T into itself which 

satisfies conditions (a), (b) and (c) of Proposition 1.2. 

We now prepare some basic formulas for later use. For the proof see 

Kobayashi-Nomizu [1]. 

Let X and Y be vector fields on M. Then 

],[],[ YXYX LLL = . 

Let K be a tensor field of type (1, r). Then we have 

∑
=

−=
r

i

rirrX YYXYKYYKXYYKL

1

111 ),],,[,,()],,(,[),,)(( KKKK . 

We notice that a tensor field K is invariant by tφ  for every t if and only 

if 0=KLX . 

A derivation (resp. skew-derivation) of D(M) is a linear mapping A of 

D(M) into itself which satisfies 

'')'( ωωωωωω AAA ∧+∧=∧ , )(', MD∈ωω  

(resp. ')1(')'( ωωωωωω AAA r ∧−+∧=∧ , )(MD r∈ω , )(' MD∈ω ). 

A derivation or a skew-derivation A of D(M) is said to be of degree k if it 

maps )(MD r  into )(MD kr+  for every r. The exterior differentiation 

d is a. skew-derivation of degree 1 and the Lie differentiation XL  is a 

derivation of degree 0. Indeed, the formula 

∑
=

−=
r

i

rirrX YYXYYYXYYL

1

111 ),],,[,,()),,((),,)(( KKKK ωωω  

implies that )())(( MDMDL rr
X ⊂  and, for )(', MD∈ωω , 

'')'( ωωωωωω XXX LL ∧+∧=∧ . 

Moreover, XL  commutes with d. If ω  is an r-form, then 

∑

∑

≤<≤

+

=

−
+

+

−
+

=

r

rji

rjiji
ji

r

i

rii
i

r

XXXXXX
r

XXXX
r

XXXd

0

0

0

010

),ˆ,,ˆ,,],,([)1(
1

1

),,ˆ,,(()1(
1

1
),,,)((

KKK

KKK

ω

ωω

where iX̂  means that the term is omitted. If ω  is a 1-form, then 
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)],,([)],,([)],,([

)),(()),(()),((),,)((2

YXZXZYZYX

YXZXZYZYXZYXd

ωωω
ωωωω

−−−

++=
. 

If ω  is a 2-form, then 

)],,([)],,([)],,([

)),(()),(()),((),,)((3

YXZXZYZYX

YXZXZYZYXZYXd

ωωω
ωωωω

−−−

++=
. 

Remark. Sometimes, we define ωd  without the coefficients 1/(r+l) of 

the right hand side of the above equation to simplify the notation. 

 

In the next place, we give the definition of a distribution on a 

manifold. A distribution S of dimension r on M is an assignment to each 

point p of M an r-dimensional subspace pS  of )(MTp . S is called 

differentiable if every point p has a neighborhood U and r differentiable 

vector fields, say, rXX ,,1 K , which form a basis of qS  at every 

Uq∈ . The set rXX ,,1 K  is called a local basis for S in U. A vector 

field X is said to belong to S if pp SX ∈  for all Mp∈ . S is called 

involutive if SYX ∈],[  for any SYX ∈, . By a distribution we shall 

always mean a differentiable distribution. 

A connected submanifold N of M is called an integral manifold of S if 

pp SNTf =∗ ))((  for all Np∈ , f being the imbedding of N into M. If 

there is no other integral manifold of S which contains N, N is called a 

maximal integral manifold of S. The classical theorem of Frobenius can 

be formulated as follows (cf. Chevalley [1;p.94]). 

PROPOSITION 1.3. Let S be an involutive distribution on a manifold M. 

Through every point Mp∈ , there passes a unique maximal integral 

manifold N(p) of S. Any integral manifold through p is an open 

submanifold of N(p). 

 

2. CONNECTIONS AND COVARIANT DIFFERENTIATIONS 

First of all we give the definition of affine connection on a manifold 

M. 

Definition. An affine connection on a manifold M is a rule ∇  which 

assigns to each )(
~

MXX ∈  a linear mapping X∇  of the vector space 

)(
~

MX  into itself satisfying the following two conditions: 

(1) YXgYfX gf ∇+∇=∇ + ; 

(2) YXfYffY XX )()( +∇=∇ , 

for )(
~

, MFgf ∈ , )(
~

, MXYX ∈ . The operator X∇  is called the 

covariant differentiation with respect to X. 

LEMMA 2.1. Suppose M has the affine connection ∇  and let U be an 



 16

open submanifold of M. Let )(
~

, MXYX ∈ . If X or Y vanishes identically 

on U, then so does YX∇ . 

Proof. Suppose Y vanishes identically on U. Let Up∈  and )(
~

MFg ∈ . 

To prove that 0))()(( =∇ pgYX , we select )(
~

MFf ∈  such that f(p) = 

0 and f = 1 outside U. Then fY = Y and 

gYfYgXfgfYgY XXX )())(())(()( ∇+=∇=∇  

which vanishes at p. The statement about X follows similarly. (QED) 

 

By Lemma 2.1, an affine connection ∇  on M induces an affine 

connection on an arbitrary open submanifold U of M, which will be 

denoted by the same ∇ . In fact, let X, Y be two vector fields on U. For 

each Up∈  there exist vector fields X', Y' on M which agree with X and 

Y in an open neighborhood V of p. We then put qXqX YY )',()( ∇=∇  for 

Vq∈ . By Lemma 2.1, the right-hand side of this equation is independent 

of the choice of X', Y'. It follows immediately that the rule XX ∇→∇ :  

( )(
~

UXX ∈ ) is an affine connection on U. 

In particular, suppose U is a coordinate neighborhood with coordinate 

system },,{ 1 nxx K . To simplify the notation, we write i∇  instead of 

ix∂

∂∇ . We define the functions 
k

ijΓ  on U by 

(2.1)  ∑ ∂

∂
=









∂

∂
∇

k
k

k
ijji

xx
Γ . 

If },,{ 1 nyy K  is another coordinate system valid on U, we get another 

set of functions c
abΓ  by 

∑ ∂

∂
=











∂

∂
∇

c
c

c
abba

yy
Γ . 

From (1) and (2) in the definition of affine connection we find easily 

(2.2) ∑∑ ∂

∂

∂∂

∂
+

∂

∂

∂

∂

∂

∂
=

j
j

c

ba

j

kji

k
ijk

c

b

j

a

i
c

ab
x

y

yy

x

x

y

y

x

y

x
2

,,

ΓΓ . 

On the other hand, suppose that there is given an open covering of M by 

open coordinate neighborhoods U and in each U a system of functions 

k
ijΓ  such that (2.2) holds whenever two of these neighborhoods overlap. 

Then we can define i∇  by (2.1) and thus we get an affine connection 

∇  in each U. We define an affine connection ∇  on M as follows: Let 

)(
~

, MXYX ∈  and Mp∈ . If U is a coordinate neighborhood 

containing p, let 

pXpX YY )'()( '∇=∇  
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if X' and Y' are the vector fields on U induced by X and Y, respectively. 

Then ∇  is an affine connection on M which on each U induces the 

connection. 

Let },,{ 1 nxx K  be a coordinate system valid on U of p. On the set U 

we have ∑ ∂

∂
=

ii
x

fX  where )(
~

UFf i ∈  and 0)( =pf i  ( ni ≤≤1 ). 

Using Lemma 2.1 we find 0))(()( =∇=∇ ∑ piipX YpfY . 

LEMMA 2.2. Let )(
~

, MXYX ∈ . If X vanishes at a point p of M, then so 

does YX∇ . 

 

Definition. Suppose ∇  is an affine connection on M and f is a 

diffeomorphism of M. A new affine connection '∇  can be defined on M 

by 

)('
1

YffY XfX ∗
−

∗ ∗
∇=∇ , )(

~
, MXYX ∈ . 

The affine connection ∇  is called invariant under f if ∇=∇' . In this 

case f is called an affine transformation of M. Similarly we can define an 

affine transformation of one manifold onto another. 

 

Let )(: tt γγ →  ( It ∈ ) be a curve in M defined on an open interval 

RI ∈ . Differentiation with respect to the parameter will often denoted by 

a dot ('). Let J be a closed subinterval of I such that )(: ttJ γγ →  

( Jt ∈ ) has no double points and such that )(Jγ  is contained in a 

coordinate neighborhood U. We need the following. 

LEMMA 2.3. Let g(t) be a differentiable function on an open interval 

containing J. Then there exists a function )(
~

MFG∈  such that 

)())(( tgtG =γ  ( Jt ∈ ). 

We put )()( ttX γ&=  ( It ∈ ). By Lemma 2.3 it is easy to see that 

there exist vector fields )(
~

, MXYX ∈  such that (Y(t) being an 

associated vector to It ∈ ) 

)()( tXX t =γ , )()( tYY t =γ  ( Jt ∈ ). 

The family Y(t) ( Jt ∈ ) is said to be parallel with respect to JY  (or 

parallel along JY ) if 

(2.3)  0)( )( =∇ tX Y γ  for all Jt ∈ . 

We show that this definition is independent of the choice of X and Y. We 

express (2.3) in the coordinates },,{ 1 nxx K . Then X and Y are given by 
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∑ ∂

∂
=

i
i

i

x
XX , ∑ ∂

∂
=

j
j

j

x
YY  on U. 

For simplicity we put ))(()( txtx ii γ= , ))(()( tXtX ii γ=  and 

))(()( tYtY ii γ= , Jt ∈ , ni ≤≤1 . Then )()( txtX ii
&= . Since 

∑ ∑∑
∂

∂













+

∂

∂
=∇

k
k

ji

k
ij

ji

i
i

k
i

X
x

YX
x

Y
XY

,

Γ  on U, 

we obtain 

(2.4)  0

,

=+∑
ji

j
i

k
ij

k

Y
dt

dx

dt

dY
Γ  ( Jt ∈ ). 

This equation involves X and Y only through their values on the curve. 

Consequently, condition (2.3) for parallelism is independent of the choice 

of X and Y. It is well now obvious how to define parallelism with respect 

to any finite curve segment Jγ  and finally with respect to the entire 

curve γ . 

 

Definition. Let )(: tt γγ →  ( It ∈ ) be a curve in M. The curve γ  is 

called a geodesic if the vector field )()( ttX γ&=  defined along γ  is 

parallel with respect to γ , that is, 0=∇ XX  for all t. A geodesic γ  is 

called maximal if it is not a proper restriction of any geodesic. 

From (2.4), if Jγ  is a geodesic segment, then 

(2.5)  0

,
2

2

=+∑
ji

ji
k

ij

k

dt

dx

dt

dx

dt

xd
Γ  ( Jt ∈ ). 

If we change the parameter on the geodesic and put t = f(s), ( 0)(' ≠sf ), 

then we get a new curve ))(( sfs Jγ→ . This curve is a geodesic if and 

only if f is a linear function, as (2.5) shows. 

We notice that the two following propositions hold. 

PROPOSITION 2.1. Let p and q be two points in M and γ  a curve 

segment from p to q. The parallelism τ  with respect to γ  induces an 

isomorphism )(MTp  onto )(MTq . 

PROPOSITION 2.2. Let M be a manifold with an affine connection. Let 

p be any point in M and let 0≠X  in )(MTp . Then there exists a 

unique maximal geodesic )(: tt γγ →  in M such that p=)0(γ  and 

X=)0(γ& . 

The geodesic with properties in Proposition 2.2 will be denoted by 

Xγ . If X = 0, we put ptX =)(γ  for all Rt ∈ . We then have (cf. 

Helgason [1]) 

THEOREM 2.1. Let M be a manifold with an affine connection. Let p be 
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any point in M. Then there exists an open neighborhood 0N  of 0 in 

)(MTp  and an open neighborhood pN  of p in M such that the 

mapping )1(XX γ→  is a diffeomorphism of 0N  onto pN . 

The mapping )1(XX γ→  described in Theorem 2.1 is called the 

exponential mapping at p and will be denoted by Exp (or pExp ). 

Let M be a manifold with an affine connection and p be a point in M. 

An open neighborhood 0N  of the origin )(MTp  is said to be normal 

if: (1) Exp is a diffeomorphism of 0N  onto an open neighborhood pN  

of p in M; (2) if 0NX ∈ , 10 ≤≤ t , then 0NtX ∈ . 

A neighborhood pN  of p in M is called a normal neighborhood of p 

if 0ExpNN p = , where 0N  is a normal neighborhood of 0 in )(MTp . 

Assuming this to be the case, and letting nXX ,,1 K  denote some basis 

of )(MTp , the inverse mapping 

)()( 1
1

1 n
n

n aaXaXaExp ++→++ LL  

of pN  into nR  is called a system of normal coordinates at p. 

We now give a useful refinement of Theorem 2.1 (cf. Helgason [1]). 

THEOREM 2.2. Let M be a manifold with an affine connection. Then 

each point Mp∈  has a normal neighborhood p which is a normal 

neighborhood of each of its points. 

 

In the next place, we shall define covariant derivatives of arbitrary 

tensor fields. We first prove 

THEOREM 2.3. Let M be a manifold with an affine connection. Let 

Mp∈  and let X, Y be two vector fields on M. Assume 0≠pX . Let 

)(ss φ→  be an integral curve of X through )0(φ=p  and tτ  the 

parallel translation from p to )(tφ  with respect to the curve φ . Then 

)(
1

lim)( )(
1

0
pss

s
pX YY

s
Y −=∇ −

→
φτ . 

Proof. Consider a fixed s > 0 and the family )(tZφ  ( st ≤≤0 ) which is 

parallel with respect to the curve φ  such that )(
1

)0( ss YZ φφ τ −= . We can 

put 

∑ 








∂

∂
=

i t
i

i
t

x
tZZ

)(

)( )(
φ

φ , ∑ 








∂

∂
=

i t
i

i
t

x
tYY

)(

)( )(
φ

φ  

and we have the relations 

0)()()(

,

=+∑
ji

jik
ij

k
tZtxtZ && Γ  ( st ≤≤0 ), 
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)()( sYsZ kk =  ( nk ≤≤1 ). 

By the mean value theorem *)()0()( tZsZsZ kkk &+=  for a suitable 

number t* between 0 and s. Hence the k-th component of 

)(
1

)(
1

pss YY
s

−−
φτ  is 

))0()((
1

*)(*)(*))((

))0(*)()((
1

))0()0((
1

,

kk

ji

jik
ij

kkkkk

YsY
s

tZtxt

YtZssZ
s

YZ
s

−+=

−−=−

∑ &

&

φΓ
. 

As 0→s  this expression has the limit 

∑+
ji

j
i

k
ij

k

Y
ds

dx

ds

dY

,

Γ . 

Let this last expression be denoted by kA . It was shown earlier that 

∑ 








∂

∂
=∇

k p
kkpX

x
AY )( . 

This proves the theorem. (QED) 

By using Theorem 2.3 it is now possible to define covariant 

derivatives of arbitrary tensor fields. 

Let p and q be two points of M and γ  a curve segment in M from p 

to q. Let τ  be the parallel translation along γ . If )(MTF p
∗∈ , we 

define )(MTF q
∗∈⋅τ  by )())(( 1 AFAF ⋅=⋅ −ττ  for each )(MTA q∈ . 

If K is a tensor field on M of type (r, s), we define )(qTK
r
sq ∈⋅τ  by 

),,,,,(),,,,,)((
1

1
11

1
1

11 srpsrp AAFFKAAFFK
−−−−=⋅ τττττ KKKK  

for )(MTA qi ∈  and )(MTF qj
∗∈ . Let )(

~
MXX ∈  and p be any point 

in M where 0≠pX . With the notation of Theorem 2.3 we put 

(2.6)  )(
1

lim)( )(
1

0
pss

s
pX KK

s
K −=∇ −

→
φτ . 

For each point Mq∈  where 0=qX  we put 0)( =∇ qX K  in 

accordance with Lemma 2.2. For a function f on M we put 

))())(((
1

lim)(
0

pfsf
s

f
s

pX −=∇
→

φ , 

if 0≠pX , otherwise we put 0)( =∇ pX f . Then we have XffX =∇ . 

Finally X∇  is extended to a linear crapping of T into itself. 
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THEOREM 2.4. The operator X∇  has the following properties: 

(1) X∇  is a derivation of the mixed tensor algebra T; 

(2) X∇  preserves type of tensors; 

(3) X∇  commutes with contractions. 

 

We now give the structure equations of Cartan. For this purpose we 

define the torsion tensor field and the curvature tensor field. 

On a manifold M with an affine connection, we put 

],[),( YXXYYXT YX −∇−∇= , 

],[),( YXXYYXYXR ∇−∇∇−∇∇= , 

where X, Y are vector fields on M. Note that T(X,Y) = -T(Y,X) and R(X,Y) 

= -R(Y,X). It is easy to verify that T(fX,gY) = fgT(X,Y) and R(fX,gY)hZ = 

fghR(X,Y)Z for all )(
~

,, MFhgf ∈ , )(
~

,, MXZYX ∈ . The mapping 

)),((),,( YXTYX ωω →  is an )(
~

MF -multilinear mapping 

)(
~

)(
~

)(
~

MXMXMX ××∗  into )(
~

MF  and is an element of )(12 MT . 

This element is called the torsion tensor field and is also denoted by T. 

Similarly, the mapping )),((),,,( ZYXRYXZ ωω →  is an 

)(
~

MF -multilinear mapping )(
~

)(
~

)(
~

)(
~

MXMXMXMX ×××∗  into 

)(
~

MF  and therefore is an element of )(13 MT . This element is called the 

curvature tensor field and is denoted by R. The tensor fields T and R is of 

type (1, 2) and (1, 3), respectively. 

Let p be a point of M and suppose nXX ,,1 K  is a basis for the 

vector fields in some open neighborhood pN  of p, that is, each vector 

field X on pN  can be written as ∑=
i

ii XfX  where )(
~

pi NFf ∈ . 

We define the functions 
k

ijΓ , 
k

ijT , 
k
lijR  on pN  by the formulas 

∑=∇
k

k
k

ijjX XX
i

Γ , 

∑=
k

k
k

ijji XTXXT ),( , 

∑=
l

l
l
kijkji XRXXXR ),( . 

Let iω , 
i
jω  ( nji ≤≤ ,1 ) be the 1-forms on pN  determined by 

i
jj

i
X δω =)( , ∑=

k

ki
kj

i
j ωΓω . 
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That is, we put 

i
kjk

i
j X Γω =)( . 

Thus the forms 
i
jω  determine the functions 

i
kjΓ  on pN  and thereby 

the connection ∇ . On the other hand, as the next theorem shows, the 

forms 
i
jω  are described by the torsion and curvature tensor fields. 

THEOREM 2.5. (the structure equations of Cartan). 

(2.7)  ∑∑ ∧+∧−=
kj

kji
jk

j

ji
j

i Td

,
2

1
ωωωωω , 

(2.8)  ∑∑ ∧+∧−=
lk

lki
jkl

k

k
j

i
k

i
j Rd

,
2

1
ωωωωω . 

Proof. If we define the functions 
i
jkc  by ∑=

i

i
i
jkkj XcXX ],[ , we 

obtain 

{ }
i
jk

kj
i

j
i

kk
i

jkj
i

c

XXXXXXXXd

2

1

]),([)()(
2

1
),(

−=

−−= ωωωω
. 

As for the right-band side of this equation, we have 

∑ −−=

−∇−∇=

i

i
i
jk

i
kj

i
jk

kjjXkXkj

Xc

XXXXXXT
kj

)(

],[),(

ΓΓ , 

from which 

i
jk

i
kj

i
jk

i
jk cT −−= ΓΓ . 

We also have 

{ }

)(
2

1

)()()()(
2

1
),(

i
jk

i
kj

l

k
i
lj

l
k

l
j

k
lkj

l

li
l XXXXXX

ΓΓ

ωωωωωω

−=

−−=













∧− ∑∑

. 

From these equations we have (2.7). 

Similarly, we find 

i
pj

p
kl

i
kjl

i
ljk

i
lp

p
kj

i
kp

p
lj

i
jkl cXXR ΓΓΓΓΓΓΓ −−+−=∑ )( , 

)(
2

1
),(

i
pj

p
kl

i
kjl

i
ljklk

i
j cXXXXd ΓΓΓω −−= , 
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)(
2

1
),(

i
lp

p
kj

i
kp

p
ljlk

p
j

i
p XX ΓΓΓΓωω −−=∧ . 

From these equations we have (2.8). (QED) 

 

We now define a Riemannian metric on M. It is a tensor field g of 

type (0, 2) which satisfies the following two conditions: 

(i) It is symmetric: g(X,Y) = g(Y,X) for any )(
~

, MXYX ∈ ; 

(ii) It is positive-definite: 0),( ≥XXg  for every )(
~

MXX ∈  and 

g(X,X) = 0 if and only if X = 0. 

A manifold M with Riemannian metric g is called a Riemannian 

manifold. A Riemannian metric gives rise to an inner product on each 

tangent space )(MTx  to M at x. Let },,{ 1 nxx K  be a local coordinate 

system in M. The components ijg  of g with respect to this local 

coordinate system are given by 










∂

∂

∂

∂
=

jiij
xx

gg , , i,j=1,…,n. 

We call ijg  the covariant components of g. The contravariant 

components ijg  of g are defined by 

),( jiij dxdxgg = , i,j=1,…,n. 

We have then 

k
i

jk
ij gg δ= , 





≠

=
=

ik

ikk
i

_0

_,1
δ , 

where, here and in the sequel, if we need, we use the Einstein convention, 

that is, repeated indices, one upper index and the other lower index, 

denotes summation over its range. If iX  are components of a vector 

field X with respect to },,{ 1 nxx K , that is, 
i

i

x
XX

∂

∂
= , then the 

components iX  of the corresponding covector or the corresponding 

1-form are related to iX  by 

j
iji

XgX = , 
j

iji XgX = . 

The inner product g in the tangent space )(MTx  and in its dual space 

)(MTx
∗  can be extended to an inner product, denoted also by g, in the 

tensor space r
sT  at x for each type (r, s). If K and L are tensors at x of 

type (r, s) with components 

r

s

ii

jj
K

L

L

1

1
 and r

s

ii

jj
L

L

L

1

1
 

with respect to },,{ 1 nxx K , then the inner product g(K,L) of K and L is 
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defined to be 

r

s

r

s

ss

rr

kk

tt

ii

jj

tjtj
kiki LKggggLKg

L

L

L

L
LL 1

1

1

1

11

11
),( = . 

We put 

2/1),(|| KKgK = , 

which is called the length of the tensor field K with respect to g. 

On a Riemannian manifold M, the arc length of a differentiable curve 

)(: tt γγ → , bta ≤≤ , is defined by 

∫=
b

a
dtttgL

2/1
))(),(()( γγγ && . 

This definition can be generalized to a piecewise differentiable curve in 

an obvious manner. The distance d(x,y) between two points x and y of M 

is defined by the infinimum of the lengths of all piecewise differentiable 

curves joining x and y. Then we have 

),(),( xydyxd = , 

),(),(),( zxdzydyxd ≥+ , 

0),( ≥yxd , 

0),( =yxd  if and only if yx = . 

We can see that the topology defined by the distance function (metric) d 

is the sane as the manifold topology of M. 

THEOREM 2.6. On a Riemannian manifold M there exists one and only 

one affine connection satisfying the following two conditions: 

(1) The torsion tensor T vanishes, i.e., 

0],[),( =−∇−∇= YXXYYXT YX ; 

(2) g is parallel, i.e., 0=∇ gX . 

Proof. Existence: Given vector fields X and Y on M, we define YX∇  by 

setting 

(2.9) 

 
]),[,()],,([)],,([

),(),(),(),(2

YZXgYXZgZYXg

YXZgZXYgzYXgZYg X

+++

−+=∇
 

for any vector field Z on M. Then the mapping YYX X∇→),(  defines 

an affine connection on M. From the above definition of YX∇ , we have 

T(X,Y) = 0 and 

),(),(),( ZYgZYgZYXg XX ∇+∇= , 

which shows that 0=∇ gX , that is, ∇  is a metric connection on M. 

Uniqueness: By a straightforward computation, we can see that, if YX∇  

satisfies 0=∇ gX  and T(X,Y) = 0, then it satisfies the equation which 

defines YX∇ . (QED) 
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The connection ∇  given by (2.9) is called the Riemannian 

connection (sometimes called the Levi-Civita connection). 

Putting 
jx

X
∂

∂
= , 

ix
Y

∂

∂
=  and 

kx∂

∂
 in (2.9), the components 

i
jkΓ  of the Riemannian connection with respect to a local coordinate 

system },,{ 1 nxx K  are given by 










∂

∂
−

∂

∂
+

∂

∂
=∑ k

ji

i

jk

j

ki

l

l
jilk

x

g

x

g

x

g
g

2

1
Γ . 

 

Let M and M' be Riemannian manifolds with Riemannian metrices g 

and g', respectively. A mapping ': MMf →  is called isometric at a 

point x of M if ),('),( YfXfgYXg ∗∗=  for all )(, MTYX x∈ . In this 

case, ∗f  is injective at x, because 0=∗Xf  implies X = 0. A mapping f 

which is isometric at every point of M is thus an immersion, which we 

call an isometric immersion. If, moreover, f is 1 : 1, then it is called an 

isometric imbedding of M into M'. If f maps M 1 : 1 onto M', then f is 

called an isometry of M onto M'. In this case, the differential of the 

isometry f commutes with the parallel translation. Moreover, if f is an 

isometric immersion of M into M' and if f(M) is open in M', then the 

differential of f commutes the parallel translation and every geodesic of M 

is mapped by f into a geodesic of M'. 

A Riemannian manifold M or a Riemannian metric g on M is said to 

be complete if the metric function d is complete, that is, all Cauchy 

sequences converge. It is well-known that the following conditions on M 

are equivalent: 

(1) M is complete; 

(2) Every bounded subset of M with respect to d is relatively compact; 

(3) All geodesic arc can be extended in two directions indefinitely with 

respect to the arc length. 

It is also well-known that any two points x and y in M can be joined by a 

geodesic arc whose length is equal to d(x,y) (Hopf-Rinow [1], de Rham 

[2]). We can also see that every compact Riemannian manifold is 

complete. 


